Chapter 8. Semiconductors
l. Maxima and minima of energy band

1. We can always approximate the maxima and minima of an energy band by
parabolic surfaces:
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2. Electrons behave differently when they are at the energy band maxima and
minima:

Q) At the band minima
VkE points away from the minima.
In k-space
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Q) At the band maxima
VkE points towards to the maxima.
In k-space
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Note that orbit can be open, but the argument is the same.
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3. Note that the orbit in real space is the same in both cases. The difference is in the

sign of dk/dt, or dv/dt which corresponds to the “centripetal acceleration” in the case of
circular orbits.

4. A band is filled from low energy to high energy. In semiconductors, only two
cases are important: nearly empty band and nearly full band.
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Nearly empty energy band Nearly full energy band

1. Metal, insulator, and semiconductor

1. The argument presented here is based on the inverse symmetry of a crystal:
VKE =-V-E. = Vv(Kk) = -v(-k)

2. Current due to electron at state k is canceled by the current due to electron at state
-k, j(K) = -j(-k).
3. A full band cannot conduct electricity. A full band is always a full band no matter

what the external fields are.

4. An empty band cannot conduct electricity because it does not have charge carrier.
An empty band is always an empty band no matter what the external fields are.

5. Only a partially filled band can conduct electricity. A partially filled band in an
electric field:
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Partially filled band

It can be see that the occupied states are not “balance” because of the shifting of
Fermi sphere (by an amount of F/t) under an external field. This unbalance causes the
current flow.

6. Now we can define the difference between insulator and conductor:
All energy bands in an insulator are either full or empty.
A conductor (metal) must have at least one partially filled band.

7. A material with odd number of valance electrons must be a conductor, because an
energy band can hold even number (spin) of electrons. Note that for even number of
valance electrons, it can be wither an insulator or conductor (the electrons can occupy
two energy bands instead of one).

8. A partially filled band is called a conduction band. The highest full band is called
the valance band.

9. The band gap Eq is the difference in energy between the lowest point of the
conduction band and the highest point of the valance band. The lowest point in the
conduction band is called the conduction band edge, and the highest point in the valance
band is called the valance band edge.

10. A semiconductor is an insulator, but with a small bandgap.
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11. Basics of semiconductors

1. For semiconductor, Eq < KgTrom. It conducts slightly by thermal excitations.
However it will become an insulator at low temperatures.
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Both bands now conduct

slightly \/n:

Semiconductor

Thermal excitation

v

2. Examples. Eq for Si = 1.11 eV, Ge = 0.66eV, GaAs =1.43eV.

3. Bandgap can be measured by optical absorption method.
For photon,
1eV =2.4x10"Hz =1.25 um (Infrared region)

wavevector Kpnoton Used:

21 21
kK =0 " 210°m
L 1.25%107°
Compare with the zone size,

27 10 -1
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Brillouin

kphoton ~ 101(:) — 10-4
I<Bri|louin 10
Photon can detect only a very small region (10™) near the zone center.

Case 1. Direct gap semiconductor
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Selection rules:

(i) Conservation of energy
Eg =ha)photon
(i) k selection (conservation of "momentum"):

K =K+K o ~ K

photon

Absorption
A

A 4
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Case 2. Indirect gap semiconductor
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) ) Direct absorption
Indirect absorption
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Window for optical
absorption

Two types of absorption can occur.
Q) Direction absorption, as in the case of direct gap.
(i) Indirect absorption:
@ The electron is “pumped up” to an energy near the conduction band edge
(indirect) by the photon.
(b) It is then transferred to kc with a low energy phonon. In general, energy
of phonon is quite small.
v~10°m/s and |K|~ 2n/a~ 10 m™,
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Ozone boundary ~ 107 §7.

W of phonon at zone boundart ~ 10 meV.

Selection rule for indirect process:

(i) Conservation of energy

phonon

Eg =ha)photon + thhonon
(i) k selection (conservation of "momentum"):
kc = kphoton +kphonon = kc ~ k
Absojrption
A

Indirect prodess

Direct process

T >
Eg = thhonon
IV.  Electrons and holes
1. It is an experimental fact from Hall effect measurement that charge carrier can be

either positive or negative. Negative charge carrier is a result of “nearly empty band” and

positive carrier is a result of “nearly full band”.

2. Nearly empty band
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Nearly full band:
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3. These two different bands in an electric field E:

Nearly empty band

Nearly full band:




Electrons in both cases will shift opposite to E by an amount of E/x.

3. These two different bands in an magnetic field B:
@B R =-eVxB
=VkE

4. Effects on other physical quantities:
Note that

j=-> nev=-> %VRE

Nearly empty band:

Total energy XEx: Increases

v Total Tk: <«
p Total mass: +
VE

4—
XVE i
Nearly full band:
> E
Total energy XEx: Increases

< = Total Zk: —

>
ZVe VE Total mass: -

i

5. To establish a consistent picture, invent fictitious particle hole and fictitious hole

band: Each vacant state in the original electron band corresponds to a hole occupying a
state in the hole band. A nearly full electron band corresponds to a nearly empty hole
band.

6. Let us now consider k and E. Xk = 0 for a full electron band. If there is a single
vacant at ky,c and energy E,q in a full electron band, Zk for the full band will be - Ky,
and the total energy of the full band will be decreased by E,.increases as holes are



introduced. Therefore the fictitious hole band has to be “turn up side down” as the
original nearly full electron band, and Kpole = -Kyac.

AE
Corresponding fictitious hole
Fictitious hole band \
» k
\ Original electron band
Vacant state
7. Since
. 1 0°E(k _ _ _ _
[m * (k) 1]ij = _24 [m * (k hole )]ij = [m * (k vac )]ij because Ehole band (k) =" Ereal band (k)
h” ok;ok;
or we can simply right m*gje = -M* .
8. Since
\7 = % VR E vhole = vvac because Ehole band (R) = Ereal band (R) and Rhole = Rvac
9.

hivac =" G(E + vvac X B)
Qvac = _Rhole

Tk, =-e(E+V,, xB) = nhk
Qhole = _Qelectron =€

We need to be careful in distinguishing Qyac and Qeiectron here. Since vacant is the
removal of an electron, so Qvac = - Qelectron = Qhole-

andv,, =V, andassumet, , =t =t

= e(E + Vi X |§)

hole

10.  The probability for a state to be occupied by an electron (f;) = 1 — probability for a
state to be vacant (fvac), and a vacant state is the same as a hole occupying the
corresponding state of the hole band.

fhole = fuac =1-fe

11.  Since j=-nQV, jhole = jvac.

12. Now we can consider the dynamical variable r and t for hole so that we can
understand its behavior in real space. As indicate previously, we have assumed thoe = tyac
= 1. SiNCe Vhole=Vyac, We have rnge=rvs. Similarly, “acceleration” apgle = avac. FOr these
reasons, hole and “vacant” in real space are “essentially the same particle”.



13.

Vvac

In summary:

Enote band = ~Ereal band
Ehote = -Evac

Khote = - Kvac

M*hole = -M*yac
Vhole = Vvac

jhole = jvac

fh()le = fva(‘. zl-fp_

Qnole = Qvac=-Qelectron= €

Intrinsic semiconductor

Energy layout

Vhole

Conduction band.
h%k?
2m

E~ E_+

c

m, = effective mass of election

e

in conduction band
Density of states :

1 (2m, ) :
) e,

D(E)= 27°




2. Concentration of election in conduction band.
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3. Above calculation can be applied to holes in hole band, and this gives the
concentration of vacancies in valance band:
T T 1 2rnhole % % 1
p= E;[m D(E)f(E)dE = E;[IE o2 [h—z) (E-Epge) de
:2 rnthB-r : e(lufEhole)/kBT
27h*

%/_/
N, =Effecive density of state for
the valance band

Butu-E, . =E,—u

M Ke T )’ o (BT
2

27h

—
N, =Effecive density of state for
the valance band

.~.concentraion of vacanciesin valanceband=p =2 (



4. Law of mass acrion:

np = 2 mzeTszsze(u—Ec)/kBT % Z(mgo;;t(zBsze(Ev—y)/kBT

3
= 4 2k;h-|; j (memhole )%e(EFEC)/kBT

3
B 4 ijth-I; j (memhole )ge_Eg/kBT

It turns out this relationship is always true, no matter whether the semiconductor
is doped or not. For example, if the doped impurities introduce more electrons to the
conduction band, n will increase. However, u will also shift towards the conduction band
edge and further away from the valance band edge. This will reduce p and maintain a
constant product np.

5. In case of an intrinsic semiconductor, n=p

3 3
mKgT )2 (.o MioeKe T ) (.-
Sn=p = Z[ﬁj e Be)IkeT _ 2[—*‘207';25 p(Ev-r)1keT
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If m,,, =m,,the Fermienergy is at the mid gap :

1
=E,+=E
H=E, o




6.

Resistivity of semiconductor.

ne’r

,o=l and o=—
o m

For metal, p depends on temperature because t depends on temperature

(according to the phonon concentration).

VI.

For semiconductor, n is more sensitive to temperature. Hence,

pocloc (T)—%eEC/ZkBT
n

This will become dominant at low temperatures.
Doped semiconductors

Two types of impurities.

Q) Donor

Add electrons to the conduction band. e.g. P for Si.

No. of impurities per unit volume = Np.

No. of ionized (i.e. positive ion) impurities per unit volume = Np".
Donor introduces donor levels just below the conduction band edge.

AE
& EC
__________________ / Donor level (flat)
Eo — Degeneragy gp=2 (spin up and down)
/ \\Ev
> K
If we know Ep, we can calculate Np':
N, =N, |1- L =N, 1

1+ i exp(ED_’uj
9o KgT

(i) Acceptor

Take electrons from the valance band. e.g. B for Si.

No. of impurities per unit volume = Na.

No. of ionized (i.e. negative ion) impurities per unit volume = Na".
Acceptor introduces acceptor levels just above the valance band edge.



AE

\ Ec
/ Acceptor level (flat)

Degeneragy ga=4 (2 for spin up and

» k
If we know Ep, we can calculate Np™
NA+ =N, L
g, exp Ea=r]q
A keT
2 Above equations can be derived in this way. Consider a semiconductor is doped

with impurities. Some of these impurities will become ions by giving up electrons or

absorbing electrons.
If Np = total number of impurity atoms (before ionization)
and Np'= number of impurity ions
Number of electrons in the donor band is np = Np - Np".
Free energy of these electrons are given by:

N,!
F=n,E,-k.Tlo D o
D=D B g|:nDl(ND_nD)|gD :|

Number of configurations of np
electrons distributed over N, donors

Stirling's formular : Logn!~nlogn-n
E F:nDED_kBT{nD IoggD+(ND log ND'ND)'(nD IognD_nD)
_[(ND_nD)Iog (ND_nD)_(ND_nD)]}
= nDED_kBT{nDIOggD+NDIogND-nDIognD_(ND_nD)Iog(ND_nD)}

= nDED -kBT{nD Iog Jp -Np Iogn—D—(ND—nD)Iog (ND_nD)}
Np N,
H= oF =Ep-kgT logg, - Iogn—D+i+log(ND_nD)_ 1
8nD ND ND ND ND

=E, -kBT{ logg, - log Nn—D}

o —Np



u-Ep + 4-Ep
n kaT N - N
D B = D D

kgT
~——=0p¢ w =%
N,-n, N, °
HEp 1
= ND:ND+(1+gDe"BT JorND*=ND —
1+gge e’
3 For silicon, it has 4 electrons in p-orbitals that can hold 6 electrons. Therefore we

expect these three p-orbitals split into two full valance bands and one empty conduction
band. That is the reason why ga=4 and gp=2.

4 Estimation of Ex and Ep:

Eq = Ec - Ep can be consider as the “ionization energy” (or Ec - Ep is the
“electron affinity”) of the donor impurity atom in the environment of the semiconductor.
Bohr’s equation for ionization energy:

_ Z%'m,
8n’e, h?
Obviously, Eq is much smaller than the real ionization atom E;o, of the impurity atom in
vacuum. There are two major reasons for this:
Q) The mass of the “free electron” should be replaced by the effective mass
of the conduction band.
(i) Potential of the impurity ion should be modified by the surrounding

medium. The dielectric constant of the semiconductor has to be taken into account:
Hence the ionization energy should be modified by a factor of (m*/mg)

E

ion

*
m_iz <<1
m, ¢
m*) 1
or E.-E ~E_|— |—
D c |on[mej82

Example: Si doped with P.
Eion for P =10.55 eV
m* for Si = 0.2me
gforSi=11.7
1

E, —E,~10.55x(0.2)——— ~ 20 meV
21.7)
This is very small in comparison with E4 (~1eV).
5. Charge neutrality.

A semiconductor can be doped with both donors and acceptors at the same time.
Condition of neutrality has to be followed:



p+>, ZN;-n=0
Z, =charge of an impurity type. + for donor, - for acceptor.

N, = concentration of the impurity type (per volume).
For example, if there are one type of donor and one type of acceptor,

P+N,"=N, -n=0 = p+N, " =n+N,"

6. For n-type semiconductor:

N,">N,~

P+Ny," =N, —n=0 = n°~(N," =N, )n-np=0
=n>—(N," =N, )n-n?=0

= n:%[(ND+ - NA_)+\/(ND+ - NA_)Z +4ni2 ]

(n~Ngif[N," =N, |>>n,)
Fork,T<<E,,

#Ep Ea—n
kgT kgT
l1+g,e ™ l1+g,e ™

Assume nearly all donors are ionized, N, ~ N,.
Alsoassume that n, N, >>p, N, for the n - type semiconductor.

p+N," =N, -n=0 =>n=N," =N,

u-Eg
‘E N
ANge T =N, = A e oyp o

KoT N,

N
= pu=E kg T/

6. For p-type semiconductor:
N,"<N,”
P+N," =N, =n=0 = p°—(N, -N,")p-np=0
1 - + - +
= p:E[(NA -Np )+\/(NA -Np )2+4pi2]

(P~NLif [N, 'NDJr |>>p;)



Assume nearly all acceptirs areionized, N, ~ N,.
Alsoassume that p, N, >>n, N, for the p - type semiconductor.

p+N," =N, -n=0 =p=N," =N,
Ey-u
—_v = E _
Vv ﬂ:anA
k,T N

~Ne“ =N, =
v

N

\

=u=E,+k;T/n

A

VIIl.  Basic equations use in semiconductors

1. Diffusion equations
In general, conductivity in a semiconductor involves electrons and holes:

j, =neu,E+eD,Vn
j, =peu,E—eD Vp
The second term in the above equation is the diffusion current. It arises from non-

uniform carrier density.
In one dimension, for the negative carrier:

J, =neu E+eD, on
OX

Consider the case of j,=0

), =0= O:neynE+eDna—n
oX
E=- N (V = potential)
OX

By applying a potential V, all energies will be pushed up by the potential V.
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Ev

A
><V




YA

e—=-
OX OX
#Ee
n~N_e'“’

on_on 0B, _ N, f,foE.__ n GE _en oV _ _enE
ox OE_, 0Ox kKgT OX kT ox kT ox kKgT
Substitute this into the diffusion equation,

2
enD,E _ 0 =D :M (Einstein relation)
e

sheu B O—
Hn KT n

Similarly,

_ o KgT
e

D

p

2. Maxwell equations

V-D = ppe. (X, Y,2) (most often used)
V- 0
V x —@
ot
D -

=—+J
8t free

(s ]}
Il

m

<
T

X

B=u,H
D= ¢,E
3. Continuity equations
on _ G, -U, +1V-jn
ot e
op 1
T _G -U -=
ot PP e
Gn and Gy, are electron and hole generation rate, in cm>s, caused by external
influences such as optical excitations or high electric field.

V3,

Un and U, are the recombination rate. U, (or U, correspondingly) can be
approximated as

P is the minority density, po is the thermal equilibrium minority density, and t, is the
minority lifetime.



VIIIl. Diode

1. When a p-type semiconductor and an n-type semiconductor are joined together, a
p-n junction is formed.

2. Charge density near the junction will not be uniformed. When the junction is
formed, electrons (majority carriers) from the n-side and holes (majority carriers) from
the p-side will migrate to the other side through the junction. These migrated particles,
left the ionized impurities behind and a charged region (+ at the n side and — at the p-

side) is formed: p=eNp  p=-eNa

Nt

1"

N

+ 4+ + + + + +

A
\ 4
A

4

n-type p-type

This charge region at the junction area is called the depletion layer. The width of the
depletion depends on the voltage applied across the diode.

In equilibrium, at zero bias, the chemical potential has to be the same at both sides
(because of the charge migration described above). The conduction and valance bands
will be bent in real space. The variation will be drastic near the junction area.

Before junction is formed:

EC EC

Hommmmmmmmmmmmmmmmmmm oo o

EV EV
n p

After junction is formed:

—
Ev
j Vhi
Ey




Note that both electrons (n-side) and holes (p-side) have to go to higher energy
states (hole band is valance band turn upside down). This prevents further migration.
The shift of the band edge energy across the junction is called the built in voltage Vy,;.
The effective electric potential should be higher at the n side and lower at the p side so
that the majority carriers will not flow across the junction:

Ad
\ 7y > X
Vhi
\_ v
n Y
The electric field is given by E=-V¢:
E
> X
n p

The electric field at the depletion layer is pointing from n to p. This will exert a force
acting on the electrons in the n-side in the direction from p to n, and a force on the holes
in the p-side in the direction from n to p. Note that this E field is intrinsic to a p-n
junction. There are two currents in the junction area. The diffusion current due to the
unbalance carrier density, and the drifting current due to the intrinsic electric field. These
two currents add up to 0.

|
1
*I—;fjdraft
) i Jaraftt Jdiffusion =0
1
1

+ +

+ + +

Jdiffusion 4+—;|-

]
]
i

»d
Ll ]

n-type p-type

A
v

3. To calculate Vy;:
At the n-side:

N
Hp =Ecn _kBTgn(NC]

D

At the p-side:



NV
NA
Ne |_E, —E, +kyTen| D
ND NA

=V, =E, -E,, =E, -kBTén(%j-kBTén(:\\:V]

N
,up=EVp-kBT£n[N

V]=Ecp—Eg+kBT€n(

A

uy=u, = Eg -kBTEn(

D A

- vk Moe)
N

kgT

Note thatn,> = N_N e

4. Reverse hias

This will draw electrons from the n-side and holes from the p-side. The depletion
width will grow and the junction resistance will increase. No further current flow is

allowed.

E. ,(

—— (-
V+Vy,

. ) e



3. Forward bias

This will “push” electrons in the n-side and holes in the p-side towards the
junction. The depletion width will become thiner. A current can be established and
maintained if the push is large enough.

-V o
111}
1D
N
EC EC
Wommmmmmmmmmmmmmmmmmmmm s A
Y
. AU W
EV EV
n V=V, p
For most silicon diodes: A
I
>V
Tvbi =0.6V
4. I-V characteristics of a p-n junction

Assume positive V when it is forward bias:



Ec

Ec
Hrmmmmmmmmmmmm e N e l ------- V (positive)
l\ —_——m e e e e e Y o M
Ev
Ey P

n V=V,

There are two currents from two types of majority carriers, j, (electrons) and j, (holes).

Nearly all electric field (and hence potential) are used to “push” carriers through the
depletion layer. In other words, E~0 at area outside the depletion layer = mostly
diffusion current outside the depletion layer.

Diffusion current needs inhomogeneity in carrier density. This is indeed the case,
because of recombination. Recombination is the combination of electrons in the
conduction band and holes in the valance band. i.e.

M, =on, = Py _ My (subcript n indicates n -side)
oX  OX
Similarly, we have

%=% (subcript p indicates p -side)

oX  OX

To calculate the current in the diode, we need only to consider one side, say, the n-side.
The current at the p-side should be similar to the n-side. Define V to be positive when
the bias is forward and negative when the bias is reverse, as shown in the above figure.
Current equation in neutral region (i.e. away from the depletion layer) is given by the
continuity equation:

on 1o 5
EZG”_U”JFEV'J” \ Depletion
+ layer
op 1o 5 |
E: Gp'Up_gV"]p :
For steady case, on  ap
= =0 =
ot ot
0= Gn-Un+1iJn
e OX
10
0=G,-U,-——1J,

e OX



Current equations:
j, =neu E+eD Vn
j, =peu,E—eD,Vp
Since E = 0in this region,

Combine these with the continuity equation:

2

Dna—znnJan—Un =0
OX

82
Dpa)(—zpn+Gp—Up =0

It is suffice to solve for only one equation since
an o _ D

_n

oX :a_x I, D

p
Assume there is no external excitation, i.e., G=0. The second equation becomes

82
Dpax_zpn-U=0 (U=Un)

and approximate the recombination rate of the majority electrons (depends on the
minority hole density) as
U — pn B pnO

Tp

Tp IS the hole relaxation time. pno is the hole density of the n-side at thermal equilibrium
with VV=0. For a long diode, pnois the hole density at the very end of the n-side.

V=0

_Pn = Pno Depletion

layer

Al

T - T

X=0o0 X:Xn



0? 02 p. —p
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General solution:

p,=Ae'>" +Be V7" 4 p

Solution for homogeneous equation

n0
—
Inhomogeneous part

\Now consider the boundary condition in solving this equation. In the depletion layer,

Atnside: n=N_e («F)lkeT
i —up) 1K

Atp3|de: p= Nv e (Cy Y

snp= Nc Nve (4n—t1y-E4) I KgT

=n 2 e (ﬂn_;up)/kBT -ﬁ

| (" =N N,e ")
:niZ e eV/kgT
Atthen-side,n~ N,

2
‘.‘pn ——1 @ eV/kgT :pnoe eV/kgT (pn :pno When V:O)

.. For then -side :
pn (X — Xn) — pnoe eV/kgT
pn(X :w) :pnO
Pn(X:OO) = PnO - A = 0
p,=+Be Vowe *+Pro

P, (X=X,) =P, ke

X

n

NG
: pnoe eV/kBT: B e pr + pno

Xn

— B=ge'"" [e ev’kBT—l]pno

X X

mzeﬁhkwwlﬂmogﬁ

i + pnO

Xp—X

/Dyt [ eV /kgT }3
=e' "’ le -1 n0+pn0

X

n—X

D —p,=e L, [e eV/kBT_l]pno
where L, =,/D 7, is the hole diffusion length.
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I = _er&

_ eDLppno [e eV/kBT_1k7?

p
As shown earlier before.

X=X,

© _eD,py [e eV/kBT_lk_ Ly

I
L'P

.. The total current is

X=Xy

= e(Dp _LDn)pnO [e ezV/kEsT_:L:k7L7p

p

=, +

This current depends on x because of the recombination process. The current through the
diode depends on the geometry (e.g. length) of the diode. For simplicity, we can define
the current to be the current at the depletion layer (x=x,) because the depletion layer is
thin and there is not too many recombination in this region, i.e. Ly>>Xq+X,, and similarly
Ln>>Xn+Xp.

Current at the depletion layer boundary in the n - side :

iy, =w[‘é ikt ]

p
If we carry our similar calculation for the current at the depletion layer boundary in the p - side :

e(D.-D_)n
J|x=><p: ( : L p) & [e eV/kBT_l]

p
j= js[e eV/kBT_l]
where

s L L L L

p p p p

_ &0, -Dy)py  &D, -Dy )y, —(epm —e”""J(D -D,)
= p n

T TVb. 0.6V for Si



