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Demkov-Osherov model reformulated in terms of conventional scattering theory
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One of the few exactly solvable time-dependent quantum-mechanics problems was first analyzed by
Demkov and Osherov 30 years ago„Zh. Éksp. Teor. Fiz.53, 1589 ~1967! @Sov. Phys. JETP26, 916
~1968!#…. This model problem describes the interaction of a set of approximate stationary states with an
additional state whose energy, in zeroth approximation, is a linear function of time. The Demkov-Osherov
model is reexamined here using conventional Fourier transform methods. Emphasis on forward propagation in
time eliminates the need for a Laplace transform of the wave function, as well as the resultant choice of
contours for the evaluation of transition amplitudes. The evolution operator for the model Hamiltonian is
expressed in terms of a single, frequency-dependent Sturmian. Such Sturmian functions are of considerable
current interest in the analysis of nonadiabatic phenomena.@S1050-2947~98!07707-5#

PACS number~s!: 34.50.Fa, 34.10.1x, 03.65.Nk
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I. INTRODUCTION

Many physical processes in atomic collision physics c
be analyzed treating the heavy nuclei classically and solv
a nonstationary Schro¨dinger equation for the electrons. How
ever, the difficulties inherent in obtaining analytical solutio
to such problems has led to widespread use of approxima
methods based on a few idealized models that are know
have exact solutions. Principal among these are the Lan
Zener model@1# and the Demkov-Osherov model@2,3#.

If the Hamiltonian depends only weakly on time, inelas
processes occur at times when two~or more! instantaneous
energy eigenvalues are nearly degenerate. The Landau-Z
model describes transitions among a pair of adiabatic st
whose instantaneous energies vary linearly with time, exc
near their point of intersection where they avoid one anot
and do not cross. The model yields accurate transition p
abilities if the energy splitting at the quasi-intersection
small compared to the energy splittings to other levels~that
is, provided the two interacting states are energetically
lated.! When a physical system has many such isolated
tersections, the Landau-Zener formula can sometimes be
plied to each intersection separately, with inelastic proces
described by multiplying the probabilities for passing eith
adiabatically or diabatically through each quasi-intersecti

Remarkably, the Landau-Zener formula is sometimes u
ful even when avoided crossings are not isolated@4#.
Demkov and Osherov introduced a model for transitions
tween a number of approximate stationary states and ano
state of a different kind whose energy, in zeroth approxim
tion, is a linear function of time. The scattering matrix f
this multilevel problem resolves precisely into products
separate Landau-Zener factors, independent of the stre
of the interaction between any pair of quasi-intersecting l
els. The Demkov-Osherov solution has successfully mode
a number of ion-atom and atom-atom collision processes

The original solution of this model problem employ
Laplace transforms with integration contours chosen acc
PRA 581050-2947/98/58~1!/348~9!/$15.00
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ing to the initial conditions@2#. In that approach, the system
is chosen to be in an initial eigenstate. Because applicat
often require arbitrary initial states, especially when the c
tinuum is involved, a solution that avoids separate conto
for each initial eigenstate is desirable. Standard scatte
theory employing the time evolution operator is one way
achieve this objective.

In this paper, the Demkov-Osherov model is reformula
in terms of conventional scattering theory. Emphasis on f
ward propagation in time replaces the Laplace transform
the original formulation by a simpler Fourier transform. Th
need for a transition-specific choice of contours is there
eliminated. An exact integral expression for the forwar
evolution operator results from this analysis; its evaluat
using the method of stationary phase in the limit of infin
elapsed time yields explicit expressions for the magnitu
and phases of the resultant scattering amplitudes. The
gral expression for the forward evolution operator and
phases of the scattering amplitudes have not been given
viously.

In addition to its utility as a model, the analysis o
Demkov and Osherov may have far-reaching implicatio
for the study of nonstationary quantum-mechanics proble
in general. Recent advances in ion-atom collision the
make use of the Fourier transform methods described he
@5#. Difficult questions of boundary conditions in the fre
quency domain are simply answered in the context of
model. Furthermore, the model naturally replaces adiab
states in the time domain by a Sturmian in the frequen
domain. In fact, the forward-evolution operator is most si
ply expressed in terms of a single frequency-dependent S
mian. Such Sturmian states are now widely used in tim
dependent quantum-mechanics problems@5,6#, and the
analysis presented below provides the simplest intuitive
lustration of their utility.

II. THE MODEL HAMILTONIAN

The Hamiltonian studied by Demkov and Osherov d
scribes the interaction of a set of approximate station
348 © 1998 The American Physical Society
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states,u i &, with an additional state,u0&, whose energy, in
zeroth approximation, is a linear function of time. The inte
action among these states is assumed to be constant.
Hermitian Hamiltonian is accordingly parametrized by t
matrix elements

^0uH~ t !u0&5bt, ^0uH~ t !u i &5hi ,

^ i uH~ t !u0&5hi* , ^ i uH~ t !u j &5e id i , j . ~1!

Assuming that the states are complete and orthonormal,

u0&^0u1(
i

u i &^ i u51, ^0u0&51, ^0u i &50,

^ i u j &5d i , j , ~2!

this Hamiltonian is expressed in terms of a projection ope
tor V as

H~ t !5H01btV, H05H~0!, V[u0&^0u, ~3!

whereb.0 is assumed for simplicity. Atomic units are use
throughout this work.

Schrödinger’s equation for the Demkov-Osherov model
then

S i
]

]t
2H0D uC~ t !&5btVuC~ t !&. ~4!

We transform Eq.~4! to the frequency domain by focus
ing on the forward propagation in time of an initial solutio
uC(t0)&. To this end, we left multiply Eq.~4! by the step
function

u~ t2t0!5H 0, t,t0

1, t>t0
~5!

and make use of the commutator

Fu~ t2t0!,
]

]t G52d~ t2t0! ~6!

to find

S i
]

]t
2H0D uC~ t !&u~ t2t0!2 i uC~ t !&d~ t2t0!

5btVuC~ t !&u~ t2t0!. ~7!

Upon defining the Fourier transform functionC(v)

uC~ t !&u~ t2t0!5E
2`

`

dv e2 ivtuC~v!&, ~8!

Eq. ~7! becomes

E
2`

`

dv e2 ivt~v2H0!uC~v!&2 i uC~ t !&d~ t2t0!

5btVuC~ t !&u~ t2t0!. ~9!

The inverse Fourier transform of this equation is
-
he

-

2p~v2H0!uC~v!&2 ieivt0uC~ t0!&

5bVE
2`

`

dt eivttuC~ t !&u~ t2t0!. ~10!

We rewrite the right-hand side of this expression as

bVE
2`

`

dt eivttuC~ t !&u~ t2t0!522p ibV
]

]v
uC~v!&

~11!

and find, after rearranging terms, the differential form

ibV
]

]v
uC~v!&1~v2H0!uC~v!&5

i

2p
eivt0uC~ t0!&.

~12!

Equation~12! is the appropriate Fourier transform of E
~4! and is the principal result of this section. The initial co
dition, uC(t0)&, appears explicitly as an inhomogeneity
the frequency domain. The inhomogeneous term was no
cluded in Demkov and Osherov’s original solution, sin
they focused on the transform of the full wave functio
uC(t)& without regard to forward~or backward! propagation
in time.

A solution of the homogeneous equation

ibV
]

]v
uCh~v!&1~v2H0!uCh~v!&50 ~13!

may always be added to any particular solution of Eq.~12!.
However, the integral in Eq.~8! must be zero fort,t0 , and
this requires thatuC(v)& have the form

uC~v!&5eivt0uC̃~v!&, ~14!

whereuC̃(v)& is an analytic function in the upper half of th

complexv plane.@Specifically,uC̃(v)& must have no poles
or branch points in the upper half plane and must vanish
the upper half plane asuvu→`.] We will show below that
this requirement of analyticity determines a boundary con
tion in the frequency domain that, in turn, determines
contribution of the homogeneous term touC(v)&.

Our solution of Eq.~12! is presented in Sec. IV, below
The solution is most readily expressed in terms of a S
mian, as defined in the next section.

III. THE STURMIAN

Following standard practice, we define a Sturmia
uS(v)&, as the solution of

~v2H0!uS~v!&5t~v!bVuS~v!&, ~15!

wheret(v) is the Sturmian eigenvalue.
Note that ift is fixed at the valuet5t andv is treated as

the eigenvalue,v5E(t), then Eq.~15! is identical to the
adiabatic approximation to Eq.~4!. Accordingly, t(v) is
simply the inverse of the usual ‘‘adiabatic’’ eigenspectru
Em(t). Similarly, the Sturmian,uS(v)&, evaluated atv
5Em(t) is equal~to within normalization! to the mth adia-
batic state at timet.
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The Sturmian for the Demkov-Osherov model is read
constructed by projecting Eq.~15! onto ^0u and^ i u, and then
using Eqs.~1! and ~2!:

v^0uS~v!&2(
i

hi^ i uS~v!&5bt~v!^0uS~v!&, ~16!

2hi* ^0uS~v!&1~v2e i !^ i uS~v!&50. ~17!

Solving Eq.~17! for ^ i uS(v)& and substituting the result int
Eq. ~16! yields the secular equation

Fv2(
i

uhi u2

v2e i
2bt~v!G ^0uS~v!&50. ~18!

A nontrivial solution of Eq.~15! exists only when the eigen
value satisfies

t~v!5
1

bFv2(
i

uhi u2

v2e i
G . ~19!

For the Demkov-Osherov model, the one Sturmian eig
valuet is a single-valued function ofv with simple poles on
the realv axis. This circumstance is illustrated in Fig.
Figure 1~a! shows the adiabatic eigenspectrum for a mo

FIG. 1. ~a! Adiabatic energies for a model Hamiltonian withb
51 andhi51/4, and~b! the corresponding Sturmian eigenvalue
-

l

consisting of five equally spacede i levels, withhi51/4 and
b51. The correspondingt(v), as given by Eq.~19!, is
shown in Fig. 1~b!.

The Sturmian is now obtained, to within normalizatio
from Eq. ~17! and the completeness relation Eq.~2!:

uS~v!&5F u0&1(
i

hi*

v2e i
u i &G ^0uS~v!&. ~20!

The normalization factor may be selected to eliminate
poles atv5e i @e.g., so that̂S(v)uS(v)&51]. However, the
normalization constant will play no role in our solution, s
that it is simpler to choose

^0uS~v!&51. ~21!

The Sturmian and its eigenvalue have poles on the reav
axis, and careful treatment of these poles will be essentia
the evaluation of the Fourier transform Eq.~8! and to the
imposition of the analyticity requirement Eq.~14!. For the
sake of clarity, we introduce here two alternative Sturmia
obtained by shifting all diagonal elements ofH(t) infinitesi-
mally below

uS2~v!&5F u0&1(
i

hi*

v2e i1 ih
u i &G ~22!

and above the real axis

uS1~v!&5F u0&1(
i

hi*

v2e i2 ih
u i &G ~23!

with the understanding that the limith→01 will eventually
be taken. The corresponding Sturmian eigenvalues are

t6~v!5
1

bFv7 ih2(
i

uhi u2

v2e i7 ihG . ~24!

IV. SOLUTION IN THE FREQUENCY DOMAIN

We now return to Eq.~12! and project it ontô 0u and^ i u
to obtain

ib
d

dv
^0uC~v!&1^0uv2H0uC~v!&5

i

2p
eivt0^0uC~ t0!&,

~25!

^ i uv2H0uC~v!&5
i

2p
eivt0^ i uC~ t0!&. ~26!

Shifting the diagonal elements ofH0 infinitesimally into the
lower half plane, using the completeness relation Eq.~2! and
the matrix elements Eq.~1!, then gives
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ib
d

dv
^0uC~v!&1~v1 ih!^0uC~v!&2(

i
hi^ i uC~v!&5

i

2p
eivt0^0uC~ t0!&, ~27!

2hi* ^0uC~v!&1~v2e i1 ih!^ i uC~v!&5
i

2p
eivt0^ i uC~ t0!&. ~28!
,
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The second of these may be solved directly for^ i uC(v)&:

^ i uC~v!&5
1

v2e i1 ihFhi* ^0uC~v!&1
i

2p
eivt0^ i uC~ t0!&G .

~29!

Substituting this result into Eq.~27! and rearranging terms
we find

F ib
d

dv
1v1 ih2(

i

uhi u2

v2e i1 ihG ^0uC~v!&

5
ieivt0

2p F ^0uC~ t0!&1(
i

hi^ i uC~ t0!&
v2e i1 ih G . ~30!

This result is simply expressed in terms of the Sturmian
its eigenvalue using Eqs.~23! and ~24!

F i
d

dv
1t2~v!G^0uC~v!&5

i

2pb
eivt0^S1~v!uC~ t0!&.

~31!

Equation~31! is readily integrated to give

^0uC~v!&5
eif~v!

2pb FC

1E
2`

v

dn e2 if~n!1 int0^S1~n!uC~ t0!&G ,
~32!

where the constantC remains to be determined, and

f~v![Ev

dv8t2~v8!

5
1

bFv2

2
1 ihv2(

i
uhi u2ln~v2e i1 ih!G . ~33!

Equations~29! and ~32! provide a solution of Schro¨d-
inger’s equation~12! in the frequency domain:

uC~v!&5u0&^0uC~v!&1(
i

u i &^ i uC~v!&. ~34!

Upon substituting our results and rearranging terms, we
d

d

uC~v!&5C
eif~v!

2pb
uS2~v!&1

i

2p (
i

u i &
eivt0

v2e i1 ih

3^ i uC~ t0!&1uS2~v!&
eif~v!

2pb

3E
2`

v

dn e2 if~n!1 int0^S1~n!uC~ t0!&. ~35!

The first term on the right-hand side of this equation is
solution of the homogeneous Eq.~13!. The remaining two
terms are proportional to the driving term in Eq.~12!, and so
result from incorporating the step function in Eq.~8!.

The difference between the present formulation and
original solution of Demkov and Osherov may now be cla
fied. By considering the transform of the full wave functio
Demkov and Osherov’s solution consists entirely of the h
mogeneous term in Eq.~35!. Owing to thev2 contribution to
the phase, Eq.~33!, this homogeneous term diverges asuvu
→` in the second and fourth quadrants of the complexv
plane. Accordingly, Demkov and Osherov terminated
contour in the first and third quadrants. Our focus on forwa
propagation instead yields the analyticity requirement,
~14!, so that the homogeneous term inuC(v)& must be set to
zero; i.e.,

C50, ~36!

which is equivalent to the boundary condition

lim
v→2`

uC~v!&50. ~37!

The second term on the right-hand side of Eq.~35! clearly
satisfies Eq.~14!, since the poles have been shifted into t
lower half of the complexv plane. That the third term in Eq
~35! also satisfies Eq.~14!, and so contributes to the Fourie
transform only ift.t0, is not obvious and so requires furthe
comment here. Recall from Eq.~22! that uS2(v)& is an ana-
lytic function of v in the upper half plane; we therefore nee
to consider only the analytic properties of the factor

F~v!5eif~v!2 ivt0E
2`

v

dn e2 if~n!1 int0^S1~n!uC~ t0!&.

~38!

Upon differentiating this factor, recalling Eq.~24!, and rear-
ranging terms, one finds



ts

for

352 PRA 58J. H. MACEK AND M. J. CAVAGNERO
F12
1

v2bt01 ih (
i

uhi u2

v2e i1 ih
1

ib

v2bt01 ih

d

dvGF~v!

5 ib
^S1~v!uC~ t0!&

v2bt01 ih
. ~39!
in

no
a

This is a first-order differential equation with coefficien
that are analytic in the upper half plane. It follows thatF(v)
is also analytic in the upper half plane, except possibly
the point atuvu5`. Equation~39! may furthermore be in-
verted to determine an asymptotic expansion ofF(v) near
uvu5`:
F~v!

ib
5F12

1

v2bt01 ih (
i

uhi u2

v2e i1 ih
1

ib

v2bt01 ih

d

dvG21 ^S1~v!uC~ t0!&
v2bt01 ih

5F11
1

v2bt01 ih (
i

uhi u2

v2e i1 ih
2

ib

v2bt01 ih

d

dv
1•••G ^S1~v!uC~ t0!&

v2bt01 ih
~40!

5
^0uC~ t0!&

v
1O~v22!. ~41!
ds

li-

s

e-
rom
F(v) accordingly decreases as 1/v in the limit uvu→`. This
completes our proof that the final term in Eq.~35! satisfies
the analyticity requirement of Eq.~14!.

V. THE EVOLUTION OPERATOR

The two remaining terms in Eq.~35! derive from opera-
tions upon an arbitrary initial stateuC(t0)&. Combining Eqs.
~35! and~36! with the Fourier transform in Eq.~8! yields an
evolution operator for forward propagation,UF(t,t0), de-
fined by

uC~ t !&u~ t2t0!5UF~ t,t0!uC~ t0!& ~42!

with the explicit form

UF~ t,t0!5UF
0~ t,t0!1

1

2pbE2`

`

dvuS2~v!&eif~v!2 ivt

3F E
2`

v

dn e2 if~n!1 int0^S1~n!uG , ~43!

where

UF
0~ t,t0!5

i

2p (
i

u i &E
2`

`

dv
e2 iv~ t2t0!

v2e i1 ih
^ i u. ~44!

The integral in Eq.~44! is readily evaluated, giving

UF
0~ t,t0!5u~ t2t0!(

i
u i &e2 i e i ~ t2t0!^ i u, ~45!

which represents free evolution of the statesu i & in the ab-
sence of interaction with the stateu0&.

The nontrivial part of the time evolution is contained
the second term of Eq.~43!. This exact form of the forward
evolution operator for the Demkov-Osherov model has
been given previously and is the principal result of this p
per.
t
-

VI. EVALUATION OF THE TRANSITION AMPLITUDES

The form of the evolution operator given above yiel
directly the time-dependent amplitudes

^0uUF~ t,t0!u0&5
1

2pbE2`

`

dv eif~v!2 ivt

3E
2`

v

dn e2 if~n!1 int0, ~46!

^ i uUF~ t,t0!u0&5
hi*

2pbE2`

`

dv
eif~v!2 ivt

v2e i1 ih

3E
2`

v

dn e2 if~n!1 int0, ~47!

^0uUF~ t,t0!u i &5
hi

2pbE2`

`

dv eif~v!2 ivt

3E
2`

v

dn
e2 if~n!1 int0

n2e i1 ih
, ~48!

^ i uUF~ t,t0!u j &5u~ t2t0!d i , je
2 i e i ~ t2t0!1

hi* hj

2pb

3E
2`

`

dv
eif~v!2 ivt

v2e i1 ihE2`

v

dn
e2 if~n!1 int0

n2e j1 ih
.

~49!

The S-matrix elements are proportional to the above amp
tudes in the limitst→` and t0→2`. However, the evolu-
tion operator Eq.~43! and the resultant transition amplitude
are given here in the Schro¨dinger picture@7#, while the S
matrix is generally written in the interaction picture. To pr
serve this convention, we extract the asymptotic phases f
the transition amplitudes and define theS matrix for this
model by
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Si j 5 lim
t→`

t0→2`

expF i E t

Ei~ t8!dt8G^ i uU~ t,t0!u j &

3expF2 i E t0
Ej~ t8!dt8G , ~50!

where Ei(t) is the adiabatic energy corresponding to th
statei in the limit t→` ~or t0→2`). The required phase
factors are

lim
t0→2`

E t0
E0~ t8!dt85

b

2
t0
22(

i

uhi u2

b
ln~21/t0!, ~51!

lim
t0→2`

E t0
Ei~ t8!dt85e i t01

uhi u2

b
ln~21/t0!, ~52!

lim
t→`

E t

E0~ t8!dt85
b

2
t21(

i

uhi u2

b
ln~ t !, ~53!

lim
t→`

E t

Ei~ t8!dt85e i t2
uhi u2

b
ln~ t !. ~54!

We now turn to the evaluation of theU matrix in the
limits t0→2` andt→`. Consider first the integral enterin
Eqs.~46! and ~47!

I 0~v![ lim
t0→2`

E
2`

v

dn e2 if~n!1 int0. ~55!

The integrand of this expression oscillates rapidly for la
values ofut0u, so that the only nonvanishing contributions
t0→2` result from values ofn for which the phase is sta
tionary; i.e., for which

df~n!

dn
5t2~n!5t0 . ~56!

The stationary phase points can be extracted directly f
Eq. ~24!:

n05bt01
1

bt0
(

i
uhi u21O~ t0

22!, ~57!

n i5e i2
uhi u2

bt0
1O~ t0

22!. ~58!

Following Eckart@8#, the integralI 0(v) is then

I 0~v!5A22p i lim
t0→2`

F u~v2n0!e2 if~n0!1 in0t0

A~dt2 /dn!n5n0

1(
i

u~v2n i !e
2 if~n i !1 in i t0

A~dt2 /dn!n5n i

G . ~59!

Differentiation of Eq.~24! yields

dt2

dn U
n5n0

5
1

b
1O~ t0

21!, ~60!
e

m

dt2

dn U
n5n i

5
bt0

2

uhi u2
1

1

bF11(
j Þ i

uhj u2

~e i2e j !
2G1O~ t0

21!.

~61!

Accordingly, only the stationary phase pointn5n0 contrib-
utes toI 0(v) as t0→2`, with the result

I 0~v!5u~v2bt0!A22p ibeibt0
2/2)

i
ai~e i2bt0! i uhi u

2/b,

~62!

whereai is the Landau-Zener amplitude for au0&→u0& tran-
sition near the crossing with leveli :

ai5Api5e2puhi u
2/b. ~63!

For the amplitudes in Eqs.~46! and ~47!, we then have

lim
t0→2`

^0uUF~ t,t0!u0&5
eibt0

2/2

A2p ib
)

j
aj~e j2bt0! i uhj u

2/b

3E
bt0

`

dveif~v!2 ivt, ~64!

lim
t0→2`

^ i uUF~ t,t0!u0&5
hi* eibt0

2/2

A2p ib
)

j
aj~e j2bt0! i uhj u

2/b

3E
bt0

`

dv
eif~v!2 ivt

v2e i1 ih
. ~65!

We next turn to the integral contributing to Eqs.~48! and
~49!:

I i~v![ lim
t0→2`

E
2`

v

dn
e2 if~n!1 int0

n2e i1 ih
. ~66!

Near the stationary phase pointn0 , given by Eq.~57!, the
integrand in this expression vanishes as 1/t0 . The stationary
phase pointsn j with j Þ i also do not contribute in the limit
due to amplitude factors akin to Eq.~61!. Accordingly, the
only contribution toI i(v) comes from the vicinity of the
pole at n5e i . Defining x5(e i2n)t0 , the integral can be
written

I i~v![u~v2e i ! Ī i , ~67!

Ī i5 lim
t0→2`

ei e i t0E
2`

2~v2e i !t0
dx

e2 if~e i2x/t0!e2 ix

x2 iht0
. ~68!

Note that ast0→2`, the only dependence of this integr
on v is contained in the step function. Expanding the pha
f(e i2x/t0) in Eq. ~33! to lowest order in 1/t0 gives the
limiting form

Ī i5ei e i t0e2 i e i
2/2b~21/t0! i uhi u

2/b )
j Þ i

~e i2e j1 ih! i uhj u
2/b

3E
2`

`

dx e2 ix~x2 iht0! i uhi u
2/b21. ~69!
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The remaining integral along the realx axis is evaluated by
extending the contour into the lower half of the complexx
plane and distorting it along the negative imaginary axis
encircle the pole. The integral along the negative imagin
axis is proportional to Hankel’s contour integral for th
Gamma function@9#:

E
2`

`

dx e2 ix~x2 iht0! i uhi u
2/b21

5~ i ! i uhi u
2/bE

c
dz~2z! i uhi u

2/bexp@2z#

5
2p

i

Aai

G~12 i uhi u2/b!
, ~70!

and yields

Ī i5
2p

i
ei e i t0e2 i e i

2/2b~21/t0! i uhi u
2/b

3
Aai

G~12 i uhi u2/b!)j Þ i
~e i2e j1 ih! i uhj u

2/b. ~71!

As h→01, each term in the product may be separated i
its amplitude and phase:

~e i2e j1 ih! i uhj u
2/b5ei uhj u

2~ lnue i2e j u!/b

3H 1, e i.e j

e2puhj u
2/b, e i,e j .

~72!

For the amplitudes in Eqs.~48! and ~49! we then have

lim
t0→2`

^0uU~ t,t0!u i &5
Ī ihi

2pbEe i

`

dv eif~v!2 ivt, ~73!

lim
t0→2`

^ i uU~ t,t0!u j &5d i , je
2 i e i ~ t2t0!

1
Ī jhi* hj

2pb E
e j

`

dv
eif~v!2 ivt

v2e i1 ih
.

~74!

Equations~64!, ~65!, ~73!, and ~74! give expressions for
the transition amplitudes in terms of one-dimensional in
grals. The remaining integrals are readily evaluated in
limit t→` using the techniques described above. Evalua
of the integral entering Eqs.~64! and ~73!

J0~v0![ lim
t→`

E
v0

`

dv eif~v!2 ivt ~75!

closely follows the argument used above forI 0(v), and
yields

J0~v0!5A2p ibe2 ibt2/2)
i

~bt2e i !
2 i uhi u

2/b. ~76!
o
y

o

-
e
n

This result, combined with Eq.~64!, gives the transition am-
plitude

lim
t→`

t0→2`

^0uU~ t,t0!u0&5eib~ t0
2
2t2!/2)

i
ei uhi u

2ln~2t0 /t !/bai .

~77!

The corresponding extreme-diabaticS-matrix element is then
@recall Eq.~50!#

S005)
i

ai ~78!

with corresponding probability@recall Eq.~63!#

uS00u25)
i

pi ~79!

as found earlier by Demkov and Osherov.
Combining Eqs.~50!, ~71!, ~73!, and ~76! we then have,

for the i→0 transition

S0i5A2p

ib

hie
igAai

G~12 i uhi u2/b! )
k

ek.e i

ak , ~80!

where

g[2e i
2/2b2

~ ln b!

b (
j

uhj u21(
kÞ i

uhku2

b
lnue i2eku.

~81!

The transition probability is then@10#

uS0i u25~12pi ! )
k

ek.e i

pk , ~82!

which is the desired result.
The remaining integral entering Eqs.~65! and ~74!,

Ji~v0!5E
v0

`

dv
eif~v!2 ivt

v2e i1 ih
, ~83!

is evaluated following the above argument forI i(v), giving

Ji~v0!5u~e i2v0!J̄i ,

J̄i5
2p

i
e2 i e i tei e i

2/2b~1/t !2 i uhi u
2/b

3
1

AaiG~11 i uhi u2/b!
)
j Þ i

~e i2e j1 ih!2 i uhj u
2/b.

~84!

Combining this result with Eqs.~50! and ~65! yields

Si052 iA2p

ib

hi* eid

AaiG~11 i uhi u2/b!
)

k

ek<e i

ak , ~85!
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where

d[1e i
2/2b2

~ ln b!

b (
j

uhj u22(
kÞ i

uhku2

b
lnue i2eku.

~86!

The probability for a transition from stateu0& to stateu i & is

uSi0u25~12pi ! )
k

ek,e i

pk ~87!

as expected for a multicrossing model.
For inelastic transitions between the stationary statej

→ i with iÞ j , Eqs.~50!, ~65!, ~83!, and~84! yield

Si j 52
2p

b
hi* hju~e i2e j !

3
eiDAaj

AaiG~11 i uhi u2/b!G~12 i uhj u2/b!
)

k

e i>ek.e j

ak ,

~88!

where

D51
1

2b
~e i

22e j
2!1(

kÞ j

uhku2

b
lnue j2eku

2 (
l Þ i

uhl u2

b
lnue i2e l u. ~89!

The transition probability is then

uSi j u25u~e i2e j !~12pj !F )
k

i .k. j

pkG ~12pi !. ~90!

Evaluation of the amplitude for elastic scattering in st
u i & requires particular care, due to the coincidence of
poles in Eq.~49!,

Uii
`[ lim

t→`
t0→2`

^ i uU~ t,t0!u i &5e2 i e i ~ t2t0!1
uhi u2

2pb

3E
2`

`

dv
eif~v!2 ivt

v2e i1 ihE2`

v

dn
e2 if~n!1 int0

n2e i1 ih
. ~91!

Settingv5e i1x/t andn5e i2y/t0 and evaluating the inte
grands for larget and2t0 gives

Uii
`5e2 i e i ~ t2t0!F11

uhi u2

2pb
~2t/t0! i uhi u

2/b

3E
2`

`

dx e2 ix~x!2 i uhi u
2/b21

3E
2`

2xt0 /t

dy e2 iy~y! i uhi u
2/b21G . ~92!

Now settingy5xz gives
e
e

Uii
`5e2 i e i ~ t2t0!F11

uhi u2

2pb
~2t/t0! i uhi u

2/b

3E
2`

`

dx
e2 ix

x E
2`

2t0 /t

dz e2 ixz~z! i uhi u
2/b21G . ~93!

The integral overx is evaluated by simple contour integra
tion

E
2`

`

dx
e2 ix~11z!

x
522p iu~11z!, ~94!

leaving

Uii
`5e2 i e i ~ t2t0!F12 i

uhi u2

b
~2t/t0! i uhi u

2/b

3E
21

2t0 /t

dz~z! i uhi u
2/b21G . ~95!

The remaining integral overz is elementary, and the fina
result for the elastic scattering amplitude is

Sii 5ai ~96!

with corresponding probability

uSii u25pi ~97!

as expected.

VII. DISCUSSION AND CONCLUSIONS

While the transition probabilities resulting from ou
analysis are all contained in Demkov and Osherov’s origi
work, our exact expression for the evolution operator and
time-dependent transition amplitudes have not been gi
previously. The double integral representation for the evo
tion operator is evaluated in the limits of large times to o
tain the exactS matrix for this model. More importantly, the
analytical result indicates that the exact evolution operato
represented by a single frequency dependent Sturm
Single Sturmian approximations have been used recentl
describe ionization processes in ion-atom and electron-a
collisions. Our reexamination of the Demkov-Osherov mo
shows how a single Sturmian represents an entire chai
avoided crossings of adiabatic levels.
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