
PHY 611 � Ele
tromagneti
 Theory IProblem Set 3Due: Wednesday, September 26 at 10:00 a.m. at the start of 
lassProblem 1 [10 points℄: �Self Energy� Contributions to the Ele
trostati
 Energy(a) Read the dis
ussion on pp. 41�42 of Ja
kson on the 
ontributions of the �self energy� termsto the ele
trostati
 energy density. First, derive Eq. (1.58) from Eq. (1.57). Se
ond, show, asstated after Eq. (1.58), that �. . . the dimensionless integral 
an easily be shown to have thevalue 4π, so that the intera
tion energy redu
es to the expe
ted value�.(b) Consider two arbitrary 
harge distributions. Show that the sum of the �self energies� of thetwo 
harge distributions is always greater than or equal to their intera
tion energy.Problem 2 [5 points℄: Capa
itan
e of Parallel CylindersNegle
ting end e�e
ts, 
al
ulate the 
apa
itan
e per unit length, C ′, of a system of two long parallel
ylinders of radius a whose axes are separated by a distan
e d ≫ a.Problem 3 [20 points℄: Ele
trostati
 Intera
tion Energy of Two AtomsIn this problem we will 
onsider a simple model for the ele
trostati
 intera
tion energy of twoatoms. (Nevermind how either of the 
on�gurations shown below 
ould a
tually exist; the result is,nevertheless, quite realisti
!) We will not 
onsider any ele
trostati
 �self energies� in this problem.(a) Cal
ulate the ele
trostati
 intera
tion energy W for the 
on�guration shown below on theleft, 
onsisting of two (negligibly thin) interpenetrating, spheri
al shells of radii a and b. Theshells have uniformly distributed surfa
e 
harges of qa and qb, and are separated by a distan
e
d, where a − b < d < a + b.(b) As shown below on the right, a highly idealized ele
trostati
 model of an atom 
onsists ofa point 
harge +q (i.e., the �nu
leus�) lo
ated at the 
enter of a (negligibly thin) spheri
alshell with a uniformly distributed 
harge of −q (i.e., the �ele
tron shell�). Working within thismodel, 
al
ulate the ele
trostati
 intera
tion energy W of two identi
al atoms with radii aseparated by an internu
lear separation d for three 
ases: d < a; a < d < 2a; and d > 2a. Makea qualitative sket
h of W as a fun
tion of d over this same range of d. If there is a minimumin W (d), 
al
ulate the value of d at whi
h this o

urs in terms of the given parameters.
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aProblem 4 [20 points℄: Method of ImagesConsider two 
ondu
ting spheres, of radii R1 and R2, where in general we will assume R1 6= R2.Suppose the spheres are in 
onta
t at a single point. For example, if the sphere of radius R1 is
entered at (0, 0, 0), the other sphere would be 
entered at (R1 + R2, 0, 0). Suppose that there are
harges, Q1 and Q2, on the surfa
es of the spheres su
h that they are at the same potential V0 6= 0(enfor
ed by the fa
t that they are in 
onta
t). 1



(a) Find re
ursion relations whi
h would permit you to 
al
ulate Q1 and Q2.(b) Consider a 
ase where R1 = 1.0 m, and R2 = 0.0001 m. Write a 
omputer 
ode to 
al
ulatethe numeri
al value of the ratio Q2/Q1 for this 
ase. Make sure you iterate your re
ursion toa su�
iently high order so that your value for Q2/Q1 is stable. You 
an feel free to use anylanguage you wish, but you will need to in
lude a print-out of your 
ode. Note: This will bea ni
e illustration that the 
harges on the two spheres are not equal, even though they are atthe same potential!Problem 5 [10 points℄: Diri
hlet Green Fun
tion for the SphereA 
ondu
ting sphere of radius R is 
entered on the origin, and is held at a potential of V 6= 0. Twopoint 
harges, both of identi
al 
harge Q > 0, are lo
ated at positions (0, 0, a) and (0, 0,−b), where
a > R and b > R (i.e., both 
harges are outside the sphere). Take Φ(∞) = 0.(a) Using the Green fun
tion te
hnique, solve for the potential Φ(z) along the z-axis in the regionexternal to the sphere (i.e., for r > R).(b) Determine the value for the z-
omponent of the ele
tri
 �eld at z = R+ (i.e., just above the�North Pole� of the sphere).Problem 6 [20 points℄: Diri
hlet Green Fun
tion in Two Dimensions for a Cir
leConsider a 
ir
le of radius a. Use polar 
oordinates (ρ′, φ′). Suppose the boundary 
ondition is su
hthat the potential on the 
ir
le is spe
i�ed to be some fun
tion f(ρ′ = a, φ′). Using your resultsfrom the previous problem set for Green's Theorem in two dimensions, show that at any point (ρ, φ)exterior to the 
ir
le, the potential is

Φ(ρ, φ) =
1

2π

∫
2π

0

dφ′ f(a, φ′)
ρ2 − a2

ρ2 + a2 − 2aρ cos(φ − φ′)
.This is termed the �Poisson integral formula� for the exterior problem for a 
ir
le. Hint: You willneed to �nd the fun
tional form of the Diri
hlet Green fun
tion for a 
ir
le in two dimensions. Thinkof how we 
ame to �nd the fun
tional form for the Diri
hlet Green fun
tion for a sphere in threedimensions.Problem 7 [15 points℄: Neumann Green Fun
tion in Two DimensionsWe now want to 
onsider the Green fun
tion for the Neumann boundary 
ondition in two dimensions(i.e., solution for the potential when the normal derivative of the potential, ∂Φ/∂n′, is spe
i�ed onthe boundary).(a) In 
lass, we showed that the simplest allowable boundary 
ondition on a Neumann Greenfun
tion, GN (~x, ~x′), in three dimensions is

∂GN

∂n′
(~x, ~x′) = −

4π

S
,where S denotes the total surfa
e area of the surfa
e bounding the volume V . Starting fromthe two dimensional version of Green's Theorem whi
h you derived in the previous problemset, show that the simplest allowable boundary 
ondition on a Neumann Green fun
tion intwo dimensions is

∂GN

∂n′
(~x, ~x′) = C,where C is some 
onstant. What is the physi
al interpretation of C?2



(b) If we were attempting to solve a two dimensional potential problem in the upper half plane(i.e., the y > 0 portion of the xy-plane, with the boundary being the entire x-axis, from
x = −∞ to x = +∞), is it permissible to spe
ify ∂GN (~x, ~x′)/∂n′ = 0 on the boundary?(
) The fun
tional form for Neumann Green fun
tions in two dimensions 
an be 
onstru
ted by
onsidering a �positive image 
harge� (whereas, as you re
all, we 
onstru
ted Diri
hlet Greenfun
tions in three dimensions by 
onsidering a �negative image 
harge�, whi
h produ
ed theresult that the Diri
hlet Green fun
tion was zero everywhere on the surfa
e). For the 
ase of theupper half plane dis
ussed in part (b), write a fun
tional form for the Neumann Green fun
tion,and show that it satis�es the permissible 
ondition on ∂GN (~x, ~x′)/∂n′ on the boundary (i.e.,the x-axis) and also ~∇′2GN (~x, ~x′) = δ(~x − ~x′).

3


