University of Kentucky, Physics 306
Homework #3, Rev. B, due Monday, 2022-02-07

1 0 v 0 0
describe quantum mechanical spin-1/2 particles. Show that ojoy, = 05 + icjpeoe. What is the
triple product oyoy0.? Thus o; acts like a basis vector, the product of the Pauli matrices has the
structure of the dot, cross, and triple products.

0. The Pauli matrices, defined as o, = <0 1), oy = <0 _Z>, 0, = <1 _2), are used to

[bonus: Show that product of Dirac matrices is y#~v¥ = g"”I + ioc"” and calculate the components
g" and the matrices o#” .|
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rotations e’ are generated by i with the property i2 = —1, representing a 90° rotation.

1. Vector rotations can be generated by the matrix M = ( > in the same way complex

a) Show that Mw also rotates the vector v = (2 y)? by 90° CCW, and that M2 = —1I.

b) Show that R = eM? = I'cos¢ + Msin¢ and calculate the components of R. Show that
RTR = I and that dR = M Rd¢, similar to (e'?)*(e’®) = 1 and de’® = ie®d¢.

c) The cross product x also generates rotation. Calculate the matrices M = (M, M,, M),
where & x v = M,v, etc. Show that the components of My are (My);i, = €x;¢ and that Mf =—Pjy,
where P, projects perpendicular to éy. Thus the general rotation matrix R, for a CCW rotation
by an angle v = |v| about the ¥-axis is given by the Rodrigues’ formula R, = eM™¥ = Icosv +
M - sinv 4+ 907 (1 — cosv). The third term projects out the axis of rotation o.

2. Minkowski space: We will derive the Lorentz transformations using matrices from Einstein’s
principle of special relativity that the speed of light ¢ is constant in any reference frame.

a) Let Az = cAt for the distance Az travelled by a photon in time At. Combining them into a
space-time vector x = (cAt Az )T, show that this is equivalent to > = - & = 2’ gx = 0, where

_01 (1)> is called the Minkowski metric. In three dimensional space the metric is

a 4 x 4 matrix and x? becomes 72 = 2% + y% + 22.

the matrix g = (

b) Momentum and energy can also be combined into a space-time vector p = (E/¢ p)*. Show
that invariance of the dot product p? gp = —(mc)? leads to the formula E? = (pc)? + (mc?)?, which
reduces to E = mc? when p = 0.

c) Normal rotations R keep the length of vector constant—they preserve Euclidian metric I, or
RTIR = I. Likewise, Lorentz transformations A preserve the Minkowski metric: ATgA = g. For a

small ‘rotation’ A = I + Gdo generated by G, show that GTg + gG = 0. Show that G = <(1) é)

satisfies this relation. Note the difference between G and M!

d) Show that G? = I and therefore A = % = Tcosha + Gsinha = v (; f), where
B =tanha = v/c and v = cosha = (1 — $2)~1/2. Thus the Lorentz transformations =’ = Az are
t' = y(t + vx/c?) and 2’ = y(x + vt), which encode all features of special relativity.


https://en.wikipedia.org/wiki/pauli_matrices
https://en.wikipedia.org/wiki/gamma_matrices
https://en.wikipedia.org/wiki/Rodrigues%27_rotation_formula

