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One of the few exactly solvable time-dependent quantum-mechanics problems was first analyzed by
Demkov and Osherov 30 years agdéh. Eksp. Teor. Fiz.53, 1589 (1967 [Sov. Phys. JETR26, 916
(1968]). This model problem describes the interaction of a set of approximate stationary states with an
additional state whose energy, in zeroth approximation, is a linear function of time. The Demkov-Osherov
model is reexamined here using conventional Fourier transform methods. Emphasis on forward propagation in
time eliminates the need for a Laplace transform of the wave function, as well as the resultant choice of
contours for the evaluation of transition amplitudes. The evolution operator for the model Hamiltonian is
expressed in terms of a single, frequency-dependent Sturmian. Such Sturmian functions are of considerable
current interest in the analysis of nonadiabatic phenon|{&1050-294{@8)07707-3

PACS numbes): 34.50.Fa, 34.16:x, 03.65.Nk

[. INTRODUCTION ing to the initial conditiong2]. In that approach, the system
is chosen to be in an initial eigenstate. Because applications
Many physica| processes in atomic collision physics Carpften require arbitrary initial states, especially when the con-
be analyzed treating the heavy nuclei classically and solvingnuum is involved, a solution that avoids separate contours
a nonstationary Schdinger equation for the electrons. How- 10 each initial eigenstate is desirable. Standard scattering

ever, the difficulties inherent in obtaining analytical solutions'N€0rY €émploying the time evolution operator is one way to
chieve this objective.

to such problems has led t_o wi(_jespread use of approximatio?i In this paper, the Demkov-Osherov model is reformulated
methods based on a few idealized models that are known 3 terms of conventional scattering theory. Emphasis on for-

have exact solutions. Principal among these are the Landaward propagation in time replaces the Laplace transform in

Zener mode[1] and the Demkov-Osherov mode, 3]. _the original formulation by a simpler Fourier transform. The

If the Hamiltonian depends only weakly on time, inelastic neeq for a transition-specific choice of contours is thereby
processes occur at times when t@y more instantaneous  gfiminated. An exact integral expression for the forward-
energy eigenvalues are nearly degenerate. The Landau-Zengfolution operator results from this analysis; its evaluation
model describes transitions among a pair of adiabatic stateging the method of stationary phase in the limit of infinite
whose instantaneous energies vary linearly with time, excepdlapsed time yields explicit expressions for the magnitudes
near their point of intersection where they avoid one anotheand phases of the resultant scattering amplitudes. The inte-
and do not cross. The model yields accurate transition prolgral expression for the forward evolution operator and the
abilities if the energy splitting at the quasi-intersection isphases of the scattering amplitudes have not been given pre-
small compared to the energy splittings to other leyiiat  viously.
is, provided the two interacting states are energetically iso- In addition to its utility as a model, the analysis of
lated) When a physical system has many such isolated inDemkov and Osherov may have far-reaching implications
tersections, the Landau-Zener formula can sometimes be afr the study of nonstationary quantum-mechanics problems
plied to each intersection separately, with inelastic processd8 general. Recent advances in ion-atom collision theory
described by multiplying the probabilities for passing eithermake use of the Fourier transform methods described herein
adiabatically or diabatically through each quasi-intersection[]- Difficult questions of boundary conditions in the fre-

Remarkably, the Landau-Zener formula is sometimes usgduency domain are simply answered in the context of the
ful even when avoided crossings are not isolafed. model. .Further_more, the. model natura[ly r(_aplaces adiabatic
Demkov and Osherov introduced a model for transitions beStateS N the time domain by a Sturmian in the frequency

tween a number of approximate stationary states and anothg main. In fact., the forward-gvolutmn operator is most sim-
state of a different kind whose energy, in zeroth approximap y expressed in terms of a single frequency-dependent Stur-

tion, is a linear function of time. The scattering matrix for (T'an' dSucth Sturr:uan statﬁs are nowbl\’v:;ég use(cij |rtlht|me-
this multilevel problem resolves precisely into products of ependent guantum-mechanics probie ; an €

separate Landau-Zener factors, independent of the streng alys_is presen_ted .pelow provides the simplest intuitive il-
of the interaction between any pair of quasi-intersecting ey ustration of their utility.
els. The Dem_kov-Osherov solution has suc_:c_essfully modeled Il. THE MODEL HAMILTONIAN
a number of ion-atom and atom-atom collision processes.

The original solution of this model problem employs The Hamiltonian studied by Demkov and Osherov de-
Laplace transforms with integration contours chosen accordscribes the interaction of a set of approximate stationary
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states,|i), with an additional statel0), whose energy, in

zeroth approximation, is a linear function of time. The inter-
action among these states is assumed to be constant. The
Hermitian Hamiltonian is accordingly parametrized by the

matrix elements
(O[H(D]0)=pt,
(iH(1)[0)=h{",

(O[H()[i)=h;,
(iHD)]i)=€6 ;. D
Assuming that the states are complete and orthonormal,

[0)(0+ 2 li)(i]=1, (0lo)=1, (0li}=0,

(iliy=26i;, 2

this Hamiltonian is expressed in terms of a projection opera-

torV as

H()=Ho+BtV, Ho=H(0), V=|0)0], (3
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2m(w—Hg)|¥(w))—ie'b|¥(ty))

:ﬁvfiodtéw‘tmf(t))a(t—to). (10)

We rewrite the right-hand side of this expression as

d
¥ (w)

,BVf:dtei“’tt|\lf(t)>0(t—t0)= — 2 ,ev&—
(11

and find, after rearranging terms, the differential form

d i
i,BV%N’(w))-i-(w— Ho)|V(w))= ZI—We""t0|\I’(to)>.
(12)

Equation(12) is the appropriate Fourier transform of Eq.
(4) and is the principal result of this section. The initial con-
dition, |W(ty)), appears explicitly as an inhomogeneity in
the frequency domain. The inhomogeneous term was not in-
cluded in Demkov and Osherov’s original solution, since

whereB>0 is assumed for simplicity. Atomic units are used they focused on the transform of the full wave function

throughout this work.

| W (t)) without regard to forwardor backwardl propagation

Schralinger’s equation for the Demkov-Osherov model isiy, time.

then

.
IE—H0>|‘I’(t)>=BtVI‘I’(t)>- 4

We transform Eq(4) to the frequency domain by focus-
ing on the forward propagation in time of an initial solution
| ¥ (ty)). To this end, we left multiply Eq(4) by the step
function

B 0, t<tg
O(t—to) = 1 t=t, (5
and make use of the commutator
J
B(t_to),ﬁ}: —8(t—tp) (6)
to find
J
(iE_Ho)|\I’(t)>9(t_to)_i|‘I’(t)>5(t—to)
=BtV[¥ (1)) 6(t—to). (7
Upon defining the Fourier transform functioh(w)
wOt-to= [ doe W), ®
Eq. (7) becomes
| doe (o-Hglw)-ilvm)at-to
=BtV (1)) 6(t—to). 9

The inverse Fourier transform of this equation is

A solution of the homogeneous equation

]
1BV~ |Wn(@))+(@—Ho)|Wh(w))=0 (13

may always be added to any particular solution of 8@).
However, the integral in Eq8) must be zero fot<t,, and
this requires that¥ (»)) have the form

|V (w)) =€ (w)), (14)

Whereﬁ'(w)) is an analytic function in the upper half of the

complexw plane.[Specifically,| ¥ (w)) must have no poles
or branch points in the upper half plane and must vanish in
the upper half plane dss|—%=.] We will show below that
this requirement of analyticity determines a boundary condi-
tion in the frequency domain that, in turn, determines the
contribution of the homogeneous term|¥(w)).

Our solution of Eq.(12) is presented in Sec. IV, below.
The solution is most readily expressed in terms of a Stur-
mian, as defined in the next section.

lll. THE STURMIAN

Following standard practice, we define a Sturmian,
|S(w)), as the solution of

(0=Ho)|S(w))= () BV[S(w)),

where 7(w) is the Sturmian eigenvalue.

Note that if 7 is fixed at the value=t andw is treated as
the eigenvaluew=E(t), then Eq.(15) is identical to the
adiabatic approximation to Eq4). Accordingly, 7(w) is
simply the inverse of the usual “adiabatic” eigenspectrum,
E.(t). Similarly, the Sturmian,|S(w)), evaluated atw
=E,(t) is equal(to within normalization to the uth adia-
batic state at time.

(15
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consisting of five equally spaced levels, withh,=1/4 and
B=1. The corresponding(w), as given by Eq.19), is
shown in Fig. 1b).

2| | The Sturmian is now obtained, to within normalization,

/:\5 from Eq.(17) and the completeness relation ER):
« L
~ 0
| i
| .

< |S(w))=|10)+ 2 __Mﬁwww». (20

-2r T W€

_al ]

i . . . ] The normalization factor may be selected to eliminate the
10 —5 0 5 10 poles atw= €; [e.g., SO tha{S(w)|S(w))=1]. However, the

that it is simpler to choose

o~ "~ 7T T " T° T

(0|S(w))=1. (21)

The Sturmian and its eigenvalue have poles on theweal

the evaluation of the Fourier transform E@®) and to the
imposition of the analyticity requirement E¢l4). For the

obtained by shifting all diagonal elementsté(t) infinitesi-
mally below

Sturmian Eigenvalue 7(w) (a.u.)
o
T

-10l . !

o (au.) |Si(w)>=

FIG. 1. (a) Adiabatic energies for a model Hamiltonian wigh
=1 andh;=1/4, and(b) the corresponding Sturmian eigenvalue.
and above the real axis
The Sturmian for the Demkov-Osherov model is readily
constructed by projecting E¢L5) onto(0| and(i|, and then
using Egs(1) and(2): IS"(w))=

w—¢€tin

0)+3 h—i|i>} (22

|0>+2i %:—inm} (23

o(0|S(w))— X, hi(i|S(®))=B(0){0|S(w)), (16)
: with the understanding that the limit— 0" will eventually
be taken. The corresponding Sturmian eigenvalues are

—h*(0|S(w))+ (00— €&){i|S(w))=0. (17)

i |hi|?
Ti(w)z—wiln—E _—. (24
Solving Eq.(17) for (i|S(w)) and substituting the result into B T om€+ly
Eq. (16) yields the secular equation
IV. SOLUTION IN THE FREQUENCY DOMAIN
2
w— [hil —BT(w)}<O|S(w)>=O. (18) We now return to Eq(12) and project it ontdq0| and(i|
T O € to obtain

A nontrivial solution of Eq.(15) exists only when the eigen- 5_—_ /o]y +(0lw—Ha| W = gioto/Q|W(t
value satisfies 'Bdw< W (w))+(0l@—Ho|¥()) - (0[W(to)),
(25)
1

T(w)=—

B

i WTE

|2
w—E il } (19 . i
<'|w_Ho|\I’(w)>:Eelwt‘)('m’(to»- (26)

For the Demkov-Osherov model, the one Sturmian eigen-
valuer is a single-valued function ab with simple poles on  Shifting the diagonal elements &f; infinitesimally into the
the realw axis. This circumstance is illustrated in Fig. 1. lower half plane, using the completeness relation(&pgand
Figure Xa) shows the adiabatic eigenspectrum for a modekhe matrix elements Ed1), then gives

t (a.u.) normalization constant will play no role in our solution, so

axis, and careful treatment of these poles will be essential to

. sake of clarity, we introduce here two alternative Sturmians
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d
B g (01 (@) +(0+in)(0[¥(w))~

—hi (0[¥(w)) +(0—&+in)i|¥(w))

The second of these may be solved directly fig¥ (w)):

(iI|V(w))= ei“’t0<i|‘1'(to)>}.

(29

i
hi* (0| ¥ (w))+ o

w—€+in

Substituting this result into Eq27) and rearranging terms,
we find

d |2
[Iﬂ@'ﬁ‘ﬁ)'ﬁ‘l?’]—z #Llﬂ <O|\If(w)>
i to hi(i|W(to))
== {(0|\If(to)>+§i: o—etin | (30)

This result is simply expressed in terms of the Sturmian an
its eigenvalue using Eq$23) and (24)

[id

do

#7-(@) |01 F (@)= 52 %S" (@) ¥ (to).

(31
Equation(31) is readily integrated to give
el #(w)
(O1W()=75_5/C
+f_:dv e 1 PTIM(ST ()| W (tg)) |,
(32)

where the constar® remains to be determined, and

d(w)= fwdw’r,(w’)

1[ w?

B

Equations(29) and (32) provide a solution of Schib
inger’s equation(12) in the frequency domain:

5 (33

+ino—2, |hi|An(o—e+in)|.
I

|\If<w>>=|0><0|\v<w>>+2|i><i|\P<w>>. (34)
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S i ()= 5= o0 (), @)
- 5=€ i ¥ (to)). 29
[
|¢ elwto
V()= 2|>w e

el (o)
X ([ (to) +]S™ (@) 5

xﬁw dv e 1 ¢WTIMo(ST ()| W(tg)).  (35)

The first term on the right-hand side of this equation is a
solution of the homogeneous E(L3). The remaining two
terms are proportional to the driving term in EG2), and so
result from incorporating the step function in H§).

The difference between the present formulation and the
original solution of Demkov and Osherov may now be clari-
fied. By considering the transform of the full wave function,
(lj)emkov and Osherov’s solution consists entirely of the ho-
mogeneous term in E¢35). Owing to thew? contribution to
the phase, Eq33), this homogeneous term diverges|as
—o in the second and fourth quadrants of the complex
plane. Accordingly, Demkov and Osherov terminated the
contour in the first and third quadrants. Our focus on forward
propagation instead yields the analyticity requirement, Eg.
(14), so that the homogeneous term #¥(w)) must be set to
zero; i.e.,

C=0, (36)
which is equivalent to the boundary condition
lim |¥(w))=0. (37

w— —®

The second term on the right-hand side of E3%) clearly
satisfies Eq(14), since the poles have been shifted into the
lower half of the complexv plane. That the third term in Eq.
(35) also satisfies Eq14), and so contributes to the Fourier
transform only ift>t, is not obvious and so requires further
comment here. Recall from E(2) that|S™ (w)) is an ana-
Iytic function of w in the upper half plane; we therefore need
to consider only the analytic properties of the factor

F(w):eiqﬁ(w)—iwtofw dv e_i¢(v)+imo<s+(V)l\I’(to)>.
(38)

Upon differentiating this factor, recalling E¢R4), and rear-

Upon substituting our results and rearranging terms, we findanging terms, one finds
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1 [hi|? i d This is a first-order differential equation with coefficients
1-— — 22—t —— — —|F(w) that are analytic in the upper half plane. It follows tFdi»)
©=Plotin T o=etin o= plotindo is also analytic in the upper half plane, except possibly for
the point at|w|=. Equation(39) may furthermore be in-

(S"(0)[¥(to)) (39) Verted to determine an asymptotic expansiorF6i») near
w—Ptotin || =20
|
Flw [ 1 |hi|? i d ]S (w)|¥(to))
ig w—PtytinT w—¢t+in o—Ptytindo w—Btyt+in
1 hi[?2 i d S* ()| W(t
s 5 | |_ B B d. (87 ()] (_o)) 40
w—Ptytin T w—€+in ow—pPLtytindo w—PBtyt+in
o|w(t
_{0¥to)) w(")>+0(w*2). (4D)

completes our proof that the final term in E85) satisfies

- ; The f f th luti tor gi iel
the analyticity requirement of Ed14). e form of the evolution operator given above yields

directly the time-dependent amplitudes

V. THE EVOLUTION OPERATOR

1 (= . .
— id(w)—iwt
The two remaining terms in Eq35) derive from opera- (OlUE(t.t0)|0) zwﬁfxdw €

tions upon an arbitrary initial stat& (ty)). Combining Egs.

(35) and(36) with the Fourier transform in Eq8) yields an % fw dy e ¢ tintg (46)
evolution operator for forward propagatiobl.(t,ty), de- —
fined by
w)—iwt
W (t))o(t—ty)=Ug(t,ty)|WP(t 42
[W(1) 6t to) = Up(L,t) ¥ (1)) (42 (i1Ue(110)[0) = 5 Bj N

with the explicit form

Xfw dy e ¢ Firtg (47)

1 (= . .
UF(t,to): Ug(t,to)‘f' ﬁf_wdw|s_(w)>el¢(w)—lwt

© , _ (0]Uk(t,to)i)= J dow et
< [T averenisinl], @
o © —ig(v)+ivty
X dy——m——y 48
where f_w v—€+in (48)
—th to)
b ; hih;
UR(t,tg)= 2 |'>f do €|+|7l<||' (44) (iUe(t,to)] iy = 0(t—tg) & je a0 4 LT 277/8
o idp(w)—iwt e ip(v)+ivty
The integral in Eq(44) is readily evaluated, giving xf do : f dv .
— W ETIN) o v—€tin
(49

U2(t,t)=6(t—to) X, |iYe 6t (45)

The S-matrix elements are proportional to the above ampli-
which represents free evolution of the stafgsin the ab-  tudes in the limitd4— andt,— —. However, the evolu-
sence of interaction with the stalt@). tion operator Eq(43) and the resultant transition amplitudes

The nontrivial part of the time evolution is contained in are given here in the Schimger picture[7], while the S
the second term of Eq43). This exact form of the forward matrix is generally written in the interaction picture. To pre-
evolution operator for the Demkov-Osherov model has noserve this convention, we extract the asymptotic phases from
been given previously and is the principal result of this pathe transition amplitudes and define tBematrix for this
per. model by
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. (T . . dr_ Bty 1 |hy|?
= lim ex;{|J' E t’)dt’} ijU(t,t —— = + -1+ ! +0(ty h).
S] - |( < | ( 0)|J> dv _ W ,8 ; (ei_fj)i ( 0 )
ta— —
0 t (61)
H 0 ! !
XeXF{_'J E;(t")dt } (50) Accordingly, only the stationary phase point v, contrib-

utes tol y(w) asty— —o0, with the result
where E;(t) is the adiabatic energy corresponding to the

statei in the limit t—o (or tg— — ). The required phase — 52 g2
factors are (or to—>=) aaredp lo(@) = 0(w— Bto) V=2 BeP[ ay(—Bto)IMI7,
|
(62)

2
lim f Eo(t')dt' = Euln( 1ftg), (51)

to*)*OO

whereag; is the Landau-Zener amplitude fof@—|0) tran-
sition near the crossing with level

. to , , | ||2
tolln—]oof Ei(t")dt' =ety+ —— 3 In(—1ky), (52 ai:\/a:e—ﬂhi\z/ﬁ. (63)
. 8 Iy For the amplitudes in Eq$46) and (47), we then have
Iimf Eo(t’)dt’=§t2+2 Téln(t), (53) a2
t—oo i ero
lim (0]Ur(t,to)|0)= == H a;(— Bto) I8
r b2 o V
|imf E/(t)dt' = t— ——In(t). (54) .
t—oo B X f dwe d)(w)—lwt, (64)
Bto
We now turn to the evaluation of thg matrix in the
limits t,— — o andt—o. Consider first the integral entering h* e lBto/ZH P
Egs.(46) and (47) lim (i|Ug(t,to)]|0)= a;(ej— Bto)' NIk
N 2B iL€j
lo(w)=lim fw dpe "¢ tivt (55) @  gldle)-iot
of tg——o0d = xf do——— . (65)
0
Bto w—€+tIin

The integrand of this expression oscillates rapidly for large
values offto|, so that the only nonvanishing contributions as 9
to— —o0 result from values o¥ for which the phase is sta- (49):

We next turn to the integral contributing to Eq48) and

tionary; i.e., for which e id(n)+intg
dé(v) w)_tollmxj W ety v—etin (66
v =7_(v)=tg. (56)

Near the stationary phase poing, given by Eq.(57), the
The stationary phase points can be extracted directly fronntegrand in this expression vanishes asg .1The stationary
Eq. (24): phase pointg; with j#i also do not contribute in the limit,

due to amplitude factors akin to E(1). Accordingly, the

1 _ only contribution tol;(w) comes from the vicinity of the
_ - 12 2 i
vo=ptot BtoZ [hi[*+O(to %), (57) pole atv=g¢;. Defining x=(¢—)ty, the integral can be
written
|hil? _
VIS g ——+0(t5?). (58 l(w)=0w—€)l;, (67)
Following Eckart[8], the integrall o(w) is then — i “(o-eto @'/l
9 ’ grafiolw li=lim e'fitoJ de. (69)
. . tg—— —® - 0
_ H(w— Vo)e ip(vg)+ivgtg
lo(@)= —th IL”L@ dr_do) _ Note that as,— —, the only dependence of this integral
0 _ ' "o on w is contained in the step function. Expanding the phase
'S O(w—v;)e P Tivito 59 o(e—xlty) in Eq. (33) to lowest order in 1} gives the
- (dr_idv),_ . limiting form
Differentiation of Eq.(24) yields 1, =elcitog=ie 28— 14,)inIFB [ ] (€~ €j+in)hiA
j#]
dr_ 1 1 "
s = E+O(t0 ) (60) XJ dx & ¥(x—i yto) IMI6-1, 69)
V:VO —
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The remaining integral along the realaxis is evaluated by This result, combined with Eq64), gives the transition am-
extending the contour into the lower half of the complex plitude
plane and distorting it along the negative imaginary axis to
encircle the pole. The integral along the negative imaginary l iB(t2—t2)12 i|hi|2In(—to /)18
S . . im (0|U(t,tg)|0)=¢' e 0'ViPa; .
axis is proportional to Hankel's contour integral for the (0JU(t.t)|0)= H '

t—oo

Gamma functiorf9]: to— =
(77)
f dx e X (x—igtg) MiI7E-1 The corresponding extreme-diabaBianatrix element is then
- [recall Eq.(50)]
il 2 i1 |2
:(|)'|h|‘ /dez(_z)|‘h|| /Bexq_z]
¢ Soo=11 & (78
I
2 \/EI
i r(1-ilh|%B) 70 with corresponding probabilitjrecall Eq.(63)]
and yields |Soo|2=1_i[ P, (79)
— 27 . ) _.52 12
li=——¢ ctog1128( — 1) INITA as found earlier by Demkov and Osherov.
Combining Eqgs(50), (71), (73), and(76) we then have,
Jai - for thei—0 transition
— T s € —ei+in) e, 71
F(1_||h |2/B Jl;[| ( : ! 7]) ( ) iy €K €
S, (2T h;e \/_ H 80
L= —_— a ,
As 7—07, each term in the product may be separated into ' ig T(A-inPIp) W °*
its amplitude and phase:
where
e +im) I8 = gilhj?(nle— ¢/
(€i—€+in)' e'l" i o Z/ZB_ME heS Mw o
L €~ € o g < Ml g T T
e i, g<e. (72) (81)
) ) The transition probability is thefL0]
For the amplitudes in Eq$48) and (49) we then have
€= €
Th (> 1Soil2=(1—p) TT px. (82)
lim (OJU(t, t0)||>— BJ dwe'?@-iet (73 k
o ; which is the desired result.
lim (i|U(t,to)]j)=8, e it The remaining integral entering Eq$5) and (74),
tg—— d(w)—iot
1jh¥hy (= gleteriet % (wO)_f dv m (83

208 Jo Co—etin : : -
! is evaluated following the above argument fgfw), giving

(74) _

. . . Ji(wo) = (€~ wo)J;,

Equations(64), (65), (73), and(74) give expressions for

the transition amplitudes in terms of one-dimensional inte- o, o

grals. The remaining integrals are readily evaluated in the J,=——e '€teli/28( 1)~ InI"7B

limit t—oo using the techniques described above. Evaluation :

of the integral entering Eq$64) and (73) 1

* e e #e) T(1+i|hi|?/B) 1%
Jo(wg)=lim | dw et i 75 i g 1
t—owJ Wg (84)

. _ilh.12
(6—¢€+in) iInyl%8

closely follows the argument used above fg(w), and COombining this result with Eq450) and (65) yields
yields

27 h*e'd k=i
_ T aa—ipte2 _ A\ —ilh%8 — i~/ !
Jo(wo) =2 pe” ML (pt—e) T NTE - (76) So ux/,[;@rm”hi'z/ﬁ)l} a. (89
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where o _ie(t—tg) |hil? ilh|%8
|hy? Ui=e el 1 27Tﬂ( o)
5E+ei2/2,8— E h; = 2 —|n|€| €xl- © @ —tolt A o
86) xjiwd  dzePoz) AL (93
The probability for a transition from stat®) to stateli) is  1pe integral overx is evaluated by simple contour integra-
< tion
Siol*=(1—p1) l_k[ Pk 87 g X112
f dx—X =27 6(1+2), (94)

as expected for a multicrossing model.
For inelastic transitions between the stationary states, leaving

—i with i#], Eqgs.(50), (65), (83), and(84) yield nf?
i

Uﬁ=e“5i“‘t0)[1 |7( t/ty)!Iml*/8

& *
Sj:_ Fhl hjﬁ(ei—ej)
< TS >”“"2/Bl} (95)
iA €= € > €; Z(Z [ .
% e \/a—J 1—[ ! ak, -1
VaT(1+i[h| 2 BT (1-i[hy|2/B) & N _ _
The remaining integral ovez is elementary, and the final
(88 result for the elastic scattering amplitude is
where Si=a (96)
1 |hy|? with corresponding probability
A= +E J) E—ll’l|6J &l
|Si|>=p; 97
h 2
_/2 | él Ine—e|. (89)  as expected.
/#i

The transition probability is then VII. DISCUSSION AND CONCLUSIONS

>k While the transition probabilities resulting from our

1;[ pk}(l— Pi). (90  analysis are all contained in Demkov and Osherov’s original
work, our exact expression for the evolution operator and the

Evaluation of the amplitude for elastic scattering in stateiMe-dependent transition amplitudes have not been given

i} requires particular care, due to the coincidence of thé)l’eVIOUS|y The double integral representation for the evolu-
poles in Eq.(49) tion operator is evaluated in the limits of large times to ob-

tain the exact matrix for this model. More importantly, the
Dk analytical result indica_ltes that the exact evolution operator is
represented by a single frequency dependent Sturmian.
2mp Single Sturmian approximations have been used recently to
describe ionization processes in ion-atom and electron-atom
gl¢lw)—iot e idntivtg collisions. Our reexamination of the Demkov-Osherov model
f do f dv————7,-- (9D  shows how a single Sturmian represents an entire chain of
o i avoided crossings of adiabatic levels.

|Sij|?= 6(€;—€;)(1—p;)

Ui= lim (i|U(t,tp)|iy=e a4 —

t—ow
tg——o

w—€tiny

Settingw = ¢; + X/t andv=¢;—Y/ty and evaluating the inte-

grands for largeg and —t, gives
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