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Department of Physics and Astronomy
PHY 525: Solid State Physics Il
Fall 2000
Final Examination

Solutions

Date: December 11, 2000 (Monday)
Time allowed: 120 minutes.

Answer all questions.

1. Heat capacity of ferromagnets. (a) Use the approximation magnon dispersion
relation ®=Ak? to find the leading term in the heat capacity of a three-dimensional
ferromagnet at low temperatures kBT<<J The result is 0.113kg (kg T/<—A)3/2, per

unit % de

volume. The definite intergral o [exp( )-1 s given as = \/_g( jwith QG):LBMS

approximately. (b) How does the heat capacity of a metal depend on temperature at
low T (just write down the result, you do not need to do any derivation)? Free
electron has a similar dispersion relation as E ;k?, why the heat capacities of metal
and ferromagnet depend differently on temperature at low T?

Solution.
* D(w)hodon
U= J‘L S—

% exp hoo -1
KgT

To calculate D(o) :
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Substitute this into (1) :
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g [exp(x
Given::
> int (x(3/2)/(exp(x)-1),x=0..infinity);
>
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> Zeta(2.5);
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Magnetic field penetration in a plate. The penetration equation may be written as
A°V?B =B, where 1 is the penetration depth. (a) Show that B(x) inside a
superconding plate perpendicular to the x axis and of thickness & is given by
cosh(x /)
B(x)=By —————,

cosh(d/21)
where B, is the field outside the plate and parallel to it; here x=0 is at the center of the
plate. (b) The effective magnetization M(x) in the plane is defined by B(x)-B, =
47M(x). Show that, in CGS, 4TM(x) = —B, (1/812)(52 — 4x2) , for & <<). In SI, we
replace the 4x by po.

Solution.
@)
AJC
B
—
+—x=0/2
+x=-0/2
)2V?B = B:az—?-%ezo
oX® X\

= B=Ae" +Ce™
Atx=03/2and x=-3/2,B=B,
LA +Ce =B,  ---(1)
Ae 92+ 4 Ced?* = Ba . (2)



(1)=A= Bae-sm -Ce

Substitute this into (2),
(Bae—6/2x _ Ce—&/k)e—SIZL + Ceé/Zk = Ba

- C(esm _ es&/zx) =B, (1- e—ﬁ/x)

= C(1- e—zs/x)(emzx + e-5/2x) =B, (1- e—m)

B _ 2B

=C= 2 =
e6/2x + e—6/2x COSh %
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-3/
e”"B,

3/2n + e-B/Zk

e
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B
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2cosh -

B B
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— Ba X/ X/
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=B, :
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(b)
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4nM(x) =B(x)-B, = B, —
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3. Susceptibility of d- and f- electrons. (a) Apply Hund rule to determine the ground
state of (i) Dy** in the configuration of 4f°5s%p®, and (ii) Cu®* in the configuration of
3d°. Express your answer in standard atomic notation. (b) The Curie constant C is
iven as 2
’ o Ng’ 0+ D ke
3kg

for f-electrons. Estimate the Curie constants for Dy** and Cu** . Avogadro’s number
is given as 6.022x10% mol™. Note that the g-factor is given by the Landé equation:
JU+D)+S(S+1)—-L(L+1)

2J(J+1)

(c) What is the ratio y(300K)/y(4.2K) of the same paramagnetic material, for small
field?

g=1+

Solution.

(a) 3+
Dy™:

SR L

L= +3 +2 +1 0 -1 -2 -3

SL=5 (ie H)
¥S=5/2,25+1=6
>J=L+S=15/2

. The ground state is ®Has».

Cu2+.

Pttt

L= +2 +1 0 -1 -2

SL=2 (ie D)
>S=1/2,25+1=2
¥)J=L+S=5/2

. The ground state is “Ds,.



2. 2
(b) c-NPkg”
3kp
(i) ForDy3*,J=15/2, S=5/2,L=5
J(J+1)+S(S+1)-L(L+1)_1+7.5><8.5+2.5><3.5-5x6
2J(J+1) 2x7.5x8.5

~.p=1.333x+/75x85=10.65
_ Np?ug®  6.022x10%% x10.652 x (9.274x10~2%)?
B 3x1.38x 10716

=14.19 cm®Kmol*

, P=0g4j(i+1)

g=1+ ~1.333

C

(i) ForCu®*,1=5/2,S=1/2,L=2

N JU+1)+S(S+1)-L(L+1) 14 25x3.5+0.5x1.5-2x3 _
2J(J+1) 2x2.5%x3.5

Since there is orbital angular momentum quenching in d - electrons, it is better to

replace the J by S and the g - factor by 2 in calculating p.

S p=2%x+0.5%x1.5=1.73
_ Np?ug?  6.022x10%% x1.732 x (9.274 x10~2%)?
E 3x1.38x1016

-0.37 cm3Kmol !

g=1 1.2

C

(c)  For paramagnetism, X=$

7(300K) 4.2

—1.4%1072
7(42K) 300 ———

.. For the same type of ion,



4. Molecular rotation in solid. We can model the polarization vector P always relaxes
towards an equilibrium value P at a rate called relaxation time t. Pg depends on the

electric field E as . The relaxation equation can then be written as
dP _Pg-P o ot
= . (@) By considering E=Epe™" , show that
dt
Pe=1OF o) i470y(0)
£'(0) =1+— L0 and &"(0) =—— o)
l+o°1 1+t

(b) At what o is the dielectric loss maximum? What are the relaxation times at
frequencies 300Hz, 1000Hz, and 5000Hz? (c) Real and imaginary parts of the
dielectric constant of ice as a function of temperature at different frequencies are
given in the figure. Show that the temperature dependence is consistent with

T=1Tg exp(TO /T) and find values of 1o and Ty. (d) What is the physical basis for a
temperature dependence of the kind given in part (c)?

S0 . — . , "

80 : 40

€ €

70 35

60+ 30

SDI* 251

E‘Oi- 201 . Y

30F 15 /

201 10 / ! g ;
W LU g L K
E———— e s

ﬂ .
-70 -60 -50 -40 -30 -20 =10 @ -70 =0 =50 =40 =30 =20 -0 O
(a) Temperature (°C) {b) Temperature (°C)



Solution.
(a)
With E = Ege'®',
P=y(0)E = P:)(((;J)Eoei‘”i

Pe = 1(0)E = P=7(0)Eqe™’
Substitute these into the relaxation equation,

“io(w)yEq = k@ -n@)]Eo _ (L+iot (o) =x(0)
T

x(0)
(1+imT)

= (0) = (@)

E=D-4nP —=E=¢E-4nyE
=e=1+4ny ---(2
Substitute this into (1),
4my(0)
(1+ior)
_q, Am O -]

1+ (0212

:[1+ 47y(0) } _iodmy(0)r

e(w)=1+

1+ 03212 1+ 03212

ce@ =1+ e (o) 24O

l+o°t l+o°t
(b)
Dielectric loss is maximum if €"is maximum,

de’ o 4 [4mox@r)
do doo| 1+ w?t?

:>(1+ 0321:2)—03(2(01:2):0

—=1-w’t? =0

1

=ort=] or tT=——
— 2nf
For f =300Hz, t=530.5us
For f =1000Hz, t=159.2 us

For f =5000Hz, t=31.83 us




(©)

Since there are only three curves showing a peak in the given data of €", and there are two
undetermined parameters T and tp. To demonstrate that the data is consistent with the given
equation, we can use the 300Hz and 1000Hz curves to determine the unknow parameters first,
and then check whether these parameters have a reasonable agreement with the 5000Hz curve.

For the 300 Hz curve, the peak occurs at - 33° C or 240K :

240
= 6.274=1In(tg)+4.167x103Ty  ----(3)
For the 1000 Hz curve, the peak occurs at - 22° C or 251K :

530.5=1 exp{%} =6.274= En(ro )+ To

To To
159.2 = tg exp| 2 | =5.070=rn(rp )+ -2
0 p{ZSJ (v0)+ 551

= 5.070=/n(tg)+3.984x103Ty  ----(4)

(3)-(4) = 1.204=1.830x10"*T,
= T =6579K

Substitute this pack into (3), 6.274 = ¢n(tg )+ 4.167 x10™3 x 6579
= /n(tg)=-21.14

=17 =6.58x10"10 15 = 6.58x1071° s

For the 1000 Hz curve, the peak occurs at - 6° C or 267K :

Above parameters require

1=6.58x10716 exp 6579
267

=  1=6.58x10"% x5.026 x10*°
= 1=233.1ps, thisis close to the result in part (b).

(d) Relaxing time increases as temperature is lowered. This means a longer time for the
rotation to reach equilibrium at low temperature. Together with the exponential relation,
we know that there is a barrier defined by T, for the rotational motion. Only when the
thermal energy kgT is higher than the barrier, the molecules can rotate fast enough to
reduce the relaxation time exponentially.



