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Peierls instability of a one-dimensional quantum liquid
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Whether Peierls distortion occurs for a system of one-dimensional spinless fermions is determined by the
exponenty that characterizes the decay of correlations among the electrons in the undistorted state. Noninter-
acting electrongg=1) is the marginal case, for which the Peierls effect just barely occurs. For repulsive
interactions between the electraigs<1) the instability is enhanced and the leading dependence of the ground-
state energyE on the lattice distortiordis Ecc — & 2(2~9_ For attractive interactiong>1) a continuous phase
transition between a normal metal and a Peierls insulator takes place for sufficiently strong electron-ion
interaction.[S0163-1826)09919-5

Forty years ago Peierls suggested that a one-dimensional )
metal at zero temperature is subject to a spontaneous distor- A:%f dx dt(K;u+K,u'?+Cpv'?+2pnVu'y’)
tion of the lattice that converts the metal into an insulator.
This does indeed happen for noninteracting electfdmsy-
ever, electron-electron interactions are expected to have a
drastic effect on the Peierls instability, just as they com-
pletely destroy the Fermi-liquid picture in one dimensfon.

+2anf dx dtcos 2r[(n—p)X—nu+pv]. (1)

Herex andt stand for the spatial and imaginary time coor-
In this paper we present a phenomenological theory of thglnates, and primes and dOtS denote spatlal and time deriva-

Peierls effect in a one-dimensional spinless quantum quuid['t:’es' restpectllc}/eli/. '[_he dlsfplallcetment f|eJ(jx,]'E) defr?”_bes

of interacting fermions or repulsive bosons. Invoking the € quan_umiluc uations ot electrons away from tneir aver-

large ratio of ion and electron masstt,andm, correspond- age spacing -, ando (x) is a static displacement of the ions

: ; S from their average spacing * (n andp are the electron and
Lr;gls)gi(\;\;?lg/vlll assume that the ionic subsystem can be treate n densities In writing (1) we dropped the ion kinetic-

h h b | dv thi bl energy term of the forn€C, v?, and therefore neglected the
There have been Severa attemptg to study this pro e"E]uantum fluctuations of ions in view of the large mass ratio
Luther and Peschélcontributed the important qualitative M/m. The parameters entering the harmonic part of action

conclusion that the lattice is stable in the presence of attraq1) gre the effective mass densi; = mn of the electronic
tive  electron-electron interactions.  Krivnov  and gypsystem, and the compliandés, andC,). To lowest or-
OvchinnikoV’ treated a weakly interacting half-filed band der in the electron-ion interactiovi, the compliances can be
electronic system perturbatively, while Kivelson, Thacker,expressed entirely in terms of the ground-state properties of
and Wi and Voit and Schufzanalyzed a model that could the uncoupled electron and ion populations. For example, if
be related to the exactly solvable massive Thirring m8del.the dependence of the electronic chemical potentian
However, a phenomenological picture of the effect of elecelectron densityn (and interactionis known, then one has
tronic correlations on the Peierls instability has not been deK,=n?du/dn. The electronic system is characterized by the

veloped. dimensionless parameter
Here we will show that the fate of the Peierls effect is
determined entirely by the same combinatpwf the inter- whn?
action parameters that governs the macroscopic properties of g= 2
p g pic prop m

an undistorted electronic liquid; in this contextcan be re-

garded as a parameter that tells us at once how “far” a giveR ot getermines all of the correlation exponents of the inter-
system is from the case of free fermions. The Macroscopigeiing electronic subsystem uncoupled from the fiikie
character of our findings goes beyond perturbation theorYparameterg in (2) is unity for the free fermiongFermi-
and is more general than what can be concluded from a sp@quid picture); for repulsive interactions one hgs<1, while
cific model. for attractive interactions the inverse inequatity 1 holds*®
Our starting point is a macroscopic bosonized action detn writing (1) we neglected all irrelevariin renormalization-
scribing a one-dimensional quantum liquid of electrons andyroup senseterms.
classical system of ions coupled by a weak short-range inter- The nonharmonic terms of the actidf) represent the
action of an amplitud®= [ “ .V gjectron-io X) dX: moire pattern of the electron and ion periodicities. The long-
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wavelength(|u’|, [v'|<1) Action (1) is valid on scales ex- sign of the electron-ion interaction, the commensuration of
ceeding both the interelectrdn 1) and interion(p™!) aver-  electron and ion populations lowers the system energy; this
age spacings. A detailed derivation @f) will be given lowering can compensate for the increase of the elastic en-
elsewheré! however, the functional fornfl) (with some ergy. The resulting decrease in the energy will now be cal-
undetermined phenomenological parameteen be under- culated, regarding to be a fixed parameter. This gives an
stood as follows. Assuming the long-wavelength spectrum oénergy expression similar to the Landau free-entrgypan-

the electronic liquid uncoupled from the ions to be of acous-sion, with § being the order parameter. Then we will discuss
tic type with sound velocity K,/K;)Y? determines thek the conditions under which the minimum energy occurs for
part of the action,C, is the elastic constant for the ions. nonzeroé.

Introducing a short-range interaction between the subsystems The part of action3) dependent on the field is a stan-
gives rise to two interaction effects. First, regarding the twodard sine-Gordon theory, and the evolution of its parameters
systems as continuous media, there will be a gradient cownder a renormalization-group transformation is described
pling betweenu andv; the term nV u'v’ in (1) is the by the Kosterlitz equation3

lowest-order term of this typgthe prefactor comes from a

perturbative expansion and is valid fopr(V)2<K,C,]. v da

Moreover, each subsystem consists of discrete particles with W (2-9) a’ (58)
some average spacing; each creates an effective periodic po-

tential for the other population, and the effect is described by da

the sum in(1). dg=-¢%? —, (5b)

Our ultimate goal is to understand the ground state of the a
electron-ion system in the presence of the weak electron-ion 5
interactionV (we will assumen?|V|/K,<1). Peierl$ real- dE= — hn ,da 5
ized that a distortion of the ion positions creating a Fourier . m as’ 59
component of the electron-ion potential commensurate with
the electrons could lead to a band gap at the Fermi surfac®lonuniversal numerical factors of order unity dependent on
lowering the energy. the cutoff procedure have been dropped fr(sh) and(5c¢).

We will show how this effect arises from acti¢h). With ~ Herea is the current length scale, and the parametisrthe
v=0 (and n#p) the last term would be irrelevant under dimensionless amplitude of the cosine term in E8):
renormalization of the fieldu: but a static modulation ¥=(2mp?n|V|8a/h)(K./K,) = (2p%a’mg/#?)|V|s; it is
v=vo(X)=4sin 2m(n—p)x (with a small amplitudes to be conveniently regarded as a measure of the distoréiobut
determinedgives a potentia] with &=0 Fourier component, we will later need to notice that it is also Iinear|M|. Equa-
and thus acts like a commensurate potentiaL tions (5) are valid fOI'V(B_)@l. The macroscopic behavior of

The distortion of the ion subsystem will cause the electhe system is determined by the solution of E@8.in the
tronic liquid to distort as well, due to the gradient terms. Thelimit a—, where the “initial” scalea, is set by the inter-
equilibrium positions of the electrons are shifted, requiringelectron distance . Equation(5¢) describes the contribu-
the introduction of an electronic displacement fieldtion to the ground-state energy of the short-wavelength de-
W=u+pnVuo(X)/K,; this eliminates the term linear i’; ~ grees of freedom that have been integrated out.
so that the part of the integrand ) dependent on spatial ~ According to Eq.(5a), the induced potentiat is relevant
derivatives takes the form KG/2)w'2+(C,/2)[1  Whenever the parametgris less than 2; then there is a gap
—(an)Z/KgCg]v(’)z, from which theV2 correction can be in the excitation spectrum of actid8). The energy gap will

dropped. At the same time the integrand of the last term ofUPPress the quantum fluctuations on scales exceeding the
(1) transforms  into  cos&((n—p)X—nNw+ puo[l correlation lengtt€, which we will take to be the scake at

+(n2V/K,)]), which for small § and V reduces to which »(a)=1. For scales less thaf »(a)<1, and (for

7p®nd|V|cos 2mnw+ irrelevant terms. Thusl) reduces to g<2) we can ignore the renormalization gfdescribed by
the form Eq. (5b). Then the solution to(5a has the form

v(a)=wvg(alag)® 9, where v, is the “initial” value of v,
. . o evaluated with microscopic parameterSn particular
A:Ef dx dt(K,w+Kow') a,=n"1Y:  p=(2p’mg#%n?)|V|5. This determines
gng Val/(ng)E (png/th]Z) 71/(279)(|V| 5)71/(279).
The elementary excitations of actidi@) for g<2 are
soliton-antisoliton pairs of the sine-Gordon theory, so that
the energy gag is twice the soliton energy. The latter can

—277p2n|V|5J dx dtcos 2rrnW+J dx dtEy(6),

@ be estimated ak,[dx w2, wherew,(x) is a profile corre-
where sponding to the presence of a single soliton. Using the fact
) that wy(x) is a constant almost everywhere excepting the
E.(5)= Cy[2m(n—p)] 52 4) region of width& over which it varies by 1/2n, we find

4

~ -2 (%2n2 2\ 2 242\1/2—
is the increase in the elastic energy due to the distortion. A=KaE(ng)~*=(#*n’/mg?) (p’mg/h*n?) 1270
The prefactor of the cosine term {8) can be taken to be x(|V|8)H2-9 (6)
positive, since the sign of this term can be reversed by a
homogeneous shift of the field. Thus, regardless of the in agreement with Refs. 3.
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Integrating Eq. (50 with  w»(a)=wry(alag)? ? occurs até,;=0, and the Peierls instability is suppressed in
from a,=n"! to ¢&=n"l Y@ 9=n"Yp2mglV|s/  accordance with previous resuft€ However, another pos-
#2n?)~Y(2~9) and omitting an overall undetermined factor sibility arises for finite| V|: the sign of the term quadratic in
of order unity, for the energy change arising from the com-§will change for sufficiently largéV/|, giving a second-order

mensuration of electron and ion populations we find phase transition from a normal metal to a Peierls insulator
5 3 stabilized by the last term. Fag, close to unity (weak
E o 6% v)=— Atn [VZI(ng)_Vz] @) electron-electron attractigrihe sign change occurs fov,|
° 0 m(1-g) - ° o+ «\Jg—1<1, and thus lies within the range of validity of our

_ _ _ theory. Minimizing (8) for V2=V 2, we find the critical de-
For the marginal free-fermion cagg=1, this reduces to pendence of the equilibrium distortion

Econr=(%2n%/m) v3 In 1,521In 8, combining this with the
elastic energy4) reproduces the standard conclusions on the St (V2—V/2)(2-9)/2(9-1) (10)
Peierls effect for free fermion's? for a range of small, ed ¢ ’
Ecom lowers the energy more tha, =62 raises it, so that  combined with Eq(6), this gives the critical behavior of the
the minimum energy occurs for nonzero distortiénVoit energy gamoc51/(2—g)oc(V2_V2)1/2(g—1)_
and SchulZ extracted an expression analogous(Tp from cd ¢
the exact solution of the massive Thirring mofiel.

For generag#1 the combination of4) and (7) leads to
our main result

In conclusion, we have constructed a phenomenological
theory of the Peierls effect in one-dimensional quantum flu-
ids that treats the electron-electron interaction nonperturba-
tively. The only microscopic parameter entering our formu-

V252 (|V|5)2/(2—g) las is the amplitude of the electron-ion interaction. The most
E(8)=.28°+.7 — , (8) important effect of the electron-electron interactions is accu-
1-9 1-9 mulated in the parameter (2) that determines the majority

where ._Z=C,(n—p)?, ﬁ;g;ﬂ,ﬁ/m) (p>’mg#?n?)? and of the physics and all the exponents we found here, just as it
Z=(h?n%m) (p>’mg/#3n?)?(2~9 are positive constants.  governs the behavior of all correlation functions of a one-
For repulsive electron-electron interactiong<1), the  dimensional electronic liquid in the undistorted state. There-
minimum E(8) is given by a distortion fore any one-dimensional many-body systéncluding re-
pulsive bosonic models that can be described
z (2-9)/21-9) macroscopically as a harmonic liquide., having its owrg)
Oeq™ m is covered by this theory. For example, the perturbative re-
. o . _ sults of Krivnov and Ovchinnikavcan be recovered by ex-
in the limit |V|—0. Combining(6) and (9) we find that the  panding the expressid8) nearg=1 to lowest order in +g,
energy gal%ils) proportional to the eqwhbnum distortion: 5nd then expressing—4g in terms of the amplitude of
A | V]9, We conclude that repulsive electron- gjectron-electron interaction. We also note that the ideas pre-

electron interactiongg<<1) in general enhance the Peierls sented here can be readily generalized to the case ofispin-
effect, as has been previously proposed. quantum liquidtt

For attractive electron-electron interactiofg>1) the
second term of8) is the leading contribution coming from We thank C. L. Henley, A. Luther, and J. P. Sethna for
the commensuration effects, and is negative, while the lastseful conversations. This work was supported by NSF
term is positive. For very smalV| the minimum of(8)  Grant No. DMR-9214943.
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