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Discrete-time picture for multiphoton microwave spectroscopy
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The time evolution of atomic and molecular systems driven by periodic external fields is reformulated to
combine Floquet's theorem with time-dependent representations of the atomic degrees of freedom. This ap-
proach increases the flexibility of Floquet calculations of multiphoton processes in strong radiation fields,
particularly at low frequencies, by incorporating adiabatic states into the basis. The depopulation of Rydberg
states of He and Na in strong microwave fields illustrates the utility of the method. In particular, a study of the
depopulation of the Il state of Na in an oscillatory field reveals a strong correspondence between dc-field
Stark maps and quasienergy spectra and predicts a resonance feature associated with Landau-Zener transitions
between dc Stark level§S1050-294{07)02605-X]

PACS numbdss): 32.80.Rm, 31.15:p

[. INTRODUCTION explicit form of the Floguet Hamiltonian in the adiabatic
representation. In the absence of dc fields, the Floquet

Theoretical studies of atoms subjected to intense electrddamiltonian is invarianf10] under the produdP7 of parity
magnetic fields frequently focus on the calculation ofP and time translation by one half of the period of the driv-
quasienergy spectra that characterize the quasiperiodiog field 7T(t)=f(t+ 7/w). This exact symmetry is ex-
modes of an atom-field system. Such studies, referred to hegdoited in Sec. V to reduce the discrete-time lattice to a one-
as Floguet spectroscopy, date from Shirley’s applicafiign fourth cycle of the driving field. Applications to the
of Floquet's theoreni2] to the time evolution of a two-level multiphoton microwave spectroscopy of He and Na in Sec.
atom in a strong, oscillatory electric fiel8]. Floquet spec- VI are followed by concluding remarks in Sec. VII.
troscopy serves now widely to interpret multiphoton pro-
cesses including the excitation and ionization of atoms and Il. SHIRLEY’S FLOQUET HAMILTONIAN
the dissociation of moleculdgl]. The method has recently . . o . .
been extended to calculate inelastic ion-atom collision cross Consider an atom with Hamiltoniald, that is subjected
sections[5]. Shirley’s method hinges on truncating and di- t0 @n externally applied field with frequenay=2#/T. The
agonalizing a sparse, infinite Hamiltonian matrix af[omlc response '50 the externgl field is determined by Schro
(N’,n’|Hg[N,n) indexed by the atomic statéj and a Fou-  dinger's equatiortin atomic units
rier component if) of the state amplitude. Eigenvectors of g
.thIS matrix represent quasistationary states .that, when super- i—|W(t))=[H,+H’cogwt)]| (1)), (1)
imposed to match initial conditions, determine the system’s at
time evolution matrix.

This paper demonstrates how a unitary transformation
Shirley’s truncated Hamiltonian matrix affords using time-
dependent basis functions, such as adiabatic functions,
represent atomic degrees of freedom. This result greatly in- —aint
creases the flexibility of Floquet calculations, usually con- W ()= (0), @
fined to an atomic-state representation, by tailoring basis se{ghere| ¥,(t)) is periodic with periodT,
to different regimes of time or field strength. This approach
closely relates to the discrete-variable representations of |¢y(t+m‘|')>=|zpy(t)>, m=0,£1,=2,=3,... . (3)
Schralinger's equation used by Light and othgf-8] in
calculating molecular processes on a grid of space and/drquations(1) and(2) imply the eigenvalue equation for the
time points. The utility of our approach to Floquet spectros-quasienergyy,
copy is illustrated here through applications to the micro- 5
\[/\é?ve depopulation of prepared Rydberg states of He and Na Y, (1)) =|Ha+H' cog wt) i - |, (1)). ()

Section Il summarizes Shirley’s formulation of the Flo- _ ] ) ] _
quet Hamiltonian. Section IIl presents the unitary transfor- Equation (4) is cast in matrix form by expanding the pe-
mation to a discrete-time variable and Sec. IV provides ariodic functions|y.(t)) in a Fourier series

0\NhereH’ is typically a dipole transition operator.
Floguet's theorem stipulates that this equation has quasi-
t%eriodic solutions of the form

t))= e"el(n 5
*Present address: Institute for Theoretical Atomic and Molecular WV( )> n;x ( |$7> ®)
Physics, Harvard-Smithsonian Center for Astrophysics, Harvard

University, 60 Garden Street, Cambridge, MA 02138. whose amplitudes satisfy the recurrence relations
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1 testing the periodicity of the quasienergy spectrum’s center
y(nlg,)=(Hatnw)(n|y,)+ ZH[(n+ 1y, or the convergence of the corresponding transition probabil-
ity [11].

+(n—=1|¢)]. (6) From the eigenvectors of E@8), which we denote by

(N,n|¢, s in accordance with Eq(9), Shirley [1] con-
The coordinate dependence afi|{.) is typically repre- structed the evolution matrix
sented by an expansion in orthonormal eigenstates of the

atomic Hamiltonian, - o
UMN(tatO):; ES e"“YM,n| g, e oS tto)
g,

(nlw»:% INY(N[ ), (7) X(4,,sIN,0) (12

) and the corresponding transition probability
whose sum extends over the continuous spectrum. Equa-

tion (6) is then written in the atomic state representation as Prnom(tto)=|Uun(tto)|2. (13

1 This equation is now averaged ovigyr holding the elapsed
(EntNw) Oy mnmt 5(N[H'[M) time t—t, fixed sincet, is determined by a random process,
such as the entry of the atom into the radiation fiébd
microwave cavity. Averaging the result over the elapsed
(Mmly,), (8 time as well, Shirley arrived at the infinite-cycle-averaged
transition probability

7<Nn|¢y>:%

X( 5m,n+1+ é\m,n—l)

Shirley’s infinite-dimensional, discrete eigensystgh The L
matrix in angular brackets is generally referred to as the Flo- pNHM:Z TroTNe » (14)
quet Hamiltonian{N,n|Hg|M,m). T

Most practical applications of Shirley’s method conve-
niently restrict the sum in Eq(7) to a finite number of With
atomic states, considering only transitions among them. This
inessential restriction to a finite vector space will be retained Tho= 2 [(N,n| %,o>|2- (15)
here for simplicity. Only transitions among a set Nf n

atomic levels, designatetl=1,2,... Ny, are considered , i ) i
here. While Eq. (14) is only appropriatd1] when details of the

The eigenvalues of Eq8) are periodic[1], taking the micrpwave field's enve!ope are irrelevgnt, it nevgrtheless
form provides useful comparisons of alternative calculations and
serves to analyze our results in Sec. VI.
y=o+sw, $=0+:1%+2+3, ..., (9) As an introduction to Sec. V oR7 invariance, we note
here that if atomic stated andM have the samépposite
parity, then only eveffodd values ofn contribute to the sum
in Eq. (12). The Floguet Hamiltonian is accordingly block
— wl2<o<wol2. (10) diagonal inP7. The periodic part$y, s(t)) of the Floquet
solutions aréd”7 eigenstates with eigenvalue-)%("), The

The eigenvectors corresponding to the quasienergies in thf?”eﬁ%’l‘gmg eig(i'l‘)’eCtorS(N'”WmQ vanish unless
rangeli.e., withs=0 in Eq.(9)] yield a set ofN, indepen- (1) =(—1)%**. [Note that the full Floquet solu-
dent solutions of the time-dependent Salinger equation tions are not even or odd undef, due to the phase factor in
whose superposition satisfies an arbitrary initial condition Ed- (2).] , . , .
Accordingly, while the dimension of the Floquet Hamil- It may at.ﬁrst appear surprising that thg evolution matrlx
tonian is infinite, we utilize onlyN, quasienergies in the N EQ. (12 is coprg%ructed soley fronfP7 eigenstates with
range Eq.(10) and their corresponding eigenvectors to con-€igenvalue 1), whereN is the initial atomic state.
struct the time-evolution matrix. However, from the symmetry of the Floquet eigenvectors, it
Numerical solution of the infinite-dimensional system Eq.follows that for each Floquet state with an evf-periodic

(8) proceeds by truncating the harmonic expansion(Ento pa!’t, there is an |dent|Ca| Floquet St{.:lte with an Wperi-
a range of X+1 values odic part whose quasienergy is shifted by one unit of the

driving frequency. Accordingly, only everfor odd P7
eigenstates are required in constructing the evolution matrix.

with Ng values ofo in the range

K
[Wh)y= 2 e"nlyl). (1D
n=- Il. THE DISCRETE-TIME TRANSFORMATION

The eigensystem Ed8) is then of finite linear dimension The Fourier expansion of the Floquet states in Bd)
[No(2K+1)] and efficient algorithms are available for de- appears to require basis states that are independent of time,
termining the selected eigenvalues and eigenvectors of th&s in the atomic state expansion Ef). However, Floquet's
sparse system. The number of harmonics required for cortheorem does not require the use of a Fourier series; it only
vergence of this expansion is determined numerically byproves the existence of a set of quasiperiodic solutions sat-
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isfying Egs.(2) and (3). In principle, the periodic part of a . ARAREAAS T A
Floquet solution can be represented &y complete set of I ]
periodic functions any unitary transformation of the
2K +1 harmonics expwt) will yield an equivalent repre-
sentation of the dynamics to the extent that a truncated ex=
pansion[as in Eg.(11)] converges. 5

An alternative set of periodic harmonics for expanding the ©
Floguet solutions is constructed here by diagonalizing theLv
time dependence of the interaction, that is, by diagonalizing £
the matrix >

tir)

1(7 ) .
(m|coswt|n)= ?f dte”'Melcoq wt)eMet
0

0.00 0.10 0.20 0.30 0.40 0.50
t/T

FIG. 1. Diffractive harmonics used in the discrete-time repre-
sentation, withK =10 andr=3, 6, and 9, respectively.

1
:z[é\m,n+l+5m,nfl]a |m|$K, |I’]|$K.

(16)

This diagonalization, familiar from the classical analysis of e now replace the Fourier series Efl) by its alterna-
the vibration of a string fixed at its end poirits2], yields  tive expansion in diffractive harmonics
eigenvalues

2K+1
T [Wht)= 2 tnrlyh). (2D
cos(2K+2 , m™=123...,2K+1, a7 =1
corresponding to eigenvectors Substituting this expansion into E¢4) and using the or-
thogonality relation Eq(20) yields the recurrence relations
(n|7) 1 [ nrw +7'77 K K
nj7)= sin —|, —Ksns rr
JK+1 2K+2 2 Ky _ +H’ K
(_’]_8) 7(T|lr//'y> Ha H co 2K+2 (T|¢"y>
The resultant harmonic functions of time +2 AT,T'(T’W;), 22
K 7
_ inwt
(tl7) nzz_K e (n|7) with the matrix element between discrete timeand 7',
sin = 14
o 2K+2) sin(K+1)wt+7r7/2] Ap=|1+=|7
—gin(r=1)2 , I ot
VK+1 T ,
COS{wt)—COS< oK+ 2 0, for 7+ 7' even
T T
19 i i
(19 - o SMok72/"M kT2 23
are orthonormal, satisfying K+1 o |12
O3 2k+2) 4 2k+2

K 1 (T
(T’lT):m;K (T,|m)(m|T):Tfo dt(T’|t)(t|T):57/’T,

(20 for 7+ 7' odd.

with eigenvalue £ 1)™"* (even or oddl under time reversal The phase factor in Eq19) ensures that the derivative ma-
t——t. trix is real and symmetric to make the last term in E2p)
The harmonic functions defined by EQ.9) are periodic Hermitian. The derivative matrix is strongly peaked about
in time, related to the exponential harmonics by the unitaryr=7'=1. Equation(22) reduces directly to Eq4) in the
transformation Eq(18). Figure 1 displays a few of these limit K—oo.
harmonics, plotted versus/T, for the particular case The recurrence relations E2) are equivalent to E(6)
K=10. Note how each harmonic is strongly peaked in theprovided the truncation to R+1 harmonics converges.
vicinity of its eigenvaluat/T=7/2(2K+2) and is similar in  Equation(22) amounts primarily to a simple “discretized”
appearance to a diffraction pattern; they are referred to afrm of Schralinger’'s equation over a half cycle of the driv-
“diffractive harmonics” from this point forward. Similar ing field, an aspect apparently overlooked in the past. It will
harmonic functions occur in discrete-variable representationserve to reduce the vector space of atomic states to those few
of Schralinger’s equationi8]. adiabatic states relevant to specific transition processes.
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IV. THE ADIABATIC REPRESENTATION Pl 7y =| ;2K +2— MW pi2K+2— 7|P|w; 7). (31)

The expansion in atomic eigenstatéy, used in Eq(7)
and common to most applications of Shirley’s method, ma . . . .
now be replaced by an expansion in adiabatic states, definﬁrcpese equations yielRT eigenstates in the form
at discrete times as solutions of the eigenvalue equation

1
7T . K+
' 7y= : A==l (~D* Y u 2K+ 2 7
H,+H CO{ZK—FZ lw;ry=€,(D)|p;7). (24 .05 7) 2 |, ) | )
The coordinate dependence of the eigenvectpyf) of Eq. X (i 2K+2=7|Plu;7)], (32

(22) is then expanded into eigenvectors of E24),
for r=1,2,--- K, and

(7] ¢5>=§ | ) s 7l 05). (25)

: = _1\P(N)—(_1)9+K
Substitution of this expansion into ER2) and use of the | @K+ D =N, K4 D), (= D)P R =(—1) ’(33)

orthonormality of the adiabatic states for fixedyields the
eigensystem

whereN,, labels the atomic state of pari§(N,) (even or
(it =D rHe w7 |5, (26) odd commdmg vylth adiabatic state.at zero f|eld: No'ge that
YmiTly) e (irHelu i) (5 1) at the discrete time=K+ 1 the adiabatic Hamiltonian re-

duces toH,, so that Eq(33) is a simple product of atomic

where state|N ) and of the diffractive harmonifK +1).
gy — 5 .8 A o, When transformed according to Eq82) and (33), the
(wilHE[w" 7)) = €u(7) O s Or e+ Ao (i Tl 7). Floguet Hamiltonian in Eq(27) is diagonal inq. For 7

27 #K+1 and7'#K+1, the matrix elements are

This result replaces the original Shirley form of the Floquet
Hamiltonian. This discrete-time representation of the trun- ] y o,
cated Floquet Hamiltonian requires adiabatic eigenvalues A O THE[ L 4 T) = €u(7) 8y 8o+ A (il 7)

2K +1 discrete times, and an overlap matrix of adiabatic (= D)KTIA i
states at different discrete times. Here, as in many physical ’
applications, the time evolution of the system remains X ;7| Plu";7"). (34

largely confined to adiabatic or near-adiabatic pathways. Our

form of the Floquet Hamiltonian affords truncating the ma- ) .
trix to the adiabatic pathways of interest, as demonstrated iffor 7=K+1 and7'#K+1, one finds
Sec. VI.

V. PT INVARIANCE (0 K+ 2,0 77)
In the absence of dc fields, the atomic Hamiltonldp _ 1 K+q+P(N ) et
' =—[1+(—-D1)"" A (N 7Y,
commutes with the parity operatBr. As a result, the Floquet \/E[ =1 A (NG )
Hamiltonian operator in Eq4) commutes withP7, where 35
T shiftst by a half-periodZT (t) = f (t + 7/ ). This symmetry (39
has served previously to reduce the dimension of the Floquet
matrix [10]. In this section, we apply this symmetry to the and finally, forr=1'=K+1
Floquet matrix in the discrete-time picture. '
Eigenstates oP7, (i K+1He|p' i K+1)=€,(K+1)8, ... (36)
P p,0;7)=(=1)%w.q;7), (28) The new Floquet Hamiltonian given by Eq84)—(36) is

dil tructed b ion int ducts of adi real and symmetric and has half the linear dimension of the
T S ggarler el £ (27, Only the dscreteme_pois
not:ad here by : v ICS. such produ 7=1,2,... K+1 now enter the matrix, so that Floquet's

theorem combined witl7 symmetry results in discretizing

—1,- Schralinger’s equation over a one-fourth cycle of the driving
1 - ’ l 29 . . . .
)=l )| 7) 29 field. The eigenvalues of the Floquet Hamiltonian are now
with the required transformation properties periodic with period 2 [10] and only eigenvectors lying
within * o of the eigenvalue spectrum’s center are needed to
T ry=(—1D)¥]2K+2—7) (30 construct the evolution matrix.

Finally, we note that the infinite-cycle-averaged transition
and probability in Eq.(14) is invariant under our unitary tranfor-
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mation to a discrete-time picture. The amplitudes in @&) —139.0F =T
are expressed in terms of the eigenvectors in this picture by [

-139.2 B
K+1 i

Tno= 2 2 2 (o0u gir){u s iNKN i)

-139.4

-139.6

X{u,q; 7 0,0). (37)

Note that, as with Shirley’s derivation of E(l.4), only even
(or odd P7 eigenstates are required for the construction of ~
the evolution matrix.

uasienergies (cm™)

-139.8

-140.0E.

-140.2

VI. APPLICATIONS

This section applies the method described above to the
multiphoton, microwave spectroscopy of Rydberg atoms. 1.0
H, now represents the effective Hamiltonian of an atom con- i
sisting of a single, active electron orbiting an inert ionic core.
H'’ is the product of the electric-field amplitude and the
dipole operatorz. The adiabatic statdgc; 7) in Eq. (24) are
Stark states evaluated at the fiditosG#/2K+2); their
evaluation has been described in detail previo($8).

Strong-field microwave studies of Rydberg atoms have
focused primarily on atomic H, He, K, and NE]. In non-
hydrogenic atoms, resonant multiphoton processes have been L
observed for field amplitudes comparable to the dc field am- 0.2y
plitudes that mix adjacenh manifolds on a Stark map
F~1/3n°. Interpretation of these multiphoton transitions in 0.0l . . M, s
the case of He, for field&<1/3n° was facilitated by ¢ % Bleotric Field Amplituge (V/em) 10
quasienergy spectra calculated by van de Wataal. [11]
using Shirley’s form of the Floquet Hamiltonian. That work
demonstrated how Shirley’s Hamiltonian can be truncated to G, 2. (a) Quasienergies versus field amplitude for triplet-He
a restricted basis of atomic states, provided enough zero-fielgloms in a 9.924-GHz microwave field. Results were obtained in
states are included to reproduce the dc-field Stark map acche discrete-time picture with 30 adiabatic basis states. The solid
rately. At higher fields, the large number of zero-field stategines show the center spectrum of eveff states. The spectrum is
required to produce an accurate Stark map prevents practicpériodic with period 2. The lines labeled andp connect at zero
applications of Shirley’s method. field to the 28S and 29°P states, respectivelyb) Survival prob-

Here we illustrate our discrete-time approach to multipho-ability of the 28°S state as a function of field amplitude. The
ton transitions by first reproducing the weak-field results ofdashed line is the degree of unitarity of the calculation.
van de Wateet al.in triplet He. We then analyze the micro-
wave spectrum of Na in the-mixing regime, finding fea- ,pilities obtained from Eqg14) and (37).
tures of the quasienergy spectrum attributable to specific Our quasienergy spectrum for this system is shown in Fig.

avoided crossings on the dc-field Stark map. 2(a). The microwave frequency is 9.924 GHz, or 0.331
cm~ L. A set of adiabatic basis states was first constructed
using 140 zero field states spanning the range of principal
The microwave depopulation and ionization of quantum numbers 26n<30; this range yields a Stark map
n3S(m,=0) states of He were studied in Refd1,14. We that is accurate for fields up to at least 100 V/¢freduced
present below the results of alternative calculations of theénass was used for the Rydberg electron, and quantum de-
quasienergy spectrum usitij the standard Shirley form of fects were taken froril4].) Thirty of these adiabatic states
the Floquet Hamiltonian Eq(8) and (ii) the discrete-time were then used for the construction of the Floquet matrix in
Floquet Hamiltonian described above. Both calculationghe discrete-time picture. These adiabatic levels correspond
make use ofP7 symmetry, yielding periodic quasienergy at zero field to all states of the=28 manifold plus the
spectra with period @. n=29, =0, andl =1 states. These last two states were nec-
We focus on the survival probability of an initial essary to obtain a converged Floquet spectrum for micro-
n=283S state. van de Watest al. have carefully accounted wave field amplitudes larger than 80 V/cm, which corre-
in their calculations for the shape of the microwave fieldsponds roughly to the fields at which=28 andn=29 Stark
envelope. Since we are concerned primarily with comparingtates overlap. Eighty-one diffractive harmoni¢sorre-
the discrete-time method with a straightforward diagonalizasponding tak =40) were necessary to obtain a periodic cen-
tion of Shirley’s Hamiltonian, we will ignore effects associ- ter spectrum. In our calculations, the 2B state at zero field
ated with the rise and fall of the microwave amplitude andwas assumed to be the initial state. This state has a negative
simply calculate the infinite-cycle-averaged transition prob-ac Stark shift for finite fields and is labeled™ in the figure.

0.8
0.6

0.4

Time—averaged Probability

A. Helium
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the basis. In contrast, the discrete-time picture does give a
downward ac Stark shift for this state because of the natural
curvature of the 28P adiabatic level.

It should also be noted that the discrete-time picture re-
sults in a small spreadin@een as dark bandsf the nearly
degenerate manifold states in the quasienergy spedffign
2(a)]. This spreading becomes appreciable for amplitudes
greater than 80 V/cm, where significant differences between
the two survival probability calculations can be seen. We
will illustrate below the severe breakdown of the Shirley
picture at these large fields for the case of atomic Na.

Also shown in Fig. o) is the departure of our discrete-
time calculations from unitarity. For our He calculations,
unitarity is satisfied to within 5% over the range of fields
Lo[ T » T studied. This lack of unitarity does not stem from an inad-
] equate number of harmonics; the center of the quasienergy
spectrum is quite periodic. The discrete-time approach is in-
herently nonunitary once the basis of adiabatic states is trun-
cated. This results from the overlap matrix in the discrete-
time Hamiltonian Eq.(27); that is, an adiabatic state at
discrete-timer will project onto an infinity of adiabatic states
at time 7’. By truncating the matrix, we are neglecting tran-
sition amplitudes to other adiabatic levels. This departure
from unitarity serves as a useful index of the degree of con-
vergence of the adiabatic expansiéWe note that the exact
unitarity of Shirley’s method is artificial since states omitted
o.oo' ” — L " 1'00 from the basis are simply excluded from the vector space.

Electric Field Amplitude (V/cm) In the low-field regime (6-80 V/cm), the He Stark states
exhibit essentially diabatic behavior. It is not surprising that
our calculation using adiabatic states gives results quite simi-

FIG. 3. Same as in Fig. 2, but calculated using Shirley’s form oflar to those using a zero-field basis. Only when the field
the Floguet Hamiltonian with 30 zero-field basis states. The dimenamplitude approaches the avoided crossing region on the dc
sion of the Floquet matrix is equal to that in Fig.(d Quasienergy  Stark map are many zero-field states required for conver-
spectrum. Note the positive ac Stark shift of thetate.(b) Survival ~ gence, and, as discussed below, this region is where the
probability of the 2&S state. discrete-time approach is most useful.

~139.0F <.

-139.2

-139.4

-139.6

-139.8

Quasienergies (ecm™)

~140.0 .

-140.2

60
Electric Field Amplitude (kV/cm)

0.8
0.6

0.4—

Time—averaged Probability

0.2

The time-averaged survival probability of the ¥B state
is shown in Fig. 2b). It displays a number of sharp resonant
features in the intermediate field region dominated by intra- When the microwave field amplitude is sufficient to drive
manifold transitions(The widths of these resonances are de4ntermanifold transitions, the standard approach to Floquet
termined by the size of the corresponding avoided crossinganalysis becomes intractable. Even at zero frequency, con-
in the quasienergy spectruft].) These features correspond structing an accurate dc Stark map at these intermediate-field
guite closely to those calculated [ii1], where the standard strengths requires a basis of several Rydberg manifolds.
Shirley form of the Floguet matrix was used and where tran-Transitions among the Rydberg manifolds in a slowly vary-
sition probabilities were obtained taking into account theing field require an accurate description of the avoided-
time variation of the field amplitude. crossing structures in the dc Stark nfap]. With more zero-

To facilitate comparison, we show in Fig. 3 the quasien-field states required in the basis, a larger number of photons
ergy spectrum and survival probability calculated using theare also needed to bridge the increasing energy gap among
standard form of the Floquet matrix. Again, 30 zero-fieldthe most distant states. Accordingly, the dimension of the
states were used as a basis. Note that the peaks in tlhdoquet Hamiltonian increases rapidly.
discrete-time calculation Fig.(8) are noticeably shifted to- Furthermore, it is known experimentally that ionization of
ward higher fields by a few V/cm in comparison to the peakshe atom becomes important at these intermediate fi8lds
in Fig. 3(b). This shift results from the fact that an adiabatic One of the primary purposes of this investigation was to
basis yields more accurate ac Stark shifts than the zero-fielstudy then—n+ 1 transitions that are regarded as the rate-
basis. This shift has not yet been confirmed experimentalljimiting step of microwave ionization of alkali-metal atoms
since the positions of the peaks were usefdlij to calibrate  and to show that this process can be described using a rela-
the microwave field amplitudes. tively simple Floquet calculation.

Another prominent difference between the two Floquet For this purpose, we have performed Floquet calculations
maps results from an incorrect ac Stark shift of the®®9 for the depopulation of the &lstate of atomic Na. Our
state in the Shirley calculatidirig. 3@)]. A correct ac Stark choice of Na is motivated primarily by the large avoided
shift of this state requires adding additiomet 29 levels to  crossing between the d5tate and the lowest member of the

B. Sodium
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[ -1080F
-1000 E

L —-1090F
~1050 E

-1100F

-1100

Energy (cm™)

—1110E

-1150

Quasienergies (cm™)

L 1120
-1200 E

-1250( 1l ! | -1130¢
0

15 20

10
. 1
Field Strength (kV/cm) Electric Field Amplitude (kV/cm)

1.0 T T
FIG. 4. Na adiabatic Stark mapn=0) in the energy region
near then=10 Rydberg manifold. Note the prominent avoided o8l
crossing near 16 kV/cm, as well as other avoided crossings in the r
intern mixing region. L
0.6
n=10 Rydberg manifold, as apparent in Fig. 4. The driving
frequency of 393.8 GHz is nearly resonant with the energy
gap at the avoided crossing at 16 kV/cm. As will be shown
below, there are no sharp intramanifold resonances at low
fields at this frequency, in contrast to the He example dis-
cussed above. For simplicity, we have chosen a relatively

Time-averaged Probability

0.2 —

0.0 L 1

low-lying Rydberg state; the number of quasienergy states is 0 5 o = E—-
small enough to easily correlate the transition probabilities Electric Field Amplitude (kV/em)

with the quasienergy spectra, as well as with the dc field

Stark map. FIG. 5. (a) Map of quasienergy levels as a function of field

Figure 5 displays the quasienergy spectrum and tre 11amplitude for Na atoms i_n a 39_3.8-GHz oscillatory, elgctric_field.
state survival probability obtained using Shirley’s method.ReSUI_ts were obtalned using Shirley’s Floquet _Hamlltonlar_l_wnh ten
The zero-field basis consisted of t{lez 11] =O,l} and the zero-field states in the.baS|€b). Resultar)t survival probability of
{n=10]=2} states. Fifty-one harmonics of the field were the 15 state as a function of field amplitude.
used to obtain a periodic center spectrum. The zero-field ba-
sis is insufficient to produce an accurate dc Stark map, and Note that the departure from unitarity of the discrete-time
the resonant structures apparent in Fi¢p)5are artificial, calculation approaches 20% at the largest fields studied. This
owing to inadequate convergence of the atomic basis. is to be expected since Na is known to ionize at fields large

The results of an analogous calculation using the discreteenough to induce intem- transitions[9], implying that no
time picture are shown in Fig. 6. Again, only those adiabaticruncated basis of discrete states will completely suffice to
states corresponding fm=11]=0,1} and{n=10)J=2} at  describe the dynamics at these fields. However, the reso-
zero field were used in the basis. Wikh=25, the dimen- hance feature described above is remarkably insensitive to
sions of the Floquet matrices used for Figs. 5 and 6 ar¢he number of adiabatic states included in the basis. Figure 7
identical. Note that the low-field resonances do not appear idisplays an equivalent discrete-time calculation including
the discrete-time result of Fig(l§). Furthermore, a resonant two complete manifolds of Rydberg states
feature has appeared at the position of the avoided crossingn=11)=0-10}, {n=10) =2}, and{n=12)=0,1}]. The
on the dc Stark magFig. 4). The feature appears nearly resonance associated with thes3dn=10 avoided crossing
discontinuous, but actually has a finite width related to thds still apparent, but its shape is modified by similar resonant
avoided crossing of the corresponding quasienergies in Figtructures associated with the=10—n=11 nonadiabatic
6(a). transitions. Note that the degree of nonunitarity has not

The correspondence between avoided crossings in the @hanged substantially by including the second manifold.
Stark map and in the quasienergy spectrum is now quitéPreliminary calculations suggest that including transitions to
remarkable at this driving frequency. Thesldtate at zero the n=9 manifold will substantially decrease the degree of
field occurs at an energy of 1112.2 cm?! in Fig. 6a). nonunitarity)

Directly below this level is the 1D state, and below IDlies Our results for the intermanifold transitions are shown in
the 1Jp energy. Note how thep and d levels interact Fig. 8. The solid curve indicates the total transition probabil-
strongly near 5 kV/cm and that both of these states drive ity to states above the pistate[that is,{n=11]=2} and
state from the degenerate manifold near 6 V/cm. The 11{n=12]=0,1}]. The manifold states of high angular mo-
state remains largely uncoupled from all of the other statesnentum are dominant, with the 4Zdasheg and 1% (dot-
until the field amplitude reaches the crossing near 16 kV/cmdashed states largely unpopulated. The rise of the
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n—n+1 excitation probability in the vicinity of the adia-
batic crossings of the dc Stark map supports the yi@hthat
this transition is the first and rate-limiting step required for
the subsequent excitation and ionization of the atom. How
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FIG. 8. Transition probability from the Xlstate to states of the
upper manifold{n=11]=2} and {n=12)=0,1}. Dashed-curve,
12s final state; dot-dashed curve, d&nal state.

ever, the intermanifold excitation probability occurs over a

fairly broad range of field amplitudes, much broader than the
intramanifold Landau-Zener resonance, supporting the con-
clusion in[11].

VIl. SUMMARY

In conclusion, we have provided an alternative formula-
tion of the Floquet approach to the multiphoton, microwave
spectroscopy of Rydberg states. A unitary transformation of
the truncated Floguet Hamiltonian is all that is required to
permit the use of time-dependent basis states in Floquet cal-
culations. Calculations within the adiabatic basis make full
use of P7 symmetry and require about twice the CPU time
of more standard calculations. The calculations are, accord-
ingly, still quite elementary and require only an accurate
code for calculating Rydberg states in dc fields. The resulting
transition probabilities are considerably more accurate than
standard methods in the intermediate-field region.

" We have also provided evidence for a resonance feature
of multiphoton microwave transitions attributed to Landau-
Zener-type excitations on the dc Stark map. In complex sys-
tems, this resonance may be obscured by other, sharper reso-
nant features associated primarily with intramanifold
transitions. However, the resonance should be observable in
atomic Na, provided that the driving frequency is close to the
Landau-Zener level splitting.

More fundamentally, we have simply illustrated that Flo-
quet analysis, in its standard form, is essentially equivalent to
a discretization in time of Schdinger’s equation over a half
cycle of the driving field. Further applications of this tech-
nigque are in progress.
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