
PHY 611 � Ele
tromagneti
 Theory IProblem Set 7Due: Monday, De
ember 3 at 10:00 a.m. at the start of 
lassReferen
es Poli
y: On the �rst page of your submitted work, please list all of your 
ollaboratorsand any referen
es/sour
es that you 
onsulted (e.g., textbooks, journal arti
les, web pages, et
.).Problem 1 [10 points℄: Magneti
 For
e on a Current LoopA loop of wire bent into some arbitrary shape is 
on�ned to the xy-plane. As shown below, part ofthe loop is in a uniform magneti
 �eld ~B = Bẑ (indi
ated by the shaded region); everywhere elsethe magneti
 �eld is zero. If the 
urrent in the loop is I, �nd an expression for the magneti
 for
e
~F on the loop in terms of I, B, and the distan
e d indi
ated on the �gure.

Problem 2 [20 points℄: Boundary Conditions for a Cylinder(a) Before working parts (b) and (
), �rst derive the fun
tional form of the solution (via sepa-ration of variables) to the Lapla
e Equation ~∇2Φ = 0 in two dimensions in 
ylindri
al/polar
oordinates (ρ, φ).Now, 
onsider a long (solid) 
ylinder of radius R 
omposed of material with permeability µ > µ0whi
h is oriented along the z-axis. The 
ylinder is pla
ed in a �eld ~H = H0x̂. Cal
ulate the ~B �eldinside the 
ylinder:(b) by solving ~H = −~∇ΦM ; and(
) by solving ~B = ~∇× ~A, where ~A = a(ρ, φ)ẑ in 
ylindri
al 
oordinates (ρ, φ, z).Problem 3 [20 points℄: Magneti
 Shielding Fa
tor of a Cylindri
al ShellMy former graduate student Susan Malkowski worked quite a bit over the years on the developmentof various types of �magneti
 shields�. Here, we will 
al
ulate the �shielding fa
tor� of a 
ylindri
almagneti
 shell. Consider our �magneti
 shield� to 
onsist of a thin 
ylindri
al shell 
omposed ofmaterial with permeability µ > µ0. Let t denote the thi
kness of the material, and let R denote theradius of the 
ylindri
al shell (you 
an take R be the average of the 
ylindri
al shell's �inner� and�outer� radius). Assume the 
ylinder is �long�, with its axis oriented along the z-axis, and assumethe 
ylinder is pla
ed in some 
onstant magneti
 �eld ~H0 = H0x̂.(a) Show that the ratio of | ~H| in the region interior to the 
ylindri
al shell to | ~H0| is (assuming
R ≫ t)

| ~H0|

| ~H |
= 1 +

(µ/µ0)t

2R
.This ratio is termed the �shielding fa
tor�. Thus, 
ylindri
al shells with large µ/µ0 are quitee�e
tive at �shielding� their interior regions from external �elds.1



(b) As reported in an arti
le authored by my resear
h group [S. Malkowski et al., Review of S
ien-ti�
 Instruments 82, 075104 (2011)℄ the permeability of a magneti
 material 
alled �Metglas�is µ/µ0 ∼ 5× 106. Assume you 
onstru
t a 
ylindri
al magneti
 shield by pla
ing a thin, 100
µm-thi
k layer of Metglas onto the surfa
e of a 0.5-m diameter 
ylindri
al shell. Suppose youthen orient the axis of this shield perpendi
ular to the dire
tion of the Earth's magneti
 �eld,whi
h you 
an take to have a magnitude of 0.5 Gauss = 5 × 10−5 Tesla. What would youexpe
t the magnitude of the shielded �eld in the region interior to the 
ylindri
al shell to be?[Note: If you a
tually download the arti
le, you will see that end e�e
ts from the �nite-length
ylindri
al shields are quite apparent.℄(
) Part (a) assumed the permeability µ is some 
onstant, independent of | ~H0|. In reality, ferro-magneti
 substan
es are 
hara
terized by a hysteresis 
urve (see, e.g., Figure 5.12 of Ja
kson).For very large values of | ~H0|, would you expe
t a thin 
ylindri
al shell to be an e�e
tivemagneti
 shield? Why or why not?(d) Now in a 
ontinuation of part (a), suppose you add a se
ond long 
ylindri
al shell of the samemagneti
 material (i.e., same permeability µ), and the same thi
kness t, but of a larger radius
R′ > R ≫ t. That is, the 
on�guration is two 
o-axial nested 
ylindri
al shields, with an airgap between them (i.e., R′ − R > t). Find now an expression for the shielding fa
tor, whereyou again 
ompare the �eld in the interior region of the smaller-radius 
ylinder, | ~H|, to | ~H0|.You should �nd a relatively simple expression. Is it better to have two 
ylindri
al shells withradii R and R′ > R of the same thi
kness t and separated by an air gap, or one 
ylindri
alshell of radius R of thi
kness 2t?Problem 4 [10 points℄: Ring Rotating in a Magneti
 FieldCal
ulate the exponential de
ay time, τ , in the angular frequen
y ω(t) = ω0 exp(−t/τ) of a thinring of mass M and radius R whi
h is suspended from a massless string and is initially rotatingwith an angular frequen
y ω0 at t = 0 in a uniform horizontal magneti
 �eld of magnitude B (sees
hemati
 below). The ring has a 
ondu
tivity of σ and a small 
ross-se
tional area of πr2, wherewe 
an assume r2 ≪ R2. Assume that at all times the energy dissipated due to resistive Jouleheating during one rotational period of the ring is small 
ompared to the ring's rotational kineti
energy, su
h that you 
an work with the time-averaged value of the energy dissipated during theperiod of the ring's rotation (as opposed to its instantaneous values at all times during ea
h periodof rotation).
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Problem 5 [20 points℄: Magnetized Cylinder Moving at Constant Velo
ityA long 
ylinder of radius a has a magnetization ~M perpendi
ular to its axis.(a) First assume the 
ylinder is at rest. Find the ~B and ~H �elds everywhere in spa
e. The 
ylinderis �long�, so you 
an treat this as a two-dimensional problem.(b) Let ẑ be aligned with the 
ylinder axis, and let x̂ be aligned with the magnetization. Nowsuppose the 
ylinder is moving with 
onstant velo
ity ~v = vẑ, with v ≪ c su
h that we 
anapproximate ~B = ~B′ (i.e., the magneti
 �eld in the two referen
es frames is the same1). Underthis approximation, �nd the resulting 
harge density and ele
tri
 �eld everywhere in the labframe.Problem 6 [10 points℄: Self Indu
tan
e(a) Show that the self indu
tan
e L of any 
urrent distribution 
an be written as:
L =

1

I2

∫
d3x ~J(~x) · ~A(~x),where ~A(~x) is the ve
tor potential.(b) Consider a wire with a �nite 
ross se
tional radius of a whi
h extends from z = −b to z = +b.The wire 
arries a 
urrent of I whi
h �ows in the +ẑ dire
tion. Write an expression for the
urrent density ~J .(
) Write an integral expression, in 
ylindri
al 
oordinates, for the ve
tor potential ~A(~x). You donot need to evaluate this integral. However, make sure to spe
ify the limits on the integrals.(d) Write another integral expression for the self indu
tan
e L of this wire. You 
an write yourintegral expression for this part in terms of your integral expression for part (
). Again, makesure to spe
ify the limits on the integrals. [In prin
iple, we 
ould attempt to evaluate theseintegrals using the methods developed in Se
tion 3.11 of Ja
kson for the expansion of Greenfun
tions in 
ylindri
al 
oordinates. This would be a di�
ult exer
ise. You 
an look at onesu
h solution in a paper posted at http://arxiv.org/pdf/1204.1486.pdf .℄Problem 7 [10 points℄: Mutual Indu
tan
eDerive an expression for the mutual indu
tan
e of two 
ir
ular, 
oaxial loops of radii a and bseparated by a distan
e x, in terms of K and E, the 
omplete ellipti
 integrals of the �rst andse
ond kind.

1As will be dis
ussed in PHY 613, the ele
tri
 and magneti
 �elds (written in 
gs units) transform a

ording to
~E′ = γ( ~E + ~β × ~B) −

γ2

γ + 1
~β(~β · ~E),

~B′ = γ( ~B − ~β × ~E) −
γ2

γ + 1
~β(~β · ~B),where ~β = ~v/c and γ is the usual Lorentz fa
tor. Thus, if v ≪ c, γ ≈ 1 + 1

2
β2 and if we then negle
t O(β2) terms,we �nd ~E′ = ~E + ~β × ~B and ~B′ = ~B − ~β × ~E. You should then be able to 
onvin
e yourself that it is reasonable toapproximate ~B ≈ ~B′ for the parameters of this parti
ular problem if you again negle
t terms of O(β2).3


