
PHY 611 � Ele
tromagneti
 Theory IProblem Set 6Due: Monday, November 19 at 10:00 a.m. at the start of 
lassReferen
es Poli
y: On the �rst page of your submitted work, please list all of your 
ollaboratorsand any referen
es/sour
es that you 
onsulted (e.g., textbooks, journal arti
les, web pages, et
.).Problem 1 [20 points℄: Charged Parti
le Transport in Ele
tri
 and Magneti
 FieldsThis is somewhat of an open-ended question, kind of like one you might en
ounter in the 
ontextof a resear
h proje
t. I want you to think about the physi
s, and then write-up what you think willhappen. Consider a parti
le with 
harge q moving with some 
onstant velo
ity ~v in uniform ele
tri

~E and magneti
 ~B �elds, whi
h are neither perfe
tly parallel or perpendi
ular. Thus, you 
an write
~E in terms of non-zero 
omponents parallel and perpendi
ular to ~B, and ~E × ~B 6= 0. Des
ribe (viawords, equations, sket
hes, whatever, . . . ) the resulting traje
tory of the 
harged parti
le. Youshould treat all motion and �elds non-relativisti
ally.Problem 2 [15 points℄: Nima's Spheri
al CoilA total 
harge Q is distributed uniformly over the surfa
e of a sphere of radius R. Suppose thesphere starts to rotate (
arrying the 
harge with it) at an angular velo
ity ω. Cal
ulate the resulting
~B �eld everywhere. It is probably easiest to do this problem by �rst writing an expression for thesurfa
e 
urrent that develops on the surfa
e of the sphere, and then pro
eeding to 
al
ulate theve
tor potential. [FYI: Nima is an expert on this problem!℄Problem 3 [20 points℄: Ve
tor Potential of a Cir
ular Current Loop
[Part of this problem is written up in Ja
kson pp. 181�183, but in spheri
al 
oordinates. The pointis for you to a
quire some pra
ti
e with these te
hniques.] A 
ir
ular loop of wire of radius a andnegligible 
ross se
tion 
arrying a steady 
urrent I lies in the xy-plane with its 
enter at the origin.A point in spa
e is indi
ated by 
ylindri
al 
oordinates (ρ, φ, z).(a) Starting from the de�nition of the ve
tor potential [i.e., Eq. (5.32) in Ja
kson℄ show that forthis 
ir
ular 
urrent loop the ve
tor potential at any point (ρ, φ, z) is of the form
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φ̂,where k2 = 4aρ/[(a + ρ)2 + z2], and K(k) and E(k) are the 
omplete ellipti
 integrals of the�rst and se
ond kind.1(b) Instead of writing the above integral expression for ~A in terms of ellipti
 integrals, insteadexpand the integrand and show that in the limit of (ρ2 +z2)1/2 ≫ a you obtain the expressionfor the ve
tor potential of a magneti
 dipole, and then the 
orre
t expression for the ~B �eld ofa magneti
 dipole. In 
al
ulating the ~B �eld, you might �nd it easier to then work in spheri
al
oordinates.1You 
an �nd the de�nitions of K(k) and E(k) on Wikipedia. Note that in other referen
es these might insteadbe de�ned to be K(k2) and E(k2) (e.g., as in Arfken). You might �nd it helpful to 
hange variables to α = π − φ atsome point. 1



Problem 4 [15 points℄: Magneti
 Dipole Moment of a Rotating SphereA sphere of radius a has a 
harge +Q distributed uniformly over its surfa
e, and a 
harge −Qdistributed uniformly throughout its volume. The sphere rotates with angular velo
ity ω. Cal
ulatethe magneti
 dipole moment of the sphere.Problem 5 [15 points℄: Magneti
 Field of a Cylindri
ally Symmetri
 Current DensityA 
ylindri
ally symmetri
 
urrent density ~J �ows in the ρ-z plane, as indi
ated in the �gure atthe top of the next page. The 
urrent density is 
ylindri
ally symmetri
, meaning if we write
~J = Jρρ̂+ Jφφ̂ + Jzẑ, Jφ = 0, and Jρ and Jz are fun
tions only of ρ and z. The 
urrent density ~J is
on�ned to the gray shaded region, whi
h is symmetri
 in φ about the z-axis, and zero everywhereoutside of the shaded region. Prove that ~B is zero outside the shaded region.
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IProblem 6 [15 points℄: Helmholtz CoilsSuppose your advisor wants you to build a system of magneti
 
oils whi
h will generate a highly-uniform magneti
 �eld. You then pro
eed to do so by 
onstru
ting a pair of so-
alled �Helmholtz
oils�, 
onsisting of two 
ir
ular 
oil windings of radius a, ea
h 
arrying the same 
urrent I (or, forthe experimentalists, the same number of �Amp-turns� wound in the same dire
tion). You thensetup your 
oils in your laboratory so that their 
enters are at z = ±b.(a) Cal
ulate the 
oil separation distan
e 2b su
h that the �rst, se
ond, and third derivatives of
| ~B(z)| along the 
oil's axes vanish at z = 0. Thus, the magneti
 �eld is very uniform atthe 
enter of a pair of Helmholtz 
oils. This separation distan
e is termed the �Helmholtz
ondition�.(b) Now suppose your advisor is not satis�ed with the uniformity of the magneti
 �eld generatedby your pair of Helmholtz 
oils. S/he then suggests you add a se
ond pair of Helmholtz 
oilsof radius a′ = a/2, positioned su
h that they satisfy their own �Helmholtz 
ondition�. What
urrent I ′ should �ow in this se
ond pair so as to 
an
el the fourth derivative of | ~B(z)| of the�rst pair? What fra
tion of the original 
entral �eld magnitude is �lost� in this 
on�guration?
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