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Whether Peierls distortion occurs for a system of one-dimensional spinless fermions is determined by the
exponentg that characterizes the decay of correlations among the electrons in the undistorted state. Noninter-
acting electrons~g51! is the marginal case, for which the Peierls effect just barely occurs. For repulsive
interactions between the electrons~g,1! the instability is enhanced and the leading dependence of the ground-
state energyE on the lattice distortiond is E}2d 2/(22g). For attractive interactions~g.1! a continuous phase
transition between a normal metal and a Peierls insulator takes place for sufficiently strong electron-ion
interaction.@S0163-1829~96!09919-5#

Forty years ago Peierls suggested that a one-dimensional
metal at zero temperature is subject to a spontaneous distor-
tion of the lattice that converts the metal into an insulator.1

This does indeed happen for noninteracting electrons;2 how-
ever, electron-electron interactions are expected to have a
drastic effect on the Peierls instability, just as they com-
pletely destroy the Fermi-liquid picture in one dimension.3

In this paper we present a phenomenological theory of the
Peierls effect in a one-dimensional spinless quantum liquid
of interacting fermions or repulsive bosons. Invoking the
large ratio of ion and electron masses,M andm, correspond-
ingly, we will assume that the ionic subsystem can be treated
classically.

There have been several attempts to study this problem.
Luther and Peschel,4 contributed the important qualitative
conclusion that the lattice is stable in the presence of attrac-
tive electron-electron interactions. Krivnov and
Ovchinnikov5 treated a weakly interacting half-filled band
electronic system perturbatively, while Kivelson, Thacker,
and Wu6 and Voit and Schulz7 analyzed a model that could
be related to the exactly solvable massive Thirring model.8

However, a phenomenological picture of the effect of elec-
tronic correlations on the Peierls instability has not been de-
veloped.

Here we will show that the fate of the Peierls effect is
determined entirely by the same combinationg of the inter-
action parameters that governs the macroscopic properties of
an undistorted electronic liquid; in this contextg can be re-
garded as a parameter that tells us at once how ‘‘far’’ a given
system is from the case of free fermions. The macroscopic
character of our findings goes beyond perturbation theory,
and is more general than what can be concluded from a spe-
cific model.

Our starting point is a macroscopic bosonized action de-
scribing a one-dimensional quantum liquid of electrons and
classical system of ions coupled by a weak short-range inter-
action of an amplitudeV5* 2`

` Velectron-ion(x)dx:

A5 1
2 E dx dt~K1u̇

21K2u821C2v8212rnVu8v8!

12rnVE dx dt cos 2p@~n2r!x2nu1rv#. ~1!

Herex and t stand for the spatial and imaginary time coor-
dinates, and primes and dots denote spatial and time deriva-
tives, respectively. The displacement fieldu(x,t) describes
the quantum fluctuations of electrons away from their aver-
age spacingn21, andv(x) is a static displacement of the ions
from their average spacingr21 ~n andr are the electron and
ion densities!. In writing ~1! we dropped the ion kinetic-
energy term of the formC1 v̇

2, and therefore neglected the
quantum fluctuations of ions in view of the large mass ratio
M /m. The parameters entering the harmonic part of action
~1! are the effective mass densityK15mn of the electronic
subsystem, and the compliances~K2 andC2!. To lowest or-
der in the electron-ion interactionV, the compliances can be
expressed entirely in terms of the ground-state properties of
the uncoupled electron and ion populations. For example, if
the dependence of the electronic chemical potentialm on
electron densityn ~and interaction! is known, then one has
K25n2]m/]n. The electronic system is characterized by the
dimensionless parameter

g5
p\n2

AK1K2

~2!

that determines all of the correlation exponents of the inter-
acting electronic subsystem uncoupled from the ions.9 The
parameterg in ~2! is unity for the free fermions~Fermi-
liquid picture!; for repulsive interactions one hasg,1, while
for attractive interactions the inverse inequalityg.1 holds.10

In writing ~1! we neglected all irrelevant~in renormalization-
group sense! terms.

The nonharmonic terms of the action~1! represent the
moirépattern of the electron and ion periodicities. The long-
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wavelength~uu8u, uv8u!1! Action ~1! is valid on scales ex-
ceeding both the interelectron~n21! and interion~r21! aver-
age spacings. A detailed derivation of~1! will be given
elsewhere;11 however, the functional form~1! ~with some
undetermined phenomenological parameters! can be under-
stood as follows. Assuming the long-wavelength spectrum of
the electronic liquid uncoupled from the ions to be of acous-
tic type with sound velocity (K2/K1)

1/2 determines theK
part of the action;C2 is the elastic constant for the ions.
Introducing a short-range interaction between the subsystems
gives rise to two interaction effects. First, regarding the two
systems as continuous media, there will be a gradient cou-
pling betweenu and v; the term 2rnV u8v8 in ~1! is the
lowest-order term of this type@the prefactor comes from a
perturbative expansion and is valid for (rnV)2!K2C2].
Moreover, each subsystem consists of discrete particles with
some average spacing; each creates an effective periodic po-
tential for the other population, and the effect is described by
the sum in~1!.

Our ultimate goal is to understand the ground state of the
electron-ion system in the presence of the weak electron-ion
interactionV ~we will assumen2uVu/K2!1!. Peierls1 real-
ized that a distortion of the ion positions creating a Fourier
component of the electron-ion potential commensurate with
the electrons could lead to a band gap at the Fermi surface,
lowering the energy.

We will show how this effect arises from action~1!. With
v50 ~and nÞr! the last term would be irrelevant under
renormalization of the fieldu; but a static modulation
v5v0(x)5d sin 2p(n2r)x ~with a small amplituded to be
determined! gives a potential with ak50 Fourier component,
and thus acts like a commensurate potential.

The distortion of the ion subsystem will cause the elec-
tronic liquid to distort as well, due to the gradient terms. The
equilibrium positions of the electrons are shifted, requiring
the introduction of an electronic displacement field
w5u1rnVv0(x)/K2 ; this eliminates the term linear inu8;
so that the part of the integrand of~1! dependent on spatial
derivatives takes the form (K2/2)w821(C2/2)@1
2(rnV)2/K2C2#v08

2, from which theV2 correction can be
dropped. At the same time the integrand of the last term of
~1! transforms into cos 2p„(n2r)x2nw1rv0[1
1(n2V/K2)] …, which for small d and V reduces to
pr2nduVucos 2pnw1 irrelevant terms. Thus~1! reduces to
the form

A5 1
2 E dx dt~K1ẇ

21K2w82!

22pr2nuVudE dx dt cos 2pnw1E dx dtEel~d!,

~3!

where

Eel~d!5
C2@2p~n2r!#2

4
d2 ~4!

is the increase in the elastic energy due to the distortion.
The prefactor of the cosine term in~3! can be taken to be

positive, since the sign of this term can be reversed by a
homogeneous shift of the fieldw. Thus, regardless of the

sign of the electron-ion interaction, the commensuration of
electron and ion populations lowers the system energy; this
lowering can compensate for the increase of the elastic en-
ergy. The resulting decrease in the energy will now be cal-
culated, regardingd to be a fixed parameter. This gives an
energy expression similar to the Landau free-energy12 expan-
sion, withd being the order parameter. Then we will discuss
the conditions under which the minimum energy occurs for
nonzerod.

The part of action~3! dependent on the fieldw is a stan-
dard sine-Gordon theory, and the evolution of its parameters
under a renormalization-group transformation is described
by the Kosterlitz equations13

dn

n
5~22g!

da

a
, ~5a!

dg52g3n2
da

a
, ~5b!

dE52
\2n

m
n2

da

a3
. ~5c!

Nonuniversal numerical factors of order unity dependent on
the cutoff procedure have been dropped from~5b! and ~5c!.
Herea is the current length scale, and the parametern is the
dimensionless amplitude of the cosine term in Eq.~3!:
n5(2pr2nuVuda2/\)(K1/K2)

1/25(2r2a2mg/\2)uVud; it is
conveniently regarded as a measure of the distortiond, but
we will later need to notice that it is also linear inuVu. Equa-
tions ~5! are valid forn(a)!1. The macroscopic behavior of
the system is determined by the solution of Eqs.~5! in the
limit a→`, where the ‘‘initial’’ scalea0 is set by the inter-
electron distancen21. Equation~5c! describes the contribu-
tion to the ground-state energy of the short-wavelength de-
grees of freedom that have been integrated out.

According to Eq.~5a!, the induced potentialn is relevant
whenever the parameterg is less than 2; then there is a gap
in the excitation spectrum of action~3!. The energy gap will
suppress the quantum fluctuations on scales exceeding the
correlation lengthj, which we will take to be the scalea at
which n(a)51. For scales less thanj, n(a)!1, and ~for
g,2! we can ignore the renormalization ofg described by
Eq. ~5b!. Then the solution to ~5a! has the form
n(a)5n0(a/a0)

22g, wheren0 is the ‘‘initial’’ value of n,
evaluated with microscopic parameters~in particular
a05n21!: n05(2r2mg/\2n2)uVud. This determines
jn>n 0

21/(22g)>(r2mg/\2n2)21/(22g)(uVud)21/(22g).
The elementary excitations of action~3! for g,2 are

soliton-antisoliton pairs of the sine-Gordon theory, so that
the energy gapD is twice the soliton energy. The latter can
be estimated asK2*dx w08

2, wherew0(x) is a profile corre-
sponding to the presence of a single soliton. Using the fact
that w0(x) is a constant almost everywhere excepting the
region of widthj over which it varies by 1/2pn, we find

D>K2j~nj!22>~\2n2/mg2!~r2mg/\2n2!1/~22g!

3~ uVud!1/~22g! ~6!

in agreement with Refs. 3.
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Integrating Eq. ~5c! with n(a)5n0(a/a0)
22g

from a05n21 to j>n21v 0
21/(22g)>n21(r2mguVud/

\2n2)21/(22g), and omitting an overall undetermined factor
of order unity, for the energy change arising from the com-
mensuration of electron and ion populations we find

Ecom~d}n0!>2
\2n3

m~12g!
@n0

2/~22g!2n0
2#. ~7!

For the marginal free-fermion caseg51, this reduces to
Ecom>(\2n3/m)n0

2 ln n0}d 2 ln d; combining this with the
elastic energy~4! reproduces the standard conclusions on the
Peierls effect for free fermions:1,2 for a range of smalld,
Ecom lowers the energy more thanEe1}d 2 raises it, so that
the minimum energy occurs for nonzero distortiond. Voit
and Schulz7 extracted an expression analogous to~7! from
the exact solution of the massive Thirring model.8

For generalgÞ1 the combination of~4! and ~7! leads to
our main result

E~d!5Ad21B
V2d2

12g
2C

~ uVud!2/~22g!

12g
, ~8!

whereA>C2(n2r)2, B>(\2n3/m) (r2mg/\2n2)2, and
C>(\2n3/m) (r2mg/\2n2)2/(22g) are positive constants.

For repulsive electron-electron interactions~g,1!, the
minimumE~d! is given by a distortion

deq>S C

A~12g!~22g! D
~22g!/2~12g!

uVu1/~12g! ~9!

in the limit uVu→0. Combining~6! and ~9! we find that the
energy gapD is proportional to the equilibrium distortion:
D}deq}uVu1(12g). We conclude that repulsive electron-
electron interactions~g,1! in general enhance the Peierls
effect, as has been previously proposed.5–7

For attractive electron-electron interactions~g.1! the
second term of~8! is the leading contribution coming from
the commensuration effects, and is negative, while the last
term is positive. For very smalluVu the minimum of ~8!

occurs atdeq50, and the Peierls instability is suppressed in
accordance with previous results.4–6 However, another pos-
sibility arises for finiteuVu: the sign of the term quadratic in
d will change for sufficiently largeuVu, giving a second-order
phase transition from a normal metal to a Peierls insulator
stabilized by the last term. Forg, close to unity ~weak
electron-electron attraction! the sign change occurs foruVcu
}Ag21!1, and thus lies within the range of validity of our
theory. Minimizing ~8! for V2>V c

2, we find the critical de-
pendence of the equilibrium distortion

deq}~V22Vc
2!~22g!/2~g21!. ~10!

Combined with Eq.~6!, this gives the critical behavior of the
energy gapD}deq

1/(22g)}(V22Vc
2)1/2(g21).

In conclusion, we have constructed a phenomenological
theory of the Peierls effect in one-dimensional quantum flu-
ids that treats the electron-electron interaction nonperturba-
tively. The only microscopic parameter entering our formu-
las is the amplitude of the electron-ion interaction. The most
important effect of the electron-electron interactions is accu-
mulated in the parameterg ~2! that determines the majority
of the physics and all the exponents we found here, just as it
governs the behavior of all correlation functions of a one-
dimensional electronic liquid in the undistorted state. There-
fore any one-dimensional many-body system~including re-
pulsive bosonic models! that can be described
macroscopically as a harmonic liquid~i.e., having its owng!
is covered by this theory. For example, the perturbative re-
sults of Krivnov and Ovchinnikov5 can be recovered by ex-
panding the expression~8! nearg51 to lowest order in 12g,
and then expressing 12g in terms of the amplitude of
electron-electron interaction. We also note that the ideas pre-
sented here can be readily generalized to the case of spin-1

2

quantum liquid.11

We thank C. L. Henley, A. Luther, and J. P. Sethna for
useful conversations. This work was supported by NSF
Grant No. DMR-9214943.

1R. E. Peierls,Quantum Theory of Solids~Oxford University
Press, Oxford, 1955!, p. 108.

2M. J. Rice and S. Stra¨ssler, Solid State Commun.13, 125~1973!.
3V. J. Emery, inHighly Conducting One-Dimensional Solids, ed-
ited by J. T. Devreese, R. P. Evrard, and V. E. van Doren~Ple-
num, New York, 1979!, p. 247; J. Solyom, Adv. Phys.28, 209
~1979!, and references therein.

4A. Luther and I. Peschel, Phys. Rev. Lett.32, 992 ~1974!.
5V. Ya. Krivnov and A. A. Ovchinnikov, Pis’ma Zh. Eksp. Teor.
Fiz. 39, 134~1984! @Sov. Phys. JETP Lett.39, 159~1984!#; Mol.
Cryst. Liq. Cryst.119, 435 ~1985!; Zh. Eksp. Teor. Fiz.90, 709
~1986! @Sov. Phys. JETP63, 414 ~1986!#.

6S. Kivelson, H. B. Thacker, and W.-K. Wu, Phys. Rev. B31,
3785 ~1985!.

7J. Voit and H. J. Schulz, Phys. Rev. B36, 968 ~1987!.

8H. B. Thacker, Rev. Mod. Phys.53, 253 ~1981!, and references
therein.

9V. N. Popov, Teor. Mat. Fiz.11, 354 ~1972! @Theor. Math. Phys.
11, 65 ~1972!#; K. B. Efetov and A. I. Larkin, Zh. Eksp. Teor.
Fiz. 69, 764 ~1975! @Sov. Phys. JETP43, 390 ~1976!#; F. D. M.
Haldane, Phys. Rev. Lett.45, 1358~1980!; 47, 1840~1981!; J.
Phys. C14, 2585~1981!; Phys. Lett.81A, 153 ~1981!.

10C. L. Kane and M. P. A. Fisher, Phys. Rev. Lett.68, 1220~1992!.
11E. B. Kolomeisky and J. P. Straley~unpublished!.
12L. D. Landau and E. M. Lifshitz,Statistical Physics, 3rd ed.,

revised and enlarged by E. M. Lifshitz and L. P. Pitaevskii~Per-
gamon, Oxford, 1980!, Vol. 5, Part I, Sec. 143.

13J. M. Kosterlitz, J. Phys. C7, 1046 ~1974!; J. B. Kogut, Rev.
Mod. Phys.51, 659 ~1979!, and references therein.

53 12 555BRIEF REPORTS


