
PHY 611 � Ele
tromagneti
 Theory IProblem Set 4Due: Wednesday, O
tober 10 at 10:00 a.m. at the start of 
lassReferen
es Poli
y: On the �rst page of your submitted work, please list all of your 
ollaboratorsand any referen
es/sour
es that you 
onsulted (e.g., textbooks, journal arti
les, web pages, et
.).Problem 1 [10 points℄: Poisson (not Lapla
e) EquationBefore the era of transistors, a 
ommon devi
e was a va
uum diode. A va
uum diode is a parallelplate 
apa
itor with a potential di�eren
e V a
ross a gap of width d, all of whi
h is en
losed withina va
uum tube. The 
athode (at Φ = 0) is heated, so ele
trons whi
h are �boiled o�� �ow to theanode (at Φ = V ). The 
loud of moving ele
trons within the gap (
alled �spa
e 
harge�) qui
klybuilds up to the point where it redu
es the ele
tri
 �eld at the surfa
e of the 
athode to zero. Fromthen on, a steady 
urrent �ows between the plates.Consider the steady-state situation in whi
h a 
onstant 
urrent density j = ρ(x)v(x) �ows, andassume the ele
trons leave the 
athode with velo
ity v(0) = 0. Here, ρ(x), for 0 ≤ x ≤ d, is theele
tron 
harge density.(a) Solve for the potential Φ(x) in the region 0 ≤ x ≤ d via the Poisson equation, ~∇2Φ(x) = −ρ/ǫ0.How does your result for the potential 
ompare to an ordinary 
apa
itor?(b) Solve for the 
harge density ρ(x) and the 
urrent density j.Problem 2 [10 points℄: Separation of Variables in Re
tangular CoordinatesConsider an array of thin 
ondu
ting strips lying in the z = 0 plane. Ea
h strip is a/2 wide in the
x-dire
tion, and in�nitely long in the y-dire
tion. The strips are alternately at potentials of Φ = +Vand Φ = −V , and insulated from ea
h other by negligibly thin insulators. Derive an expression forthe potential Φ(x, z) in the upper half-spa
e z > 0. Make a (
omputer-generated) plot of Φ(x, z)/Vfor z = 0 as a fun
tion of the s
aled 
oordinate x/a.
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xProblem 3 [10 points℄: Conformal MappingFind the ele
trostati
 potential Φ in the upper half-plane with the boundary values shown below.
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Problem 4 [20 points℄: Conformal MappingRead Se
tion 2.10 of Ja
kson (you 
an also refer to my le
ture notes, whi
h �lled in many of themissing details). As you re
all, we solved this problem in 
lass dire
tly via separation of variables.Now, instead, solve this same potential problem via an appropriate S
hwarz transformation. Notethat you may need to do this transformation in several steps. Show that your answer is 
onsistentwith Eq. (2.65) of Ja
kson.Problem 5 [30 points℄: Fringe Fields in a Finite-Sized Capa
itorAs you know, the 
apa
itan
e of two large 
ondu
ting sheets of area A whi
h are separated by adistan
e d is C = ǫ0A/d. Re
all that this result 
an be derived assuming that the ele
tri
 �eldis perfe
tly uniform everywhere in the region between the plates and is zero outside of the regionbetween the plates (i.e., the so-
alled �fringe �elds�, or �end e�e
ts�, are negle
ted).In this problem we will explore the impa
t of su
h fringe �elds on the 
apa
itan
e of a system
omposed of �nite sized 
ondu
ting plates. As a starting point, 
onsider two semi-in�nite parallelplates, separated by a distan
e d, as shown below. Using an appropriate S
hwarz transformation,�nd an expression for the total 
harge per unit length perpendi
ular to the xy-plane between x = 0and x = x0 (where x0 < 0) under the approximation |x0| ≫ d. You should be able to write anexpression for the total 
harge whi
h is the sum of two terms: one if there were no fringe e�e
ts(i.e., for plates of in�nite extent), and another whi
h is the 
orre
tion due to the fringe �elds.Then, apply your result to the problem of a parallel plate 
apa
itor 
omposed of plates of area
A = ab separated by a distan
e d. Again, assuming a ≫ d and b ≫ d, �nd an expression for the
apa
itan
e a

ounting for fringe e�e
ts.
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F = 0Problem 6 [20 points℄: Slightly Non-Con
entri
 Spheri
al Capa
itorA spheri
al 
apa
itor 
onsists of two 
ondu
ting spheri
al shells of radii a and b, where a < b.However, their 
enters are displa
ed by a small amount c ≪ a. Take the 
enter of the sphere withradius a as the origin, and also take ẑ along the line 
onne
ting the 
enters of the spheres.(a) Show that the equation for the surfa
e of the sphere of radius b in spheri
al 
oordinates is
r = b + cP1(cos θ) + O(c2).(b) Suppose the sphere with radius a is grounded and the sphere with radius b is at a potential

V . Show that the potential in the region between the spheres is given by
Φ(r, θ) = V
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.(
) What is the 
apa
itan
e, to O(c)? 2



Bonus Problem [5 Midterm Exam points℄: Numeri
al Solution to the Lapla
e EquationIn 
lass we dis
ussed the iterative Ja
obi method (i.e., �relaxation�) for the numeri
al solution tothe Lapla
e Equation in the presen
e of boundary 
onditions. In this optional bonus problem, wewill apply this method to the numeri
al solution of the boundary value problem dis
ussed in Se
tion2.9 of Ja
kson. For numeri
al 
on
reteness, set a = b = c = 1. Set the potential on the top fa
e ofthe 
ube to be V (x, y) = 1, with the potential on the other �ve fa
es of the 
ube set to zero.Divide the 
ube into an 11×11×11 grid, su
h that the spa
ing between grid points is ∆x = ∆y =
∆z = 0.1. Write a 
omputer 
ode to perform Ja
obi iteration over all of the grid points. Iterateyour algorithm for a su�
iently large number of iterations su
h that your results have 
onverged(i.e., are numeri
ally stable). Make a plot of your 
al
ulated results for the potential as a fun
tionof z for (x, y) = (0.5, 0.5) [i.e., of the values of the potential at the 11 grid points between z = 0and z = 1 for (x, y) = (0.5, 0.5)℄ and 
ompare your results with the exa
t expression obtained viaseparation of variables, Eqs. (2.57) and (2.58) in Ja
kson.To re
eive 
redit for this problem, you must submit a plot of the requested results, and also anele
troni
 
opy of your 
ode via email.
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