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Ground states of a frustrated kagomearray of Josephson junctions
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We study the ground state vortex lattices of a kagamay of Josephson junctions in an external magnetic
field. We give a simple model that accounts for the principal dependence of ground state energy on the density
of vortices, and exhibit the exact ground state configurations for a sequence of special values. A Monte Carlo
simulated annealing shows that there is very little further structure. For the specidl=ea®®,=1/2 it is
known that there is an infinite degeneracy. We give a numerical technique for evaluating the zero temperature
entropy.
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[. INTRODUCTION of the possible glassy characteristics. This is specially inter-
esting, because such spin systems are inherently without

A superconducting network in an external magnetic fielddisorder?
is a frustrated systemThe adjacent superconductors are Here we study the ground state properties of the frustrated
connected by a Josephson junction, which attains a minimurlanar rotor model on the kagontattice® This model de-
energy when the phases of neighboring superconductors difcribes an array of Josephson junctions, assuming that only
fer in a way that depends on their relative positions and ofthe phase of the superconducting order parameter is allowed
the strength of the magnetic field. This Optimum phase re|atO fluctuate. In Sec. I, we describe this model, and in Sec. I
tionship generally cannot be attained globally, since the surie present a general scheme for studying the ground state
of the phase differences around any closed loop must be zef®nfigurations. In Sec. IV, we study the ground states at vari-
(mod 27). This leads to observable effects: a decoration ofous values of the vortex density, focussing on the cases
the sample by nickel particles indicates a superlattice ofvhere a simple periodic structure is available. In Sec. V, we
magnetic site$? visualized as clusters of Ni particles. The discuss the special caée-1/2, where an infinite degeneracy
magnetic sites are a manifestation of the presence of curref€curs. Section VI gives a summary of results.
vortices, which in turn are a consequence of the long-range
superconducting coh_erence. The square Iattic_e ve_rsion of this Il KAGOME LATTICE
model has been studied by a number of workersthis case
the vortices are believed to generally form a periodic struc- A kagome lattice is a collection of corner-sharing tri-
ture at low temperatures. angles, as shown in Fig. 1. The unit cell contains two equi-

The kagomestructure is interesting because it containslateral triangles and one hexagon. There are two bonds per
plaquettes of very different areas. These plaquettes attaisite of the kagoméattice, and three sites per unit cell.
their unfrustrated configuratidithatBA/®, be an integerat Usually it is convenient to measure the external magnetic
different values of the field, giving a more complex relation-field in terms of flux quanta per unit cell. However, in the
ship between energy and field than that obtained for Bravaipresent case it is better to use a different scale, by defining
lattices. f=AB/d,, whereA is the area of the triangular plaquette,

In recent experimental and theoretical studies, the fullyand®,=ch/2e is the flux quantum. For a given value of the
frustrated kagomelattice of superconducting wires was external magnetic field, this definition yields values for
found to lack an ordered superlattice. Higgiesal® mea-  which are numerically eight times smaller than the usual
sured the resistance of an aluminum kagomiee network,  definition (because the triangle is 1/8 of a unit gell
and verified the absence of any anomaly for the case of 1/2 The Josephson junction array is constructed such that the
flux quantum per unit cell, in agreement with the theoretical
study of Lin and Norf The experiments of Pannetiet al. / \ /
on the dual lattice to the kagoniattice, the so-called dice
lattice (or the T3 geometry, have shown the same behavior.

It is believed that the high degeneracy of the fully frus- \
trated state of the kagoniattice is responsible for this be-
havior. As almost all of the states in this degenerate manifold
are disordered, there is no way for the system to find the A\
commensurate state, unless some other mechanism inter-
venes. This reasoning is inspired by the knowledge of the

ground state properties of the Heisenberg antiferromagnet on / \ /
a kagomdattice® The disordered nature of the ground states
in the degenerate manifold has also led to the investigation FIG. 1. The unit cell for the kagomstructure.
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sites of the kagomiattice are occupied by the superconduct-again summing over the edges of the plaquette. Well away
ing islands, and each bond carries a Josephson junction. L&bm any vortex, they;; are smallto minimize Hamiltonian
(ij) denote the bond connecting two nearest neighbarsl  (2)], and then the circulation and the vorticity agree. How-
j- The phase of the superconducting order parameter at thever, they differ near the vortex core: the circulation is al-
superconducting islandis denoted byd; . Due to the pres- tered there, and in rare circumstances will describe the vortex
ence of a magnetic field perpendicular to the plane of thes being delocalized over several plaquettes, while the vor-
lattice, this phase is rotated by an amount determined by thicity must assign the vortex to some particular plaquette.

line integral of the vector potential along the bofigl): The circulation is a more physical variable, while the vortic-
_ ity gives a better representation of the mathematical con-
- =EIIA(F)C“—) 1) straints.
Xi=ch ), ' Whenf is rational, they;; are periodicdmodulo 27), and

then the phase field and vortex pattern can also be periodic
on a superlattice. Only in this case can the system exhibit
superconductivity: the breaking of translational symmetry

The Hamiltonian is given by

H=-J>, cog6,— 60— xij). (2)  prevents flux flow. Thus we restrict our attention to the case
{5 whenf=p/q is a rational fraction. A special property of this
where the coupling constadtis taken to be positive. case is that the directed sumswgf and sin(2m;;) around the

Increasingf by unity adds one flux quantum to each tri- Poundary of a periodicity cell necessarily vanisince every
angle and six flux quanta to the hexagons, which can pdink and its penodlp image contribute in opposite sgnaad
gauged out of Eq(2) by redefiningd; . The Hamiltonian is ~ thus we have a pair of rules, that the sunaind the sum of
also invariant under the reversal of the field direction. ThisC over all plaguettes in a periodicity cell are both zero.
allows us to restrict our study foin the interval[ 0,1/2] (the

choice of scale fof was made for this reaspnHowever, [ll. INDEPENDENT VORTEX MODEL
there is an energy cost to having a nonintegral multiple of .
flux quanta in a plaquette. The ground state of the system on any type of lattice,

The phase field 6;} accommodates the frustration intro- kagprﬁeor otherwise, is a particular set of phasgsthat
duced byA;; by introducing singular points which are the Minimizes the energy of the entire lattice, as given by Eq.
equivalents of the vortices in type-ll superconducttasd (2). Although there are no isolated plaquettes in a lattice, it is
will be called vortices in what follows The presence of & remarkable empirical finding that for rational valuesf of
these vortices can be revealed by introducing the gaugdh€ system distributes the phases so that nearly all the

invariant phase differences plaguettes act as if isolated in achieving the minimum en-
ergy. This constitutes the independent-vortex model.
vij=(6;— 6,— xi;)/2m— (integey, (3) Now consider the case of isolated plaquettes—triangles or

hexagons—without external connections. A triangular

i i 1 S .
where the integer is chosen so that%<vij<2, and then plaquette minimizes its energy to

computing the vorticity

B 2m(f¥—1)
V:E vij (4) E=-3Jco —3 | 7

where the sum is over the edges of a plaquette.;ifare wheref# is the integer nearest fowhile the minimal energy
slowly varying, the phase differences cancel out in the sumfor a hexagonal plaguette is

leaving just the flux measured in units of the flux quantum—

specificallyV= —f for triangular plaquettes and= — 6f for 2mw(F*—6f)
hexagonal plaquettes. However, for plaquettes containing a E=-6J 003( T) )
vortex, V differs from this by an integer. We observe that this

result can be restated as meaning that there is a “backyhere F* is the integer nearest tof6 The corresponding
ground” vorticity —f per triangle(a hexagon contains six vyorticity is f¥—f for triangles, andF#—6f for hexagons.
triangIeQ, and then a vortex confers integer VOTtiCity to its Figure 2 shows how the energy per site of the isolated
plaguette. _ _ IPllaquette depends drfor the interval 0<f<3.
There is another way to characterize the vortices. Each e observe that within this range the lowest energy state
Iink_of Fhe network carries a supercurrent directed fromisite gy the triangle is alway$* =0, while for the hexagon it is
to sitej, F#=0, 1, 2 or 3, depending on the valuefoHowever, the
Ry situation becomes complicated because the vorticity sum rule
Jij=Jsin2muy), ®) prevents us from putting all the plaquettes into their lowest
where J=2eJ/# is the critical current for a link. Now we energy state. According to Fig. 2, it costs less energy to
may define the circulation change the vorticity of a hexagon than to introduce a triangle
of excited vorticity, except for the interval 0.485 <1. This
suggests that over much of the rangefothe vortices are
resident only on the hexagons, so that the ground state con-

C=2, sin(2mu;;), (6)
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FIG. 2. Energies of vortex configurations. f

figurations will tend to resemble those of the hexagonal ge- FIG. 4.lDependence of the energy per site on the flux density,
) 1 - . for 0<f<3. The + markers indicate exact results.

ometry; only close td=3 will the triangle vortices be ob-

served.

Explicitly, let us assume that for some valuefef0.435 a
fraction X of the hexagons in a large region contain vortices
characterized by an integEr#, while the remaining fraction
(1—X) contain vortices characterized By +1, and that
all triangles remain in the statef =0. Then the vorticity
sum rule implies

vortices withF # =4 is abruptly replaced by a finite density
of triangle vortices withf # = 1. This unrealistic outcome is a
consequence of ignoring the interactions between vortices,
which is mediated by the overlap of their current patterns.
The discontinuous behavior gives rise to no visible anomaly
in Fig. 3, because the energy cost of adding a vortex to a
triangle or to a hexagon is exactly the samd at0.435.

X(F#—6f)+(1-X)(F#+1-6f)—2f=0, (9)
IV. PERIODIC VORTEX STRUCTURES

giving simply X=(F# +1—8f). The energy per site can ] ,
then be calculated by adding Eq3) and (8) for the appro- Figure 4 reports the ground state energy of a kagome
priate values of # andf#, with the indicated weightings. lattice of Josephson junctions as a functiorf,afonstructed

For the case 0.435f<% we can proceed in a similar PY @ Metropolis Monte Carlo simulated annealing on a rhom-
manner, except that now the minimum enefgybject to the  Pic cell with periodic boundary conditions containing 50
vorticity sum rulg is given by putting all the hexagons into 50 unit cells. This permit§to be sampled in steps of size
theF # =3 state, and letting a fractionof the triangles be in  0-005. We also considered the special casesinteger/24,
thef# =1 state. An argument similar to the one above gives!Sing a 48& 96 unit cell. _
Y=8f-3. Simulated annealing gives a useful upper bound and esti-

Putting together the various cases gives Fig. 3. The cuspgate for the ground state energy. However, the true ground
correspond to the cases where only one kind of vortex i$tate configurations for this system are periodic, and it is
observed in the hexagons; in the intervening regions, onknlikely that this would result from a simulated annealing

kind of hexagon vortex is replaced by another, or trianglgn. We can offer two kinds of validation for the Monte
vortices are introduced. Carlo study: the dependence ois fairly smooth, with no

The implications of this model for the behavior nefar  discontinuities; and the Monte Carlo results are systemati-
—0.435 is somewhat unphysical: a finite density of hexagor?a"y and uniformly slightly higher than the exact energies, in
the cases that these are known. We have spot checked the
Monte Carlo annealing by constructing periodic vortex struc-
tures; these agree to within 1 %. Thus we believe Fig. 4 gives
a good idea how the ground state energy varies with flux
density.

-1 The most prominent features in Fig. 4 are the cusps that
occur forf=1/8,1/4, and 3/8—and then the slightly surpris-
ing lack of any feature at=1/2. The cusps correspond to
states in which all triangles are in vorticity stdté =0 and
all hexagons are also in the same vorticity statbere there
are three choiceB # =1,2, or 3. For these cases every bond
of the network is carrying the same current simf2/24),
exactly as if the vortices were isolatétithe energy density
20 ¢ 0.5 is E=—2 cos(27f/3). Inspection of the ground states for
other values off <3/8 confirms that these can be described
FIG. 3. Energies of vortex configurations. as a low density of hexagons characterized by one value of
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F#, within a background of hexagons characterized by a o PN
diﬁer;vr:t l/alue, with alllJ trianglesxin thég =0 state.I%I'hesey /</<><><><><><><><><><><

observations are consistent with the simple model that led to

Fig. 3. However, we note that except at the special values /< . >< >< >< . >< >< \

f=n/8, Fig. 3 gives energy that is significantly lower, be-
cause that model ignores the inconsistent assignment of cur- /< >< >< * >< >< >< *

rents by hexagons and by triangles. /< >< . >< >< >< . ><

Figure 4 also differs from Fig. 3 by the presence of
smaller features at intermediate valuesfpfsuch as aff /<'>< >< >< * >< ><
=2,15.8.2, and 7;. These can be described as periodic
arrangements of the different vorticity sites with a supercell 1G5 Vortex arrangement for the ground statefferl/6. The
that contains three unit cells of the kagosteucture. In the triangles are allin the stafe =0, while the hexagons. are in states
study of the square lattice structdfeit was found that for F#=1 (with no current on the|r'boundarDeand 2(with current
. - J\/3/2). Dots have been drawn in the hexagons \ith=2 vor-

every f=p/qg the lowest energy structure was a periodic ar—ticity
rangement of the vortices, with a supercell was a periodic "
arrangement of the vortices. The supercell frequently had the
area ofq unit cells(the exceptions were twice as lajgéVve
suspect that the kagons¢ructure for §=P/Q may also be
periodic, with a supercell whose areaQstimes larger than
the kagomeunit cell. The square lattice stutfyalso found
that the energy is slightly lower whemis small(so thatfis ~ the lowest energy. _
a simple rational fraction but that these cusps rapidly de- AS suggested by the independent vortex model, ffor
crease in size witly. The implications for the present work — 3/8 we expect the hexagons to all be in the same state
are that increased annealing effort would reveal further cusps # =3, while the triangles having an appropriate density in
for smallQ, but that these would lead only to a slight rough- f#=1. For example, consider the casés-2/5 and f
ening of the curve in Fig. 4. =5/12. The ground states are shown in Figs. 6 and 7. The

This structure in the dependence of the energy anses ~ Structure forf=5/12 shown in Fig. 7 has an energy of
because the energy depends on the current distribution in a1-184, slightly lower than the candidate structure given in
way that is well approximated by saying that the vorticesthe last line of Table I. _
interact as if they were particles carrying integer-valued AS noted above, the triangle vortices are somewhat more
charge(as specified by # or f#), with a neutalizing back- delocalized(in terms of their circulation patte}nh'an for the N
ground charge density-f per triangle. The vorticity sum hexagons. As a consequence, the total energy is less sensitive
rule then becomes the expected statement of overall charg@ the local arrangement of these vortices, and the true
neutrality, and the lowest energy configurations will be thoséround state is not so readily distinguished from a large set
that give the most uniform distribution of vortices. For casesCf nearly degenerate alternatives. However, we believe the
whenf is a simple rational fraction, this is accomplished by aground state configuration to be unique, and that we have
periodic structure; for other values ffthe periodicity is at ~ correctly identified them. _ .
best large scale, implying a larger “Coulombic” energy. The In th_e study of ground state vortex !attlces as a function of
most important qualification to this model is that the energy{fustration parameter, one usually gives importance to the
is more closely associated with the circulation than with theVortex lattices that can be commensurate with the underlying
vorticity, so that the charge of a vortex is actually somewhaf@ttice structure. This means, for example, that a vortex su-
delocalized over neighboring plaguettes—especially in théerlattice with a unit cell of size 88 cannot be observed on
case of the triangle vortices. a 50x 50 underlying grid. In practice, however, it is easier to

An interesting set of nontrivial structures arises when we
decorate tha/§>< \/§ superlattice, with one hexagon having  TABLE I. Values off andE for the \/§>< \/§ Bravais structures.
F#=M and two having-#=M=1 (an example is shown

Other arrangements of the vortices can be constructed
with nearly the same energy. However, with the exception of
the casef =10/24 these appear to be the arrangements that
make the density of vortices most uniform, which results in

in Fig. 5. The unit supercell contains three unit cells of theM N f E E
o_riginal structure(shown in F_ig. 1, and thus nin_e kagome 0 L —({B+\6)3 17593
sites and the area of 24 triangles. The vorticity sum rule 1 3 3 1732
requires that the explicit vorticity contributed by the hexa- 4 '
gons be canceled by the background vorticity provided b 1 z —(3+\3)/\6 —1.9319
the magnetic field, implyingvl + 2N = 24f. Symmetry dic- 1 74 —5/3 —1.6667
tates that the currents on the six sides of any hexagon are tie 2 P —(6+5\2)/6 —1.5868
same, resulting in an expression for the energy per site: 2 2 % -3 -1.7321
5 M 15 N 2 2;—4 —(3/6++2)/6 —1.4604
E=——COSZ’]T(——f)——COSZ’JT(——f). 10 2 3 2 —43 —1.3333
9 6 9 6 9 3 2 -2 —1.4142
The values foif and the corresponding energies are givery 3 19 -2I\3 —1.1547

in Table | below.
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FIG. 6. The ground state fdr=2/5. All hexagons contailfr # configurations/1000
=3 vortices. The triangles containing a vortex are marked by a
black dot. The energy of this structure-s1.2363.

| ® i
identify such a vortex lattice than one with a unit cell of size
25X 25, despite the commensurateness of the latter. Physi-
cally, the reason is attributed to the fact that a larger unit cell
means coherence over larger areas, which is only achieved at
lower temperatures. A larger unit cell usually corresponds to
f=p/q with largerq, so it can be approximated by othier , , , ‘ ‘ , ,
having smaller denominators. This, in turn, makes the search 0 10 20 30 40 S50 60 70 80
for the “correct” vortex structure more cumbersome. N

slope=0.120

log(W)
N T - NS I R

V. SPECIAL CASE f=% FIG. 8. Determining the zero point entrogg) The number of
. . . . . distinct vortex lattices is found for kagonattices with 6, 12, 18,
An interesting feature of Fig. 4 is that it looks smoother aSZZ’ 36, 48, 60, and 75 kagGnsites. The data for the largest lattice

f=1/2is approached. The general reason for the presence gf, spown(a). The asymptote givesV for N=75. (b) How the
a cusp is the existence of a ground state that has a simplgimber of configurationsv depends on sizhl.

periodicity, which can happen ff=p/q is a rational fraction

composed of small integers. s . . .
Clearly there are not very many states of this type. In thd?Y indicating the orientation of the bondsFor a consistent

study of the square lattice version of this probl@rthe assignment of phases there are a number of constraints on the
ground states for othdnwere found to consist of alternating POnd orientations—in particular, the currents on any triangle
domains of regions characterized by other valuet tifthe circulate either to right or left, assigning a definite chirality

domain wall energies are not small, there will necessarily b&® it. .
a cusp at the special values. Since 1/2 is a very simple Under these conditions, we can transform one ground

fraction indeed, it is surprising that there is no singularityState configuration into many others by identifying a path
here; it implies that the domain wall energy is small, or that2long which the currents alternate in direction, and then re-
the ground state is not unique. versing the orientation of all these currents, and the chirality
In fact it is known thaf = 1/2 has an infinite set of ground of the associated triangles. In every configuration there are at
states! so that this particular case has finite entropyTat €@StO(N) possible paths, so that by repeating this transfor-
=0. In outline, the argument is that the Josephson groun@l'ation we perform a random walk in a configuration space
states are characterized by having every link carry the sanf@ Very high dimensionality, leading to the possibility of a
current (3/2)J and thus make the same contributierJ finite ground state entropy. E_Iééanq Huse and Rutenbé?g
to the total energy. This implies that the “gauge invariantShowed that this problem is equivalent to the previously

phase differencesfEq. (3)] always have the single value studied* case of the antiferromagnetic three-component

27/3, and then the configurations can be uniquely describeﬁ’o.ttS modelalso on th_e kagomattice), for which the zero
point entropy per site is known to be 0.126.

\ In order to show that this result has meaning for the Jo-
/< >< >.< X >< >.< sephson network, as well as to demonstrate how to determine
/< >.< >< >< >.< >< the zero point entropy for problems Baxter has not yet
/< >< >< >< >< >< N solved, we devised a numerical estimate of the zero point
A A entropy. A Metropolis Monte Carlo simulation was run at the
/< >< >.< >< >< >.< low temperaturel =0.001 on finite lattices. This generated a
/< >< >< >< >< >< sequence of configurations, which included a number that
o . had energy very close to the ground state energy; these all
/.< >< >< >.< >< >< satisfied the known constraintse., all triangles had a defi-

nite chirality) and were accepted as examples of ground state

FIG. 7. The ground state fdr=5/12. The representation is the configurations. A list of these configurations was kept, and it
same as in Fig. 6. was noted how many of these were distinct in the sense that
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they assigned different chirality to some of the triangles. Itbetween this estimate and the known exact value to be rather
was found that the numbé& of distinct configurations grew promising.
with the total numbeA of accepted ground state configura-
tions according to the rule VI. SUMMARY
We have shown that the major features of the energy de-
pendence can be accounted for in terms of the independent
D=Dj—ce A (1))  vortex model, and by means of a Monte Carlo simulated
annealing, shown that this model gives a fairly good repre-
sentation, even for the cases thét a ratio of small integers.
By fitting the data to this fornfusing only the larger values We have checked this simulation by exhibiting the exact
of A) an estimate was obtained for the total degenebzgy. ground state for several special values. Finally, we have
Figure 8a) shows this relationship for the case of a finite given a numerical route to estimating the degeneracy of the
system of 75 kagomsites (the largest value that was con- special casd =3.
sidered. The estimate for the ground state degeneracy of this
size lattice isD(75)=16574. The resulting estimates of ACKNOWLEDGMENTS
the dependence of the ground state degeneracy on lattice sizeM.R.K. would like to thank the Institute for Advanced
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