
PHY 611 � Ele
tromagneti
 Theory IFinal Exam � Saturday, De
ember 8, 2012 � Due at 4:00 p.m.Problem 1 [20 points℄: Ele
trostati
sConsider a sphere of radius R with a spheri
ally symmetri
 
harge density whi
h varies with r as
ρ(r) = Nr−1, where N is some 
onstant. The total 
harge of the sphere is Q > 0.(a) Cal
ulate N . [2 points℄(b) Cal
ulate the ele
tri
 �eld ~E both inside and outside the sphere. [10 points℄(
) Make a rough sket
h of | ~E| as a fun
tion of r. [3 points℄(d) Cal
ulate the work that would be required (i.e., against the a
tion of the ~E �eld) to move apoint 
harge Q′ > 0 from r = ∞ to r = 0. [5 points℄Problem 2 [30 points℄: Magneti
 For
e and EnergyAs shown below, a re
tangular loop of wire 
arrying a 
onstant 
urrent I1 is pla
ed near an in�nitelylong wire 
arrying a 
onstant 
urrent I2. The re
tangular loop is 
entered at (d, 0, 0) in the indi
ated
oordinate system. Note that the dire
tion of the 
urrent I2 in the wire is the same as the dire
tionof the 
urrent I1 in the side of the re
tangular loop whi
h is 
losest to the wire. Assume both I1and I2 have been 
onstant sin
e t = −∞.(a) Cal
ulate the magneti
 ve
tor potential ~A2(~x) of the long wire starting from the de�nition of

~A as given in Eq. (5.32) of Ja
kson. Hint : In order to most e�
iently next work part (b), youmight 
onsider writing any integrals of the form as
∫

+∞

−∞

du f(u) = 2

∫

+∞

0

du f(u)if the symmetry of the integrand permits you to do so. Then, you might 
onsider writing anyintegrals of the form as
∫

+∞

0

du f(u) = lim
L→∞

∫

+L

0

du f(u)and then pro
eed to evaluate the integral in terms of L. [10 points℄(b) Show that ~B2(~x) = ~∇× ~A2(~x) in the limit of L → ∞ is as you would expe
t. [5 points℄(
) Cal
ulate the two 
urrents' magneti
 intera
tion energy in the limit of L → ∞. [15 points℄
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Problem 3 [50 points℄: Various Topi
sConsider a solid 
ondu
ting sphere of radius R with a total integral 
harge of zero. The sphererotates with 
onstant angular velo
ity ω about the z-axis, so that ~ω = ωẑ. We will assume ωR ≪ c(i.e., so that the velo
ity everywhere in the sphere is ≪ c, whi
h implies we 
an employ Galileantransformations). Suppose a magneti
 dipole moment ~m = mẑ is lo
ated at the 
enter of the sphere,and is �xed in position (i.e., it does not move).(a) Write an expression for the ~B �eld of the magneti
 dipole moment ~m in terms of spheri
al
oordinates (r, θ, φ) and spheri
al unit ve
tors (r̂, θ̂, φ̂) for r > 0. You do not need to deriveit from �rst prin
iples; it is su�
ient to identify the appropriate expression in Ja
kson andthen express it in spheri
al 
oordinates and spheri
al unit ve
tors. Give a physi
al argumentfor what the ~B′ �eld in the sphere rest frame (i.e., in the referen
e frame 
o-rotating with thesphere) is in terms of the ~B �eld in the lab frame. [5 points℄(b) What is the ele
tri
 �eld ~E′ in the sphere rest frame (i.e., in the referen
e frame 
o-rotatingwith the sphere)? [3 points℄(
) Cal
ulate the ele
tri
 �eld ~E in the lab frame for 0 < r < R. [7 points℄(d) What is the value of ~∇× ~E everywhere in spa
e? [Hint: Think before you attempt any type of
al
ulation.℄ Can ~E then, in prin
iple, be written as ~E = −~∇Φ, where Φ is the ele
trostati
potential? You do not need to �nd Φ here; a 
on
eptual answer is su�
ient. [5 points℄(e) Cal
ulate the voltage (i.e., the potential di�eren
e) between some point (r = R, θ > 0) on thesurfa
e of the sphere and its North Pole. [10 points℄
Voltage = Φ(r = R, θ > 0) − Φ(r = R, θ = 0)(f) Find the 
harge density ρ(r, θ) whi
h is established inside of the sphere for 0 < r < R.Optional: You 
an 
he
k your answer by 
al
ulating the total integral 
harge. [5 points℄(g) Find the potential Φ(r, θ) outside of the sphere for r > R. [15 points℄

Potentially Useful Formulas
∫

du√
u2 + a2

= ln
(

u +
√

u2 + a2

)

x̂ = sin θ cos φr̂ + cos θ cos φθ̂ − sinφφ̂

ŷ = sin θ sin φr̂ + cos θ sin φθ̂ + cos φφ̂

ẑ = cos θr̂ − sin θθ̂

P0(cos θ) = 1 P1(cos θ) = cos θ P2(cos θ) =
3

2
cos2 θ − 1

2

sin2 θ =
2

3
P0(cos θ) − 2

3
P2(cos θ)

End of Exam2


