
PHY 611 � Ele
tromagneti
 Theory IProblem Set 2Due: Wednesday, September 12 at 10:00 a.m. at the start of 
lassProblem 1 [5 points℄: Coulomb's LawConsider a thin, uniformly 
harged rod with total 
harge Q and length 2d oriented along the z-axis,with its 
enter lo
ated at z = z0. Then 
onsider a thin, uniformly 
harged ring of radius a andtotal 
harge Q′ oriented in the xy-plane and 
entered on the z-axis. Cal
ulate the Coulomb for
ebetween the ring and the rod (via any method of your 
hoosing), and show that your expression forthe for
e redu
es to the expe
ted form in the limit that z0/d ≫ 1.Problem 2 [5 points℄: Ele
tri
 FieldCal
ulate the ele
tri
 �eld at a height h above the 
enter of a �nite square sheet (of size a×a) witha uniform surfa
e 
harge density of σ. Show that your result 
onverges to the appropriate forms inthe limiting 
ases of a/h ≫ 1 and a/h ≪ 1.Problem 3 [5 points℄: Ele
trostati
 PotentialConsider two in�nitely long, parallel line 
harges with equal and opposite linear 
harge densities,
±λ, where λ has units of 
harge/length. Show that the equipotentials are in�nitely long 
ylinders.Problem 4 [15 points℄: Inverse Square Law and the Ele
trostati
 PotentialSuppose that ele
tromagnetism does not obey a true inverse square law1, su
h that the ele
tri
 �eldof a point 
harge is ~E ∝ r−(2+δ)r̂, where |δ| ≪ 1.(a) Cal
ulate ~∇ · ~E and ~∇× ~E for r 6= 0. Find the ele
tri
 potential for a point 
harge.(b) Now suppose two 
on
entri
 spheri
al 
ondu
ting shells of radii a and b, where a > b, arejoined by a thin 
ondu
ting wire. Show that if 
harge Qa resides on the outer shell of radius

a, then the 
harge on the inner shell of radius b is
Qb ≈ −

Qaδ

2(a − b)
[2b ln 2a − (a + b) ln(a + b) + (a − b) ln(a − b)] .Thus, a measurement of the ratio Qb/Qa would, in prin
iple, provide for a stringent experi-mental test of the a

ura
y of the inverse square law of ele
tromagnetism.Problem 5 [15 points℄: Ele
trostati
 Potential of a Uniform Dipole LayerCal
ulate the potential Φ(z) along the axis of a disk of radius R in two 
ases:(a) If the disk is 
overed with a uniform 
harge density σ.(b) If the disk is 
overed with a uniform dipole layer of dipole moment density ~D = Dẑ per unitarea (assume D > 0). Begin by assuming that this uniform dipole layer is a
tually 
omposedof a system of two plates of equal and opposite 
harge densities ±σ lo
ated at z = ±d/2, with

D ≡ σd �nite in the limit d → 0. Show that in the limit of z ≫ R ≫ d your result gives the
orre
t limiting form for a point dipole. Then, �nd the value of Φ(z = 0+) − Φ(z = 0−) inthe limit of d → 0. Interpret your result for Φ(z = 0+) − Φ(z = 0−) in terms of the ele
tri
�eld between the two plates.1In fa
t, there has been signi�
ant experimental work to test the validity of the inverse square laws of bothele
tromagnetism and gravity. The inverse square law for gravity has been shown to be valid down to length s
ales of
∼ 60 µm, pla
ing stringent 
onstraints on the �sizes� of any extra dimensions, su
h as those arising in string theory.See, for example, D. J. Kapner et al., Phys. Rev. Lett. 98, 021101 (2007).1



Problem 6 [35 points℄: Green's Theorem in Two DimensionsIn this problem we will develop a two dimensional version of Green's Theorem. In the next problemset we will then use this two dimensional version of Green's theorem to solve boundary valueproblems.(a) We begin by 
onsidering a two dimensional domain D. We want to �nd the simplest fun
-tion (the so-
alled �fundamental solution�) whi
h satis�es ~∇′2v(~x, ~x′) = δ(~x − ~x′), where theLapla
ian is with respe
t to ~x′. Solve the equation ~∇′2v(~x, ~x′) = δ(~x − ~x′). Hint: You may�nd the following useful. In two dimensions, given a ve
tor �eld ~F de�ned over a domain Dwith a 
losed boundary C, the two dimensional version of the divergen
e theorem is
∫∫

D

~∇ · ~F da =

∫

C

~F · n̂ dℓ,where n̂ is normal to C. Note: Just as in three dimensions, your solution for v(~x, ~x′) isthe �fundamental solution�, not the Green's fun
tion in two dimensions (whi
h is geometrydependent). The two dimensional Green's fun
tion will be G(~x, ~x′) = v(~x, ~x′)+h(~x, ~x′), where
h(~x, ~x′) is 
onstru
ted to simultaneously satisfy the Lapla
e equation inside of the domain andthe appropriate boundary 
ondition (Diri
hlet or Neumann).(b) Now let ~V = v~∇u, where u and v are now arbitrary s
alar fun
tions. Show that the twodimensional version of Green's �rst identity is

∫∫

D
v~∇2u da = −

∫∫

D

~∇u · ~∇v da +

∫

C
v
∂u

∂n
dℓ.(
) Show that the two dimensional version of Green's se
ond identity is

∫∫

D
(v~∇2u − u~∇2v) da =

∫

C

(

v
∂u

∂n
− u

∂v

∂n

)

dℓ.(d) Now let v = ln r (does this look familiar?), where r =
√

(x − x′)2 + (y − y′)2 for ~x = (x, y) isinterior to the 
losed boundary C. Show that
2πu(~x) =

∫∫

D
ln r ~∇′2u(~x′) da′ −

∫

C

(

ln r
∂u(~x′)

∂n′
− u(~x′)

∂ ln r

∂n′

)

dℓ′.Just as in three dimensions, we 
an then identify u(~x) with Φ(~x), and by �repla
ing� thefundamental solution v with the Green's fun
tion, we will thus have a two dimensional integralequation for Φ(~x).Problem 7 [20 points℄: Lapla
e EquationLet S be the surfa
e of a 
harged 
ondu
tor with no nearby 
harges (see diagram below and the
orresponding 
oordinate system). Suppose we 
hoose a 
oordinate system su
h that x = y = z = 0is a point on S, and suppose further that the equation for S near the origin 
an be written as
z = −

x2

2R1
−

y2

2R2
,where R1,2 are 
onstants. Cal
ulate the value of 1

Ez

∂Ez

∂z
at x = y = z = 0.2
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