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Discrete-time picture for multiphoton microwave spectroscopy

M. J. Cavagnero and S. T. Cornett*

Department of Physics and Astronomy, University of Kentucky, Lexington, Kentucky 40506-0055
~Received 27 November 1996!

The time evolution of atomic and molecular systems driven by periodic external fields is reformulated to
combine Floquet’s theorem with time-dependent representations of the atomic degrees of freedom. This ap-
proach increases the flexibility of Floquet calculations of multiphoton processes in strong radiation fields,
particularly at low frequencies, by incorporating adiabatic states into the basis. The depopulation of Rydberg
states of He and Na in strong microwave fields illustrates the utility of the method. In particular, a study of the
depopulation of the 11s state of Na in an oscillatory field reveals a strong correspondence between dc-field
Stark maps and quasienergy spectra and predicts a resonance feature associated with Landau-Zener transitions
between dc Stark levels.@S1050-2947~97!02605-X#

PACS number~s!: 32.80.Rm, 31.15.2p
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I. INTRODUCTION

Theoretical studies of atoms subjected to intense elec
magnetic fields frequently focus on the calculation
quasienergy spectra that characterize the quasiperi
modes of an atom-field system. Such studies, referred to
as Floquet spectroscopy, date from Shirley’s application@1#
of Floquet’s theorem@2# to the time evolution of a two-leve
atom in a strong, oscillatory electric field@3#. Floquet spec-
troscopy serves now widely to interpret multiphoton pr
cesses including the excitation and ionization of atoms
the dissociation of molecules@4#. The method has recentl
been extended to calculate inelastic ion-atom collision cr
sections@5#. Shirley’s method hinges on truncating and d
agonalizing a sparse, infinite Hamiltonian matr
^N8,n8uHFuN,n& indexed by the atomic state (N) and a Fou-
rier component (n) of the state amplitude. Eigenvectors
this matrix represent quasistationary states that, when su
imposed to match initial conditions, determine the system
time evolution matrix.

This paper demonstrates how a unitary transformation
Shirley’s truncated Hamiltonian matrix affords using tim
dependent basis functions, such as adiabatic functions
represent atomic degrees of freedom. This result greatly
creases the flexibility of Floquet calculations, usually co
fined to an atomic-state representation, by tailoring basis
to different regimes of time or field strength. This approa
closely relates to the discrete-variable representations
Schrödinger’s equation used by Light and others@6–8# in
calculating molecular processes on a grid of space an
time points. The utility of our approach to Floquet spectro
copy is illustrated here through applications to the mic
wave depopulation of prepared Rydberg states of He and
@9#.

Section II summarizes Shirley’s formulation of the Fl
quet Hamiltonian. Section III presents the unitary transf
mation to a discrete-time variable and Sec. IV provides
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explicit form of the Floquet Hamiltonian in the adiabat
representation. In the absence of dc fields, the Floq
Hamiltonian is invariant@10# under the productPT of parity
P and time translation by one half of the period of the dr
ing field Tf (t)5 f (t1p/v). This exact symmetry is ex
ploited in Sec. V to reduce the discrete-time lattice to a o
fourth cycle of the driving field. Applications to the
multiphoton microwave spectroscopy of He and Na in S
VI are followed by concluding remarks in Sec. VII.

II. SHIRLEY’S FLOQUET HAMILTONIAN

Consider an atom with HamiltonianHa that is subjected
to an externally applied field with frequencyv52p/T. The
atomic response to the external field is determined by Sc¨-
dinger’s equation~in atomic units!

i
]

]t
uC~ t !&5@Ha1H8cos~vt !#uC~ t !&, ~1!

whereH8 is typically a dipole transition operator.
Floquet’s theorem stipulates that this equation has qu

periodic solutions of the form

uC~ t !&5e2 igtucg~ t !&, ~2!

whereucg(t)& is periodic with periodT,

ucg~ t1mT!&5ucg~ t !&, m50,61,62,63, . . . . ~3!

Equations~1! and ~2! imply the eigenvalue equation for th
quasienergyg,

gucg~ t !&5FHa1H8cos~vt !2 i
]

]t G ucg~ t !&. ~4!

Equation ~4! is cast in matrix form by expanding the pe
riodic functionsucg(t)& in a Fourier series

ucg~ t !&5 (
n52`

`

einvt~nucg& ~5!

whose amplitudes satisfy the recurrence relations

r
d
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g~nucg&5~Ha1nv!~nucg&1
1

2
H8@~n11ucg&

1~n21ucg&#. ~6!

The coordinate dependence of (nucg& is typically repre-
sented by an expansion in orthonormal eigenstates of
atomic Hamiltonian,

~nucg&5(
N

uN&^Nnucg&, ~7!

whose sum extends over the continuous spectrum. E
tion ~6! is then written in the atomic state representation

g^Nnucg&5 (
m,M

F ~EN1nv!dN,Mdn,m1
1

2
^NuH8uM &

3~dm,n111dm,n21!G~Mmucg&, ~8!

Shirley’s infinite-dimensional, discrete eigensystem@1#. The
matrix in angular brackets is generally referred to as the F
quet Hamiltonian,̂N,nuHFuM ,m&.

Most practical applications of Shirley’s method conv
niently restrict the sum in Eq.~7! to a finite number of
atomic states, considering only transitions among them. T
inessential restriction to a finite vector space will be retain
here for simplicity. Only transitions among a set ofN0
atomic levels, designatedN51,2, . . . ,N0 , are considered
here.

The eigenvalues of Eq.~8! are periodic@1#, taking the
form

g5s1sv, s50,61,62,63, . . . , ~9!

with N0 values ofs in the range

2v/2<s<v/2. ~10!

The eigenvectors corresponding to the quasienergies in
range@i.e., with s50 in Eq. ~9!# yield a set ofN0 indepen-
dent solutions of the time-dependent Schro¨dinger equation
whose superposition satisfies an arbitrary initial conditi
Accordingly, while the dimension of the Floquet Ham
tonian is infinite, we utilize onlyN0 quasienergies in the
range Eq.~10! and their corresponding eigenvectors to co
struct the time-evolution matrix.

Numerical solution of the infinite-dimensional system E
~8! proceeds by truncating the harmonic expansion Eq.~5! to
a range of 2K11 values

ucg
K~ t !&5 (

n52K

K

einvt~nucg
K&. ~11!

The eigensystem Eq.~8! is then of finite linear dimension
@N0(2K11)# and efficient algorithms are available for d
termining the selected eigenvalues and eigenvectors of
sparse system. The number of harmonics required for c
vergence of this expansion is determined numerically
he
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testing the periodicity of the quasienergy spectrum’s cen
or the convergence of the corresponding transition proba
ity @11#.

From the eigenvectors of Eq.~8!, which we denote by
^N,nucs,s& in accordance with Eq.~9!, Shirley @1# con-
structed the evolution matrix

UMN~ t,t0!5(
n

(
s,s

einvt^M ,nucs,s&e
2 i ~s1sv!~ t2t0!

3^cs,suN,0& ~12!

and the corresponding transition probability

PN→M~ t,t0!5uUMN~ t,t0!u2. ~13!

This equation is now averaged overt0 holding the elapsed
time t2t0 fixed sincet0 is determined by a random proces
such as the entry of the atom into the radiation field~or
microwave cavity!. Averaging the result over the elapse
time as well, Shirley arrived at the infinite-cycle-averag
transition probability

P̄N→M5(
s

TMsTNs , ~14!

with

TN,s5(
n

z^N,nucs,0& z2. ~15!

While Eq. ~14! is only appropriate@1# when details of the
microwave field’s envelope are irrelevant, it neverthele
provides useful comparisons of alternative calculations
serves to analyze our results in Sec. VI.

As an introduction to Sec. V onPT invariance, we note
here that if atomic statesN andM have the same~opposite!
parity, then only even~odd! values ofn contribute to the sum
in Eq. ~12!. The Floquet Hamiltonian is accordingly bloc
diagonal inPT. The periodic partsucs,s(t)& of the Floquet
solutions arePT eigenstates with eigenvalue (21)q(s,s). The
corresponding eigenvectorŝ N,nucs,s& vanish unless
(21)P(N)1n5(21)q(s,s). @Note that the full Floquet solu-
tions are not even or odd underPT, due to the phase factor in
Eq. ~2!.#

It may at first appear surprising that the evolution mat
in Eq. ~12! is constructed soley fromPT eigenstates with
eigenvalue (21)P(N), whereN is the initial atomic state.
However, from the symmetry of the Floquet eigenvectors
follows that for each Floquet state with an even-PT periodic
part, there is an identical Floquet state with an odd-PT peri-
odic part whose quasienergy is shifted by one unit of
driving frequency. Accordingly, only even~or odd! PT
eigenstates are required in constructing the evolution ma

III. THE DISCRETE-TIME TRANSFORMATION

The Fourier expansion of the Floquet states in Eq.~11!
appears to require basis states that are independent of
as in the atomic state expansion Eq.~7!. However, Floquet’s
theorem does not require the use of a Fourier series; it o
proves the existence of a set of quasiperiodic solutions
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3748 55M. J. CAVAGNERO AND S. T. CORNETT
isfying Eqs.~2! and ~3!. In principle, the periodic part of a
Floquet solution can be represented byany complete set o
periodic functions; any unitary transformation of the
2K11 harmonics exp(invt) will yield an equivalent repre-
sentation of the dynamics to the extent that a truncated
pansion@as in Eq.~11!# converges.

An alternative set of periodic harmonics for expanding
Floquet solutions is constructed here by diagonalizing
time dependence of the interaction, that is, by diagonaliz
the matrix

~mucosvtun![
1

TE0
T

dte2 imvtcos~vt !einvt

5
1

2
@dm,n111dm,n21#, umu<K, unu<K.

~16!

This diagonalization, familiar from the classical analysis
the vibration of a string fixed at its end points@12#, yields
eigenvalues

cosS tp

2K12D , t51,2,3, . . . ,2K11, ~17!

corresponding to eigenvectors

~nut!5
1

AK11
sinS ntp

2K12
1

tp

2 D , 2K<n<K.

~18!

The resultant harmonic functions of time

~ tut!5 (
n52K

K

einvt~nut!

5eip~t21!/2

sinS tp

2K12D
AK11

sin@~K11!vt1tp/2#

Fcos~vt !2cosS tp

2K12D G
,

~19!

are orthonormal, satisfying

~t8ut!5 (
m52K

K

~t8um!~mut!5
1

TE0
T

dt~t8ut !~ tut!5dt8,t ,

~20!

with eigenvalue (21)t11 ~even or odd! under time reversa
t→2t.

The harmonic functions defined by Eq.~19! are periodic
in time, related to the exponential harmonics by the unit
transformation Eq.~18!. Figure 1 displays a few of thes
harmonics, plotted versust/T, for the particular case
K510. Note how each harmonic is strongly peaked in
vicinity of its eigenvaluet/T5t/2(2K12) and is similar in
appearance to a diffraction pattern; they are referred to
‘‘diffractive harmonics’’ from this point forward. Similar
harmonic functions occur in discrete-variable representat
of Schrödinger’s equation@8#.
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We now replace the Fourier series Eq.~11! by its alterna-
tive expansion in diffractive harmonics

ucg
K~ t !&5 (

t51

2K11

~ tut!~tucg
K&. ~21!

Substituting this expansion into Eq.~4! and using the or-
thogonality relation Eq.~20! yields the recurrence relations

g~tucg
K&5FHa1H8cosS tp

2K12D G~tucg
K&

1(
t8

Lt,t8~t8ucg
K&, ~22!

with the matrix element between discrete timest andt8,

Lt,t85S tU 1i ]

]t Ut8D

55
0, for t1t8 even

v

K11

sinS tp

2K12D sinS t8p

2K12D
FcosS t8p

2K12D2cosS tp

2K12D G
2

~23!

for t1t8 odd.

The phase factor in Eq.~19! ensures that the derivative ma
trix is real and symmetric to make the last term in Eq.~22!
Hermitian. The derivative matrix is strongly peaked abo
t5t861. Equation~22! reduces directly to Eq.~4! in the
limit K→`.

The recurrence relations Eq.~22! are equivalent to Eq.~6!
provided the truncation to 2K11 harmonics converges
Equation~22! amounts primarily to a simple ‘‘discretized’
form of Schrödinger’s equation over a half cycle of the driv
ing field, an aspect apparently overlooked in the past. It w
serve to reduce the vector space of atomic states to those
adiabatic states relevant to specific transition processes.

FIG. 1. Diffractive harmonics used in the discrete-time rep
sentation, withK510 andt53, 6, and 9, respectively.
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55 3749DISCRETE-TIME PICTURE FOR MULTIPHOTON . . .
IV. THE ADIABATIC REPRESENTATION

The expansion in atomic eigenstatesuN&, used in Eq.~7!
and common to most applications of Shirley’s method, m
now be replaced by an expansion in adiabatic states, defi
at discrete timest as solutions of the eigenvalue equation

FHa1H8cosS tp

2K12D G um;t&5em~t!um;t&. ~24!

The coordinate dependence of the eigenvector (tucg
K& of Eq.

~22! is then expanded into eigenvectors of Eq.~24!,

~tucg
K&5(

m
um;t&^m;tucg

K&. ~25!

Substitution of this expansion into Eq.~22! and use of the
orthonormality of the adiabatic states for fixedt yields the
eigensystem

g~m;tucg
K&5 (

m8,t8
^m;tuHFum8;t8&~m8;t8ucg

K&, ~26!

where

^m;tuHFum8;t8&5em~t!dm,m8dt,t81Lt,t8~m;tum8;t8!.
~27!

This result replaces the original Shirley form of the Floqu
Hamiltonian. This discrete-time representation of the tru
cated Floquet Hamiltonian requires adiabatic eigenvalue
2K11 discrete times, and an overlap matrix of adiaba
states at different discrete times. Here, as in many phys
applications, the time evolution of the system rema
largely confined to adiabatic or near-adiabatic pathways.
form of the Floquet Hamiltonian affords truncating the m
trix to the adiabatic pathways of interest, as demonstrate
Sec. VI.

V. PT INVARIANCE

In the absence of dc fields, the atomic HamiltonianHa
commutes with the parity operatorP. As a result, the Floque
Hamiltonian operator in Eq.~4! commutes withPT, where
T shifts t by a half-periodTf (t)5 f (t1p/v). This symmetry
has served previously to reduce the dimension of the Floq
matrix @10#. In this section, we apply this symmetry to th
Floquet matrix in the discrete-time picture.

Eigenstates ofPT,

PTum,q;t&5~21!qum,q;t&, ~28!

are readily constructed by expansion into products of a
batic states and diffractive harmonics. Such products are
noted here by

um,t&5um;t&ut&, ~29!

with the required transformation properties

T ut&5~21!Ku2K122t& ~30!
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Pum;t&5um;2K122t&^m;2K122tuPum;t&. ~31!

These equations yieldPT eigenstates in the form

um,q;t&5
1

A2
@ um,t&1~21!K1qum,2K122t&

3^m;2K122tuPum;t&], ~32!

for t51,2,•••,K, and

um,q;K11&5uNm ,K11&, ~21!P~Nm!5~21!q1K,
~33!

whereNm labels the atomic state of parityP(Nm) ~even or
odd! coinciding with adiabatic statem at zero field. Note that
at the discrete timet5K11 the adiabatic Hamiltonian re
duces toHa , so that Eq.~33! is a simple product of atomic
stateuNm& and of the diffractive harmonicuK11&.

When transformed according to Eqs.~32! and ~33!, the
Floquet Hamiltonian in Eq.~27! is diagonal inq. For t
ÞK11 andt8ÞK11, the matrix elements are

^m,q;tuHFum8,q;t8&5em~t!dm,m8dt,t81Lt,t8^m;tum8;t8&

1~21!K1qLt,2K122t8

3^m;tuPum8;t8&. ~34!

For t5K11 andt8ÞK11, one finds

^m,q;K11uHFum8,q;t8&

5
1

A2
@11~21!K1q1P~Nm!#LK11,t8^Nmum8;t8&,

~35!

and finally, fort5t85K11

^m;K11uHFum8;K11&5em~K11!dm,m8. ~36!

The new Floquet Hamiltonian given by Eqs.~34!–~36! is
real and symmetric and has half the linear dimension of
earlier result Eq. ~27!. Only the discrete-time points
t51,2, . . . ,K11 now enter the matrix, so that Floquet
theorem combined withPT symmetry results in discretizing
Schrödinger’s equation over a one-fourth cycle of the drivin
field. The eigenvalues of the Floquet Hamiltonian are n
periodic with period 2v @10# and only eigenvectors lying
within 6v of the eigenvalue spectrum’s center are neede
construct the evolution matrix.

Finally, we note that the infinite-cycle-averaged transiti
probability in Eq.~14! is invariant under our unitary tranfor
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3750 55M. J. CAVAGNERO AND S. T. CORNETT
mation to a discrete-time picture. The amplitudes in Eq.~15!
are expressed in terms of the eigenvectors in this picture

TN,s5 (
t51

K11

(
m

(
m8

^s,0um8,q;t&^m8;tuN&^Num;t&

3^m,q;tus,0&. ~37!

Note that, as with Shirley’s derivation of Eq.~14!, only even
~or odd! PT eigenstates are required for the construction
the evolution matrix.

VI. APPLICATIONS

This section applies the method described above to
multiphoton, microwave spectroscopy of Rydberg atom
Ha now represents the effective Hamiltonian of an atom c
sisting of a single, active electron orbiting an inert ionic co
H8 is the product of the electric-field amplitudeF and the
dipole operatorz. The adiabatic statesum;t& in Eq. ~24! are
Stark states evaluated at the fieldFcos(tp/2K12); their
evaluation has been described in detail previously@13#.

Strong-field microwave studies of Rydberg atoms ha
focused primarily on atomic H, He, K, and Na@9#. In non-
hydrogenic atoms, resonant multiphoton processes have
observed for field amplitudes comparable to the dc field a
plitudes that mix adjacentn manifolds on a Stark map
F;1/3n5. Interpretation of these multiphoton transitions
the case of He, for fieldsF,1/3n5, was facilitated by
quasienergy spectra calculated by van de Wateret al. @11#
using Shirley’s form of the Floquet Hamiltonian. That wo
demonstrated how Shirley’s Hamiltonian can be truncate
a restricted basis of atomic states, provided enough zero-
states are included to reproduce the dc-field Stark map a
rately. At higher fields, the large number of zero-field sta
required to produce an accurate Stark map prevents prac
applications of Shirley’s method.

Here we illustrate our discrete-time approach to multiph
ton transitions by first reproducing the weak-field results
van de Wateret al. in triplet He. We then analyze the micro
wave spectrum of Na in then-mixing regime, finding fea-
tures of the quasienergy spectrum attributable to spe
avoided crossings on the dc-field Stark map.

A. Helium

The microwave depopulation and ionization
n 3S(ml50) states of He were studied in Refs.@11,14#. We
present below the results of alternative calculations of
quasienergy spectrum using~i! the standard Shirley form o
the Floquet Hamiltonian Eq.~8! and ~ii ! the discrete-time
Floquet Hamiltonian described above. Both calculatio
make use ofPT symmetry, yielding periodic quasienerg
spectra with period 2v.

We focus on the survival probability of an initia
n5283S state. van de Wateret al.have carefully accounted
in their calculations for the shape of the microwave fie
envelope. Since we are concerned primarily with compar
the discrete-time method with a straightforward diagonali
tion of Shirley’s Hamiltonian, we will ignore effects assoc
ated with the rise and fall of the microwave amplitude a
simply calculate the infinite-cycle-averaged transition pro
y
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abilities obtained from Eqs.~14! and ~37!.
Our quasienergy spectrum for this system is shown in F

2~a!. The microwave frequency is 9.924 GHz, or 0.3
cm21. A set of adiabatic basis states was first construc
using 140 zero field states spanning the range of princ
quantum numbers 26<n<30; this range yields a Stark ma
that is accurate for fields up to at least 100 V/cm.~A reduced
mass was used for the Rydberg electron, and quantum
fects were taken from@14#.! Thirty of these adiabatic state
were then used for the construction of the Floquet matrix
the discrete-time picture. These adiabatic levels corresp
at zero field to all states of then528 manifold plus the
n529, l50, andl51 states. These last two states were n
essary to obtain a converged Floquet spectrum for mic
wave field amplitudes larger than 80 V/cm, which corr
sponds roughly to the fields at whichn528 andn529 Stark
states overlap. Eighty-one diffractive harmonics~corre-
sponding toK540) were necessary to obtain a periodic ce
ter spectrum. In our calculations, the 283S state at zero field
was assumed to be the initial state. This state has a neg
ac Stark shift for finite fields and is labeled ‘‘s’’ in the figure.

FIG. 2. ~a! Quasienergies versus field amplitude for triplet-H
atoms in a 9.924-GHz microwave field. Results were obtained
the discrete-time picture with 30 adiabatic basis states. The s
lines show the center spectrum of evenPT states. The spectrum i
periodic with period 2v. The lines labeleds andp connect at zero
field to the 283S and 293P states, respectively.~b! Survival prob-
ability of the 283S state as a function of field amplitude. Th
dashed line is the degree of unitarity of the calculation.
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The time-averaged survival probability of the 283S state
is shown in Fig. 2~b!. It displays a number of sharp resona
features in the intermediate field region dominated by in
manifold transitions.~The widths of these resonances are d
termined by the size of the corresponding avoided cross
in the quasienergy spectrum@1#.! These features correspon
quite closely to those calculated in@11#, where the standard
Shirley form of the Floquet matrix was used and where tr
sition probabilities were obtained taking into account t
time variation of the field amplitude.

To facilitate comparison, we show in Fig. 3 the quasie
ergy spectrum and survival probability calculated using
standard form of the Floquet matrix. Again, 30 zero-fie
states were used as a basis. Note that the peaks in
discrete-time calculation Fig. 2~b! are noticeably shifted to
ward higher fields by a few V/cm in comparison to the pea
in Fig. 3~b!. This shift results from the fact that an adiaba
basis yields more accurate ac Stark shifts than the zero-
basis. This shift has not yet been confirmed experiment
since the positions of the peaks were used in@11# to calibrate
the microwave field amplitudes.

Another prominent difference between the two Floqu
maps results from an incorrect ac Stark shift of the 293P
state in the Shirley calculation@Fig. 3~a!#. A correct ac Stark
shift of this state requires adding additionaln529 levels to

FIG. 3. Same as in Fig. 2, but calculated using Shirley’s form
the Floquet Hamiltonian with 30 zero-field basis states. The dim
sion of the Floquet matrix is equal to that in Fig. 2.~a! Quasienergy
spectrum. Note the positive ac Stark shift of thep state.~b! Survival
probability of the 283S state.
t
-
-
gs
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-
e

the
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t

the basis. In contrast, the discrete-time picture does giv
downward ac Stark shift for this state because of the nat
curvature of the 293P adiabatic level.

It should also be noted that the discrete-time picture
sults in a small spreading~seen as dark bands! of the nearly
degenerate manifold states in the quasienergy spectrum@Fig.
2~a!#. This spreading becomes appreciable for amplitu
greater than 80 V/cm, where significant differences betw
the two survival probability calculations can be seen. W
will illustrate below the severe breakdown of the Shirl
picture at these large fields for the case of atomic Na.

Also shown in Fig. 2~b! is the departure of our discrete
time calculations from unitarity. For our He calculation
unitarity is satisfied to within 5% over the range of field
studied. This lack of unitarity does not stem from an ina
equate number of harmonics; the center of the quasien
spectrum is quite periodic. The discrete-time approach is
herently nonunitary once the basis of adiabatic states is t
cated. This results from the overlap matrix in the discre
time Hamiltonian Eq.~27!; that is, an adiabatic state a
discrete-timet will project onto an infinity of adiabatic state
at timet8. By truncating the matrix, we are neglecting tra
sition amplitudes to other adiabatic levels. This depart
from unitarity serves as a useful index of the degree of c
vergence of the adiabatic expansion.~We note that the exac
unitarity of Shirley’s method is artificial since states omitt
from the basis are simply excluded from the vector spac!

In the low-field regime (0280 V/cm!, the He Stark states
exhibit essentially diabatic behavior. It is not surprising th
our calculation using adiabatic states gives results quite s
lar to those using a zero-field basis. Only when the fi
amplitude approaches the avoided crossing region on th
Stark map are many zero-field states required for conv
gence, and, as discussed below, this region is where
discrete-time approach is most useful.

B. Sodium

When the microwave field amplitude is sufficient to driv
intermanifold transitions, the standard approach to Floq
analysis becomes intractable. Even at zero frequency,
structing an accurate dc Stark map at these intermediate-
strengths requires a basis of several Rydberg manifo
Transitions among the Rydberg manifolds in a slowly va
ing field require an accurate description of the avoide
crossing structures in the dc Stark map@15#. With more zero-
field states required in the basis, a larger number of phot
are also needed to bridge the increasing energy gap am
the most distant states. Accordingly, the dimension of
Floquet Hamiltonian increases rapidly.

Furthermore, it is known experimentally that ionization
the atom becomes important at these intermediate fields@9#.
One of the primary purposes of this investigation was
study then→n11 transitions that are regarded as the ra
limiting step of microwave ionization of alkali-metal atom
and to show that this process can be described using a
tively simple Floquet calculation.

For this purpose, we have performed Floquet calculati
for the depopulation of the 11s state of atomic Na. Our
choice of Na is motivated primarily by the large avoide
crossing between the 11s state and the lowest member of th

f
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n510 Rydberg manifold, as apparent in Fig. 4. The drivi
frequency of 393.8 GHz is nearly resonant with the ene
gap at the avoided crossing at 16 kV/cm. As will be sho
below, there are no sharp intramanifold resonances at
fields at this frequency, in contrast to the He example d
cussed above. For simplicity, we have chosen a relativ
low-lying Rydberg state; the number of quasienergy state
small enough to easily correlate the transition probabilit
with the quasienergy spectra, as well as with the dc fi
Stark map.

Figure 5 displays the quasienergy spectrum and thes
state survival probability obtained using Shirley’s metho
The zero-field basis consisted of the$n511,l50,1% and the
$n510,l>2% states. Fifty-one harmonics of the field we
used to obtain a periodic center spectrum. The zero-field
sis is insufficient to produce an accurate dc Stark map,
the resonant structures apparent in Fig. 5~b! are artificial,
owing to inadequate convergence of the atomic basis.

The results of an analogous calculation using the discr
time picture are shown in Fig. 6. Again, only those adiaba
states corresponding to$n511,l50,1% and $n510,l>2% at
zero field were used in the basis. WithK525, the dimen-
sions of the Floquet matrices used for Figs. 5 and 6
identical. Note that the low-field resonances do not appea
the discrete-time result of Fig. 6~b!. Furthermore, a resonan
feature has appeared at the position of the avoided cros
on the dc Stark map~Fig. 4!. The feature appears near
discontinuous, but actually has a finite width related to
avoided crossing of the corresponding quasienergies in
6~a!.

The correspondence between avoided crossings in th
Stark map and in the quasienergy spectrum is now q
remarkable at this driving frequency. The 11s state at zero
field occurs at an energy of21112.2 cm21 in Fig. 6~a!.
Directly below this level is the 10d state, and below 10d lies
the 11p energy. Note how thep and d levels interact
strongly near 5 kV/cm and that both of these states driv
state from the degenerate manifold near 6 V/cm. Thes
state remains largely uncoupled from all of the other sta
until the field amplitude reaches the crossing near 16 kV/

FIG. 4. Na adiabatic Stark map (m50) in the energy region
near then510 Rydberg manifold. Note the prominent avoide
crossing near 16 kV/cm, as well as other avoided crossings in
inter-n mixing region.
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Note that the departure from unitarity of the discrete-tim
calculation approaches 20% at the largest fields studied.
is to be expected since Na is known to ionize at fields la
enough to induce inter-n transitions@9#, implying that no
truncated basis of discrete states will completely suffice
describe the dynamics at these fields. However, the re
nance feature described above is remarkably insensitiv
the number of adiabatic states included in the basis. Figur
displays an equivalent discrete-time calculation includ
two complete manifolds of Rydberg state
@$n511,l50210%, $n510,l>2%, and$n512,l50,1%#. The
resonance associated with the 11s→n510 avoided crossing
is still apparent, but its shape is modified by similar reson
structures associated with then510→n511 nonadiabatic
transitions. Note that the degree of nonunitarity has
changed substantially by including the second manifo
~Preliminary calculations suggest that including transitions
the n59 manifold will substantially decrease the degree
nonunitarity.!

Our results for the intermanifold transitions are shown
Fig. 8. The solid curve indicates the total transition probab
ity to states above the 11p state@that is, $n511,l>2% and
$n512,l50,1%#. The manifold states of high angular mo
mentum are dominant, with the 12s ~dashed! and 12p ~dot-
dashed! states largely unpopulated. The rise of t

e

FIG. 5. ~a! Map of quasienergy levels as a function of fie
amplitude for Na atoms in a 393.8-GHz oscillatory, electric fie
Results were obtained using Shirley’s Floquet Hamiltonian with
zero-field states in the basis.~b! Resultant survival probability of
the 11s state as a function of field amplitude.
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n→n11 excitation probability in the vicinity of the adia
batic crossings of the dc Stark map supports the view@9# that
this transition is the first and rate-limiting step required
the subsequent excitation and ionization of the atom. Ho

FIG. 6. Same as Fig. 5, but calculated using the discrete-ti
transformed Floquet Hamiltonian with ten adiabatic states.~a!
Quasienergy spectrum.~b! Survival probability of the 11s state. The
dashed line is the degree of unitarity of the calculation.

FIG. 7. Survival probability of the 11s state as a function of the
field amplitude based on 21 adiabatic states corresponding to
n510 andn511 Rydberg manifolds. Note how the resonance n
16 kV/cm has broadened in comparison to Fig. 5~b!. The degree of
unitarity ~dashed line! has not changed appreciably from the te
state calculation, Fig. 5~b!.
r
-

ever, the intermanifold excitation probability occurs over
fairly broad range of field amplitudes, much broader than
intramanifold Landau-Zener resonance, supporting the c
clusion in @11#.

VII. SUMMARY

In conclusion, we have provided an alternative formu
tion of the Floquet approach to the multiphoton, microwa
spectroscopy of Rydberg states. A unitary transformation
the truncated Floquet Hamiltonian is all that is required
permit the use of time-dependent basis states in Floquet
culations. Calculations within the adiabatic basis make
use ofPT symmetry and require about twice the CPU tim
of more standard calculations. The calculations are, acc
ingly, still quite elementary and require only an accura
code for calculating Rydberg states in dc fields. The result
transition probabilities are considerably more accurate t
standard methods in the intermediate-field region.

We have also provided evidence for a resonance fea
of multiphoton microwave transitions attributed to Landa
Zener-type excitations on the dc Stark map. In complex s
tems, this resonance may be obscured by other, sharper
nant features associated primarily with intramanifo
transitions. However, the resonance should be observab
atomic Na, provided that the driving frequency is close to
Landau-Zener level splitting.

More fundamentally, we have simply illustrated that Fl
quet analysis, in its standard form, is essentially equivalen
a discretization in time of Schro¨dinger’s equation over a hal
cycle of the driving field. Further applications of this tec
nique are in progress.
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FIG. 8. Transition probability from the 11s state to states of the
upper manifold$n511,l>2% and $n512,l50,1%. Dashed-curve,
12s final state; dot-dashed curve, 12p final state.
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