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Statics and dynamics of a one-dimensional quantum many-body system
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The macroscopic zero-temperature behavior of weakly incommensurate systems in one dimension is de-
scribed in terms of solitons. The soliton densitpbeys equations displaying several types of singular inter-
facelike solutions(i) equilibrium or moving boundary between the=0 and finiten regions, andii) station-
ary or moving annihilation front separating solitons from antisolitons.
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|. SOLITON DESCRIPTION OF WEAKLY (2) Strongly repulsive particles will become immobilized
INCOMMENSURATE SYSTEMS IN ONE DIMENSION even by a weak commensurate potential, and the resulting

state has long-ranged order, so that we may idealize this

Low-dimensional materials provide a testing ground forstructure as being a crystal of particles in registry with the
the theories of strongly correlated systeh@ecently there periodic potential. This state is called a Mott insuldfor.
have been several attempts to manufacture truly one- (3) When the number of particles per period of the poten-
dimensional systems with periodically modulated paramdial is not rational, there can be no commensuration and the
eters. Kouwenhovert al? built a one-dimensional wire of System is again a conductor. The macroscopic behavior of
spinless electrons with a 200 nm periodic potential. Uporsuchweakly incommensuratsystems is the subject of this
varying the electron density with a gate voltage they ob-paper, focusing on what happens near commensuration,
served suppression of conductance at some rational fillingsvhere the Mott mechanism can play an important role.
Recently Taruchihas succeeded in introducing a shorter In general the Mott state is degenerate: when the number
period potential. of particles per potential well is=p/q (wherep andq are

A different path was undertaken by van Oudenaarden ando-prime there areq different registries of the crystal rela-
co-workeré who modeled a one-dimensional quantum liquidtive to the potential. An important configuration is the soli-
placed in a periodic potential by a very long and narrowton, which is the lowest-energy way of joining two domains
array of small Josephson junctions placed in a magnetiof different registry. Although there ag—1 such combina-
field. The field determines the density of Josephson vorticetions, we will assume that energetic considerations select a
in the array; these behave like quantum particles. A supprespreferred sequence of neighboring domains, so that the pos-
sion of the array resistandemplying immobilization of the  sibilities reduce to “soliton” and “antisoliton.” Then forw
vorticeg at some rational fillings was observed, and inter-close top/q the structure may be regarded as a low-density
preted in terms of a Mott transition. gas of solitons, with density=(v—p/q)/a, wherea is the

Another relevant experimental system would be a weaklyperiodicity length of the potential. This is a weakly interact-
doped nanotube at low temperature. Bundles of carbon nandag system, even though the original particles are dense and
tubes themselves can play a role of hogtswhich adsorbed their interactions are not small.
helium atoms form strictly one-dimensional systems placed The application of these concepts to the Josephson net-
in an external potential that can be tuned over a range ofvork is as follows: the “Mott insulator” is a configuration in
amplitudes and periods. In the bundles helium atoms can b&hich the vortices form a regular array, commensurate with
bound in the interstitial channels or within the tubesthe plaquettes of the junction network. With a slightly differ-
themselve§.Recent work has demonstrated that the compe-ent density of vortices, there would be regions having this
tition between the helium-helium interaction and the corru-structure but with different registry; the domain walls be-
gation in the external periodic potential can induce atween these “crystals” are the solitons. Motion of a soliton
commensurate-incommensurate transition in the system. occurs by motion of a vortex as it crosses a domain wall,

In each of these examples, the fundamental model is Baving one crystallite to join another, and would give rise to
one-dimensional quantum liquid—spinless fermions, ordissipation.
bosons with a short-ranged repulsive interaction—at zero We note that in the path-integral representation the gas of
temperature, placed in an external periodic potefifldve  quantum solitons is equivalent to a gas of classical lines in
exclude from consideration the case of long-ranged interadwo dimensions, and thus describes the behavior of magnetic
tions. For the electronic systems that we consider, this imflux lines in a large area Josephson junctipa., a thin nor-
plies that the Coulomb interaction is screened. The possiblmal interface between two superconductpos steps on the
phases are classified as follofys. surface of a crystal.

(1) When the interactions between particles are not Moving a soliton through the system shifts the Mott crys-
strongly repulsive, quantum fluctuations will render the pe-tal by one potential well, and thus at= p/q moving g soli-
riodic potential irrelevant, and the system will always be atons shiftsp particles past a given point, returning the crystal
conductor. to its original registry: a soliton is a fractional particfe.
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Il. STATICS

Solitons repel each other with a short-ranged force; in one
dimension this can be approximatédy treating the solitons
as a gas of noninteracting free fermidrisyith the chemical
potential

w= e+ mw?h?n?2m, (1)

(b)
e e e o0 i 2 s b A
density of solitons, anthis the soliton mass. The last term is .un||||\|I|\|||\||\|H||||\||||HmmH"M|||HNN“““HWH“H“H“H““m

a quantum effect coming from the overlap of soliton wave

- (Il
coming from the overlap of soliton strain fields when the u\||||\|||\\|||\|||\||||\\||\I|||||\|||\|||\||||\\N\“\H“H“\\\“““WN\N\\N"N‘NH“““"‘““HN‘“H““‘““‘“HN“““H“H“N
X

intersoliton distance ! exceeds the soliton width.

In equilibrium the chemical potential must be constant
along the system, i.e&+ 72%°n?/2m=const. Depending on  FIG. 1. Soliton distribution in a soliton conductor for various
the magnitude of the constant this equation can have a sol@pplied fields.(a) For small fields, the soliton distribution is non-
tion with n real (the uniform soliton conduct@ror may have uniform but everywhere nonzerh) There is a critical value of the
no real solution at all. The latter means there are no solitonfield, where the soliton density is zero at one end of the system;
in the systemMott state,n=0) and the condition of equi- For larger fields, there is a region when¢x)=0. (d) For even
librium is irrelevant as there is nothing to equilibrate. Thearger fields, soliton-antisoliton pairs nucleate.
Mott crystal plays a role of a vacuum of solitons/antisolitons.

When the system is placed in an external field that pro- (i) Assume that forf=0 the ground state is the Mott
vides a potential energy(x) for the solitons, the condition  ¢rystal with no solitons present. A nonzero fiefdwill pro-

of equilibrium become$ mote the creation of soliton-antisoliton pairs. The change of
oo the system energy upon creation of a soliton-antisoliton pair
pm+U(X) = e+ mh“n“/2m+ U(x) = const. (2) s given bye(y)=2e—Fy where the first term is the energy

cost to create two solitons of opposite kind separated by a
distancey> ¢ while the second term is the energy gain in
external field. The pairs for whick(y)=<0, i.e., those sepa-
rated by a distance bigger thaa/E will be present in equi-
librium. As a result the external field polarizes the Mott
insulator by creating and spatially separating solitons and
antisolitons. If the field= pushes solitons to the right and
antisolitons to the left, the density distributiofx) is odd in

In contrast to the translationally-invariant ca$e- const, this
equation allows solutions in which a region occupied by soli-
tons can coexist with the soliton-free vacuum.

For example, let us look at a system of finite length O
<x=<L placed in a field that exerts a constant fofeen
each soliton, so thdtl(x) = —Fx. In the context of the pe-
riodically moduated Josephson junction the solit¢osthe
pinned lattice of Josephson vorti¢asill carry a fractional
“charge” (that is, a fractional magnetic flithen a transport  * abouthOZ, 1‘;’12nd we hf};/mzo for O=x<e/F and n
current flowing perpendicular to the line of the contact and~ (2mF/ ™ ﬁ ) (x—elF)™ for x= TE/F: a strip Of_ Mott
the direction of external magnetic field would give rise to phase of wujth .2/ F separates S°"t°r13. from antisolions.
such a force. We will also assume the vortices are prevente-EIhIS conclusion is only true for a sufficiently large system

from leaving the system. Then E€@) has a solution of the WhOSe size exceeds the size of the Mott strigel¥; other-
form n?=(2mF/w242)(x—x). For F>0 there is a soliton wise pair creation is not profitable and the vacuum is the

vacuum forx<x., and the solitons will occupy the=x. lowest-energy state. As the field increases, the Mott strip

half-space with a sharp boundary between the two regime%hrinks' and our descrip_tion fails at very large fields of order
located atx=x,. However, solitons and antisolitons are op- e/ ¢ when the size of soliton-free region becomes comparable

positely charged, so that the same constant force will pusWith the soliton width¢.

antisolitons in opposite directions, and there can be a second (i) Assume that fol==0 the ground state is a soliton
region forx<x, where there is a finite density of antisoli- conductor. A sufficiently small nonzero fiefd pushing soli-

tons. We will associate>0 with a density of solitongan tons to the right will turn the uniform soliton distribution into
' — 22 2\1/2 1/2 ; H ; ;
excess of the original particleandn<0 with antisolitonga "= (2MF/m“4%) "(x—x4) *“illustrated in Fig. 1a) (for this

particle deficit. Then the equilibrium distribution is casexs is outside of the physical regionAs the field in-
creases, at some there will be a marginal configuration

(xs=0) [shown in Fig. 1b)] where the soliton density van-
V2mF(x—xg)/ w4, X=>Xs 3) ishes at the left end of the system. At larger fieldsX0) a
—\2mF(xy—x)/ m°h%, X<X,. soliton-free Mott strip forms at the left end of the system
[Fig. X(c)]. Upon further increase of the field when solitons
The values ofks andx, are constrained by the condition of get pushed sufficiently far away from the left, there will be
conservation of particles, which is also a constraint on theanother marginal configuration for which the size of the Mott
integral ofn(x). strip is exactly Z/F. At largest fields, antisolitons nucleate

n(x)=

085117-2



STATICS AND DYNAMICS OF A ONE-DIMENSIONAL . .. PHYSICAL REVIEW B 64 085117

at the left end of the systenx{>0), the number of solitons

at the right increase by the same amount, and the size of the

Mott strip stays equal to &F thereafteFig. 1(d)]. n
The equilibrium configurations of solitons in an external

field are related to the equilibrium crystal shapes of three-

dimensional crystals, since the latter system can be viewed as

equilibrium of atomic step®

FIG. 2. Annihilation front. Solitons are invading from the left,
annihilating a stationary distribution of antisolitons to the right.
IIl. DYNAMICS

We now turn to a discussion of nonequilibrium effects Equation (5) resembles the diffusion equation, but the
q ' «diffusion constant” D=bn? is density dependent. This

and hereafter we assume that there are no external fields, . ) :
present. The force exerted on a given soliton by its neighborgquatlon has previously appeared in the theories of shock

is —duldx, which will cause it to drift with the velocity Waves, filtratior!,” and dynamics of crystal surface.

- ) . o The most remarkable property of E¢) is that it allows
;he )r/ggullfi)r({gwchuer:gztlSofpgglri]tgwsri]s()logIcal friction constant. self-similar moving solutions with a sharp front where the

soliton density vanishes. Indeed, assume there is such a
boundary, moving at constant speedThe soliton density
can be sought in the form(x—x;), wherex;=vt is the
time-dependent position of the frofdefined byn(x;) =0].

It is then an implication of Eq(5) that the current density
has the fornj =j;+wvn, wherej; is the current density at the
r]front positionx=x;. Equation(5) can be integrated to give

j=nu=—yndulix=—Tduldx=—bn?inlox, (4)

whereI'= yn is the system mobilityp= ym?#2/m is a dy-
namical parameter, and we used Eb).to computedu/x.
The mobility I" is linear in the soliton density, which im-
plies that the conductivity of the system vanishes linearly i
deviation from commensuration as the Mott insulator phase
is approached from the conductor side. This transport theory — vn?/2—jn+(j?/v)In|(vn+j¢)/j{=v3(x;—x)/b. (6)
explains the linear drops in resistance seen by van Oude-
naarden and co-workérin the vicinity of the Mott phases, The shape of the density profile near the front edge depends
and parallels the flux line mechanism of resistivity of aon whetherj; is zero or finite.
type-Il superconductor in the vortex stafeand the growth (i) The casg ;=0 has been considered previoukiyrak-
regime of vicinal crystal surfaces via the motion of st&ps. ing in Eq. (6) the limit j;=0 we find n?=(2v/b)(x;—X),
Conservation of soliton number within a region implies awhich implies that the solitons are present only in the region
continuity equation, which provides an equation of motiongf space satisfying (x;—x)=0; behind the front, the soliton
for n(xt): density is given b

. (5) - IZU(XQ_X)- @

When the functionn(x,t) changes sigriboth solitons and
antisolitons preseptthe relaxation within the two regions The regionv(x;—x)<0 is soliton-free.
continues to be described by E&); however, the behavior This type of front describes a cloud of solitons/
at the interfacen=0 where the solitons and antisolitons an- antisolitons invading a Mott phase, for example when vorti-
nihilate requires further discussion. ces are first injected into a narrow Josephson junction array,
When a soliton-antisoliton pair annihilates, an energy 2 or when the array is in any way disturbed away from com-
is releasedfirst term of Eq.(1)]. Viewed classically, the mensuration. As in the equilibrium cag®), the front has a
force that corresponds to this potential energy has only thgquare-root singularity7). The steepness of the moving
range of ordeg, since solitons do not communicate beyondfront is determined by the velocity of the front. The current
this scale. From our macroscopic viewpoint this would implyis given byj=nv, and vanishes at the front. In the narrow
no interaction between solitons of opposite kind at all, andJosephson array this would be directly measurable as a volt-
the dynamics of annihilation would be determined by the rateage difference across the narrow dimension of the array.
at which they get pushed together by the excess of particldyote that to maintain constant velocity of the moving front,
elsewhere. This overlooks a quantum effect: there always is the rate of injection at a fixed boundary will have to vary
finite annihilation probability of a pair whose size is bigger proportional toyt.
thané&. This possibility of future annihilations gives an effec- (i) If n(x{)=0 is an annihilation front then solitons and
tive longer-range attraction between solitons of oppositeantisolitons get pushed by their neighbors towaxdsx;,
type. However, the dominant effect associated with the reand the current density will stay finite there. As far as we
gion where solitons and antisolitons annihilate is that thecan tell, this type of shock has not been studied previously.
mobility vanishedEq. (4)], so that attractive forces between This type of front describes solitons invading an antisoliton
solitons and antisolitons have no important macroscopic efeonductor(or the other way aroundin the Josephson net-
fect on dynamics, an¢b) is still valid. work context, this describes what happens when the vortex

anlat=—9jl o ba 20
Mot==a)lox=D7 1 " ox
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density is changed from slightly below commensuration to (i) Consider the case that the average density of particles

slightly above(or the other way aroundlIts form is shown is appropriate for commensuration but the initial distribution

in Fig. 2, for the case >0 so that the front is moving to the is inhomogeneous. For example, we could have a Mott insu-

right. lator everywhere except in a small region, where there is an
Far to the left of the front positions<x;, the front pro- excess of particles on one side, and a deficit on the other. In

file is approximately given by Eq(7). Far to the rightx  the soliton description, the two regions will contain solitons

>X;, the density tends to a constant value=—j;/v, and of different types—solitons and antisolitons— which can be

then the solution(6) can be approximated by=n.{1 described by a single functiam(x). Here are two examples

— exp:(v/brﬁ)(xf—x)]}_ This is exactly the density profile one in which soliton-antisoliton annihilation plays a role.

would get ahead of a constant-velocity front using the linear- Consider a periodic distribution of solitons of both signs

ized version of Eq(5) with the diffusion constanb=bn2;  such that the total soliton “charge” is zero. The spatial peri-
the size of the perturbed region ahead of the front is given bdicity of the distribution will be preserved by time evolu-
the diffusion lengthD/v =bn?/v. tion; this implies that the asymptotic solution to EG)

The soliton density near the front can be found by solvingShould be sought in the forfin=t"f(x). It is readily seen
Eq. (6) to lowest-nonvanishing order imn/j <1, that the equation Qf motiofb) determines t'he exponent tq be
a=1/2. The density decays because solitons succeed in get-
n=[3]¢(x;—x)/b]¥ 1+ (v/4]1)[3](x—x)/b]*3}. ting through the zero-mobility region, by having a singularity
(8)  in the applied force: the functiof(x) hasAx*? singularities
i _ ) at every point where it changes stfin agreement with the
A peculiar feature of Eq(8) is that the magnitude of the general argument leading to E®)
: H —-1/3 )
forc_el acting on a solitondu/dxocndn/ gxec(X;—Xx) A related example is a soliton distribution such that
«n”* diverges at the annihilation edge. This divergence off-n(_x) — —n(x). This symmetry will be preserved by the
sets the vanishing of the system mobility and thus overcomegme evolution. Due to annihilation eventsxt 0, the total
a dynamical bottleneck. The cubic-root singularityninis  hymper of solitons of either type is not conserved; however,
thus a necessary consequence of having finite-current densify,, dipole momenP= [ _xn(x,t)dx is conservetl by the

at the an_nihilation ed_ge. . , . equation of motion5). The parameterb, P and the vari-
Equation(8) describes both moving and stationary anni-ahlesx andt can be combined to form one dimensionless

hilation fronts. Ir.' fact, forv =0, Eq. (8) provides an exact  .,mpinationb P2t/x8, which implies that asymptotically the
steady-stateolution to Eq.(5). In this case the parametgr disturbance expands according xg=bY5pP¥%6 and the

is a fixed current flowing through the system that is the sam otal number of solitons of given kind decreases with time as
everywhere. Although these solutions have assumed that tnf’/x =~ Uep2/%~ 16 The expansion rate is smaller than in
front moves at a constant speed, they characterize the for e\f/ious case of tHe spread of a region of excess solitons
.Of the front fqr more generallcases. Th? es;ent?al point is th ecause of annihilation of soliton-antisoliton pairsxat0;

in the comoving frame th_e _smgular derl\_/atlves in E8).can the envelope decays more slowly than in the periodic case
be made to cancel by giving the density the foris and

. . . because the solitons are not confined. The analytic solution
(8), leaving perhaps only a time-dependent amplitude. Belovs{Or this case i¥
we consider a few more practically relevant examples for
which the front velocities are not necessarily constants.
(i) Imagine a Mott insulator for which extra particles have x \ U x | 413112
been added to a region of the system. This can be described n(x,t)= —(—) 3[1— (—) , (10
i i AR Xt
as a segment of nonzero soliton density embedded between f
two half-infinite commensurate domains. The number of par-

ticles added determines the total number of solitdphich v oren—2 0865 . . is aconstant and; = (4A2P2bt) Y8 is

is conserved:f~.n(x,t)dx=N. The parameterd, N and e |imit of the distribution. At the extremal edges, there is

the variablesx andt can be combined to form one dimen- ; ; ; .
again the+Ax singularity, (7), but near the originn(x
sionless combinatiobN?t/x*. This implies that the size of x?(lm [see Eq.8)] gas isn;e(qaired to have a netgcurr(er)n of

the region containing the excess particles is of orEer  ¢gitons through the mobility bottleneck.
=p*NY%Y4 and that the average soliton density in the re- (iil) Let us start from commensurate phase=0), and

H ~ N|1/2n—1/44 —1/4 H !
gion decays abl/x;=N"%"% Y% Another representation try to change the average particle density by connecting the
of the results is that the boundary Mfsolitons localized in a x=0 end of semi-infinite system to a macroscopic reservoir
reglonzof sizex; will move as a shock front with velocity o harticles with their chemical potential selected so that ex-
v=DbN?/x;. Arbitary initial particle distributions will relax 4 particles will be prompted to enter the systéan the

asymptotically to a common forth particles of the system will be prompted to enter the reser-
N2 | 1 voir). If the new equilibrium particle density is not very dif-
\/— ferent from the old one, then the transient process can be
—_ _ 2 H
n(x,t)—( 7_r2bt> 1—ax“/aN ‘/a ©) described as a solution to E¢p) satisfyingn(x>0,0)=0,

andn(0t)=ng, whereng is a soliton(antisoliton) density
which has the characteristic square-root singulaiyat its ~ fixed at the boundary. The parametexs b, and the vari-
edges. ablesx andt can be combined to form the one dimensionless
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combinationbnyt/x2. This implies that asymptotically the =0, can be fount! by numerical integration of an ordinary-
new equilibriumn=n, is reached through a multisoliton differential equation foif(y).
wave traveling across the system; in the vicinity of the front

th.e prpfile is given by ES(ZJ), and the front ppsition evpl\(es ACKNOWLEDGMENTS
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