
Algebra
൅:   𝑎 ൅ 𝑏 ൌ 𝑏 ൅ 𝑎   𝑎 ൅ ሺ𝑏 ൅ 𝑐ሻ ൌ ሺ𝑎 ൅ 𝑏ሻ ൅ 𝑐

െ:   0 ൅ 𝑎 ൌ 𝑎       𝑎 ൅ ሺെ𝑎ሻ ൌ 0    െെ𝑎 ൌ 𝑎   െሺ𝑎 ൅ 𝑏ሻ ൌ െ𝑎 ൅ െ𝑏    𝑎 െ 𝑏 ≡ 𝑎 ൅ ሺെ𝑏ሻ

ൈ:   𝑎𝑏 ൌ 𝑏𝑎        𝑎ሺ𝑏𝑐ሻ ൌ ሺ𝑎𝑏ሻ𝑐

ൊ:   1𝑎 ൌ 𝑎         𝑎ሺ𝑎ିሻ ൌ 1   ሺ𝑎ିሻି ൌ 𝑎   ሺ𝑎𝑏ሻି ൌ 𝑎ି𝑏ି   𝑎/𝑏 ≡ 𝑎ሺ𝑏ିሻ   ሺ𝑎 𝑏⁄ ሻି ൌ 𝑏 𝑎⁄

൅ൈ:  𝑎ሺ𝑏 ൅ 𝑐ሻ ൌ 𝑎𝑏 ൅ 𝑎𝑐     0𝑎 ൌ 0   െ1 𝑎 ൌ െ𝑎    𝑛𝑥 ൌ 𝑥 ൅ 𝑥 ൅⋯൅ 𝑥

•

^:      𝑎௡ ൌ 𝑎𝑎…𝑎     0௖ ൌ 0     1௖ ൌ 1      𝑎଴ ൌ 1     𝑎ଵ ൌ 𝑎     𝑎ିଵ ൌ 𝑎ି ൌ 1/𝑎

ൈ ^ ൅:   𝑎௕ା௖ ൌ 𝑎௕𝑎௖    𝑎௕௖ ൌ ൫𝑎௕൯
௖
     ሺ𝑎𝑏ሻ௖ ൌ 𝑎௖𝑏௖       ሺ𝑎 ൅ 𝑏ሻ௡ ൌ ∑ ቀ

𝑛
𝑘ቁ௞ 𝑎௡ି௞𝑏௞      ቀ

𝑛
𝑘ቁ ൌ

௡!

௞!ሺ௡ି௞ሻ!
⎯⎯⎯⎯⎯⎯

√:     √𝑎௕
⎯⎯⎯್

ൌ √𝑎
⎯⎯್ ௕

ൌ 𝑎       √𝑎
⎯⎯್ ≡ 𝑎ଵ ௕⁄        √𝑎

⎯⎯ ≡ √𝑎
⎯⎯మ       √𝑎𝑏

⎯⎯⎯ൌ √𝑎
⎯⎯√𝑏
⎯⎯       ඥ√𝑎

⎯⎯⎯⎯⎯
ൌ √𝑎

⎯⎯ర

ln:   𝑎 ൌ 𝑏௖ ↔ 𝑐 ൌ log௕ 𝑎 ൌ ln 𝑎 ln𝑏⁄       ln𝑎𝑏 ൌ ln 𝑎 ൅ ln 𝑏      ln 𝑏௖ ൌ 𝑐 ln 𝑏   ln 𝑒 ൌ 1

𝑖:    𝑖ଶ ൌ െ1      𝑧 ൌ 𝑥 ൅ 𝑖𝑦 ൌ 𝜌𝑒௜థ      𝑧∗ ൌ 𝑥 െ 𝑖𝑦 ൌ 𝜌𝑒ି௜థ          |𝑧|ଶ ≡ 𝑧∗𝑧 ൌ 𝑥ଶ ൅ 𝑦ଶ

ሺ𝑎 െ 𝑏ሻሺ𝑎 ൅ 𝑏ሻ ൌ 𝑎ଶ െ 𝑏ଶ     𝑎𝑥ଶ ൅ 𝑏𝑥 ൅ 𝑐 ൌ 𝑎ሺ𝑥 െ 𝑏 2𝑎⁄ ሻଶ ൅ ሺ𝑐 െ 𝑏ଶ 4𝑎⁄ ሻ
FTA: 𝑎଴ ൅ 𝑎ଵ𝑥 ൅ 𝑎ଶ𝑥ଶ ൅⋯𝑎௡𝑥௡ ൌ 𝑎௡ሺ𝑥 െ 𝑥ଵሻሺ𝑥 െ 𝑥ଶሻ… ሺ𝑥 െ 𝑥௡ሻ   𝑥ଶ௞ିଵ ൌ 𝑥ଶ௞

∗ if 𝑎௜ ∈ ℝ

Trigonometry
SOH CAH TOA
𝑥 ൌ 𝜌𝑐థ   𝑦 ൌ 𝜌𝑠థ
𝑥ଶ ൅ 𝑦ଶ ൌ 𝜌ଶ   𝑦 𝑥 ൌ 𝑡థ⁄

𝑐ଶ ൌ 𝑎ଶ ൅ 𝑏ଶ െ 2𝑎𝑏𝑐ఊ
𝑎 𝑠ఈ ൌ⁄ 𝑏 𝑠ఉ ൌ⁄ 𝑐 𝑠ఊ⁄

𝑒௜థ ൌ 𝑐థ ൅ 𝑖𝑠థ ≡ 𝑐𝑖𝑠థ      𝑐థ ൌ ଵ

ଶ
⎯ሺ𝑒௜థ ൅ 𝑒ି௜థሻ     𝑠థ ൌ ଵ

ଶ௜
⎯⎯ሺ𝑒௜థ െ 𝑒ି௜థሻ       𝑖ଶ ൌ െ1

𝑐థേట ൌ 𝑐థ𝑐ట ∓ 𝑠థ𝑠ట        𝑐థ
ଶ ൌ ଵ

ଶ
⎯൫1 ൅ 𝑐ଶథ൯      𝑐ଶథ ൌ 𝑐థ

ଶ െ 𝑠థ
ଶ        𝑐థ

ଶ ൅ 𝑠థ
ଶ ൌ 1      tanଶ 𝜙 ൅ 1 ൌ secଶ 𝜙

𝑠థേట ൌ 𝑠థ𝑐ట േ 𝑐థ𝑠ట        𝑠థ
ଶ ൌ ଵ

ଶ
⎯൫1 െ 𝑐ଶథ൯      𝑠ଶథ ൌ 2𝑐థ𝑠థ        ൫𝑐థ േ 𝑠థ൯

ଶ
ൌ 1 േ 𝑠ଶథ

𝑒௛ఈ ൌ 𝑐ఈ̅ ൅ ℎ�̅�ఈ ≡ 𝑐ℎ𝑠ఈ    𝑐ఈ̅ ൌ
ଵ

ଶ
⎯ሺ𝑒௛ఈ ൅ 𝑒ି௛ఈሻ      �̅�ఈ ൌ

ଵ

ଶ௛
⎯⎯ሺ𝑒௛ఈ െ 𝑒ି௛ఈሻ       ℎଶ ൌ 1      ℎ ൌ േ1

𝑐ఈ̅േఉ ൌ 𝑐ఈ̅𝑐ఉ̅ േ �̅�ఈ�̅�ఉ          𝑐ఈ̅ଶ ൌ
ଵ

ଶ
⎯ሺ𝑐ଶ̅ఈ ൅ 1ሻ      𝑐ଶ̅ఈ ൌ 𝑐ఈ̅ଶ ൅ �̅�ఈଶ       𝑐ഥఈଶ െ �̅�ఈଶ ൌ 1      tanhଶ 𝛼 ൅ 1 ൌ sechଶ 𝛼

�̅�ఈേఉ ൌ �̅�ఈ𝑐ఉ̅ േ 𝑐ఈ̅�̅�ఉ          �̅�ఈଶ ൌ
ଵ

ଶ
⎯ሺ𝑐ଶ̅ఈ െ 1ሻ      �̅�ଶఈ ൌ 2𝑐ఈ̅�̅�ఈ        ሺ𝑐ఈ̅ േ �̅�ఈሻଶ ൌ 𝑐ଶ̅ఈ േ �̅�ଶఈ

𝑐థ ൌ 𝑐௜̅థ   𝑐ఈ̅ ൌ 𝑐ି௜ఈ          𝑠థ ൌ െ𝑖�̅�௜థ     �̅�ఈ ൌ 𝑖𝑠௜ఈ      𝛼 ൌ 𝑖𝜙

•

Linear Algebra
𝑨ሬሬ⃗ ൌ 𝒙ෝ𝐴௫ ൅ 𝒚ෝ𝐴௬ ൅ 𝒛ො𝐴௭               𝒖ሬሬ⃗ ൅ 𝒗ሬሬ⃗ ൌ 𝒗ሬሬ⃗ ൅ 𝒖ሬሬ⃗    𝛼ሺ𝛽𝒖ሬሬ⃗ ሻ ൌ ሺ𝛼𝛽ሻ𝒖ሬሬ⃗    𝛼ሺ𝒖ሬሬ⃗ ൅ 𝒗ሬሬ⃗ ሻ ൌ 𝛼𝒖ሬሬ⃗ ൅ 𝛼𝒗ሬሬ⃗

𝑨ሬሬ⃗ ⋅ 𝑩ሬሬ⃗ ൌ 𝑩ሬሬ⃗ ⋅ 𝑨ሬሬ⃗ ൌ 𝐴௫𝐵௫ ൅ 𝐴௬𝐵௬ ൅ 𝐴௭𝐵௭         ሺ𝛼௜𝒖ሬሬ⃗ ௜ሻ ⋅ ൫𝒗ሬሬ⃗ ௝𝛽௝൯ ൌ 𝛼௜൫𝒖ሬሬ⃗ ௜ ⋅ 𝒗ሬሬ⃗ ௝൯𝛽௝					ሺsame for ൈ)

•

𝑩ሬሬ⃗ ൈ 𝑪ሬሬ⃗ ൌ െ𝑪ሬሬ⃗ ൈ 𝑩ሬሬ⃗ ൌ 𝒙ෝ൫𝐵௬𝐶௭ െ 𝐵௭𝐶௬൯ ൅ 𝒚ෝሺ𝐵௭𝐶௫ െ 𝐵௫𝐶௭ሻ ൅ 𝒛ො൫𝐵௫𝐶௬ െ 𝐵௬𝐶௫൯ ൌ

𝑨ሬሬ⃗ ⋅ 𝑩ሬሬ⃗ ൈ 𝑪ሬሬ⃗   ൌ 𝑩ሬሬ⃗ ⋅ 𝑪ሬሬ⃗ ൈ 𝑨ሬሬ⃗   ൌ 𝑪ሬሬ⃗ ⋅ 𝑨ሬሬ⃗ ൈ 𝑩ሬሬ⃗   ൌ
𝑨ሬሬ⃗ ൈ ൫𝑩ሬሬ⃗ ൈ 𝑪ሬሬ⃗ ൯ ൌ 𝑩ሬሬ⃗ ൫𝑨ሬሬ⃗ ⋅ 𝑪ሬሬ⃗ ൯ െ 𝑪ሬሬ⃗ ሺ𝑨ሬሬ⃗ ⋅ 𝑩ሬሬ⃗ ሻ
𝑃∥ ൅ 𝑃 ൌ 𝑛ො𝑛ො ⋅   െ𝑛ො ൈ 𝑛ො ൈ ൌ 𝐼

det𝐴 ≡ ቚ𝑎 𝑏
𝑐 𝑑

ቚ ൌ 𝑎𝑑 െ 𝑏𝑐        tr𝐴 ൌ 𝐴௜௜ ൌ 𝑎 ൅ 𝑑										𝐴ିଵ ≡ ቀ𝑎 𝑏
𝑐 𝑑

ቁ
ିଵ

ൌ ଵ

௔ௗି௕௖
⎯⎯⎯⎯⎯ቀ 𝑑 െ𝑏

െ𝑐 𝑎
ቁ

𝑀 ൌ ሺ 𝑀ሺ𝑥ොሻ, 𝑀ሺ𝑦ොሻ, 𝑀ሺ�̂�ሻ ሻ             𝑀ሺα௜�⃗�௜ሻ ൌ α௜𝑀ሺ�⃗�௜ሻ
𝑅்𝑅 ൌ 𝐼     𝑅ିଵ ൌ 𝑅்    |𝑅| ൌ 1      ሺorthogonalሻ
𝑆் ൌ 𝑆    𝑆𝒗ሬሬ⃗ ௜ ൌ 𝒗ሬሬ⃗ ௜𝜆௜   𝑆𝑉 ൌ 𝑉𝐷   𝑆 ൌ 𝑉𝐷𝑉ିଵ   𝑉்𝑉 ൌ 𝐼

⟨𝑓|𝑔〉 ൌ ⟨𝑤ሺ𝑥ሻ𝑑𝑥 𝑓∗ሺ𝑥ሻ𝑔ሺ𝑥ሻ        |𝑔׬ ൌ 𝑔ሺ𝑥ሻ      ⟨𝑓| ൌ …𝑤𝑑𝑥 𝑓∗ሺ𝑥ሻ׬

𝑀 ൌ
ଵ

௪ሺ௫ሻ
⎯⎯⎯ ቀ

ௗ

ௗ௫
⎯⎯𝑝ሺ𝑥ሻ

ௗ

ௗ௫
⎯⎯൅ 𝑞ሺ𝑥ሻቁ          𝑀ற ൌ 𝑀   ⇒    λ௜ ∈ ℝ,  ൻ𝑢௜ห𝑢௝〉 ൌ δ௜௝ℎ௜

ଶ

ቮ
𝒙ෝ 𝒚ෝ 𝒛ො
𝐵௫ 𝐵௬ 𝐵௭
𝐶௫ 𝐶௬ 𝐶௭

ቮ
ቮ
𝐴௫ 𝐴௬ 𝐴௭
𝐵௫ 𝐵௬ 𝐵௭
𝐶௫ 𝐶௬ 𝐶௭

ቮ
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Calculus
ௗ

ௗ௫
⎯⎯𝑥ఈ ൌ 𝛼𝑥ఈିଵ    ௗ

ௗ௫
⎯⎯𝑒௫ ൌ 𝑒௫  ௗ

ௗ௫
⎯⎯ln 𝑥 ൌ ଵ

௫
⎯   ௗ

ௗథ
⎯⎯ sin𝜙 ൌ cos 𝜙   ௗ

ௗథ
⎯⎯ cos𝜙 ൌ െ sin𝜙    ௗ

ௗథ
⎯⎯ tan𝜙 ൌ secଶ 𝜙

•

𝑑ሺ𝑓 ൅ 𝑔ሻ ൌ 𝑑𝑓 ൅ 𝑑𝑔   𝑑ሺ𝑓𝑔ሻ ൌ 𝑔 𝑑𝑓 ൅ 𝑓 𝑑𝑔    𝑑ሺ𝑓 𝑔⁄ ሻ ൌ ሺ𝑔 𝑑𝑓 െ 𝑓 𝑑𝑔ሻ 𝑔ଶ⁄    𝑑ሺ𝑓 ∘ 𝑔ሻ ൌ ௗ௙

ௗ௚
⎯⎯𝑑𝑔

𝑒௫ ൌ ∑௫ೖ
௞!ൗ ൌ 1 ൅ 𝑥 ൅ ଵ

ଶ
⎯𝑥ଶ ൅

ଵ

଺
⎯𝑥ଷ ൅

ଵ

ଶସ
⎯⎯𝑥ସ ൅

ଵ

ଵଶ଴
⎯⎯⎯𝑥ହ ൅ ⋯       lnሺ1 ൅ 𝑥ሻ ൌ 𝑥 െ ଵ

ଶ
⎯𝑥ଶ ൅

ଵ

ଷ
⎯𝑥ଷ െ

ଵ

ସ
⎯𝑥ସ ൅⋯

𝑒௜థ ൌ 𝑐థ ൅ 𝑖𝑠థ                    cos𝜙 ൌ 1 െ
ଵ

ଶ
⎯𝜙ଶ ൅

ଵ

ଶସ
⎯⎯𝜙ସ െ ⋯                sin𝜙 ൌ 𝜙 െ

ଵ

଺
⎯𝜙ଷ ൅

ଵ

ଵଶ଴
⎯⎯⎯𝜙ହ െ⋯

ሺ1 ൅ 𝑢ሻఈ ൌ ∑൫ఈ௞൯𝑢
௞ ൌ 1 ൅ ఈ

ଵ
⎯𝑢 ൅

ఈሺఈିଵሻ

ଵ ⋅  ଶ     
⎯⎯⎯⎯⎯𝑢ଶ ൅

ఈሺఈିଵሻሺఈିଶሻ

ଵ ⋅  ଶ    ⋅     ଷ     
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑢ଷ ൅ ⋯ 

Vector Calculus
𝑑 ൌ 𝑑𝑥 డ

డ௫
⎯⎯൅ 𝑑𝑦 డ

డ௬
⎯⎯൅ 𝑑𝑧 డ

డ௭
⎯⎯൅ ⋯    𝛁 ൌ ൫𝜕௫,𝜕௬ ,𝜕௭൯ ൌ 𝒙ෝ𝜕௫ ൅ 𝒚ෝ𝜕௬ ൅ 𝒛ො𝜕௭   (Cartesian only)

•

𝛁 ሺ𝑓𝑔ሻ     ൌ 𝑓𝛁𝑔 ൅ 𝑔𝛁𝑓                          𝛁 𝑓 ሺ𝑔ሺ𝒓ሬ⃗ ሻ,ℎሺ𝒓ሬ⃗ ሻ, … ሻ  ൌ      𝑓,௚  𝛁𝑔   ൅   𝑓,௛  𝛁ℎ ൅⋯

𝜵 ൈ ൫𝑓𝑨ሬሬ⃗ ൯ ൌ 𝑓𝜵 ൈ 𝑨ሬሬ⃗ െ 𝑨ሬሬ⃗ ൈ 𝜵𝑓									𝛁 ൈ 𝑨ሬሬ⃗ ሺ𝑔ሺ𝒓ሬ⃗ ሻ,ℎሺ𝒓ሬ⃗ ሻ, … ሻ  ൌ െ𝑨ሬሬ⃗ ,௚ ൈ 𝛁𝑔 െ 𝑨ሬሬ⃗ ,௛ ൈ 𝛁ℎ ൅⋯

𝜵 ⋅  ൫𝑓𝑨ሬሬ⃗ ൯ ൌ 𝑓൫𝜵 ⋅ 𝑨ሬሬ⃗ ൯ ൅ 𝜵𝑓 ⋅ 𝑨ሬሬ⃗ 								𝛁 ⋅  𝑩ሬሬ⃗ ሺ𝑔ሺ𝒓ሬ⃗ ሻ,ℎሺ𝒓ሬ⃗ ሻ, … ሻ  ൌ    𝑩ሬሬ⃗ ,௚  ⋅  𝛁𝑔 ൅  𝑩ሬሬ⃗ ,௛  ⋅  𝛁ℎ ൅⋯

𝜵 ⋅ ൫𝑨ሬሬ⃗ ൈ 𝑩ሬሬ⃗ ൯  ൌ 𝑩ሬሬ⃗ ⋅ ൫𝜵 ൈ 𝑨ሬሬ⃗ ൯  െ 𝑨ሬሬ⃗ ⋅ ൫𝜵 ൈ 𝑩ሬሬ⃗ ൯
𝜵   ൫𝑨ሬሬ⃗  ⋅  𝑩ሬሬ⃗ ൯   ൌ 𝑨ሬሬ⃗ ൈ ൫𝜵 ൈ 𝑩ሬሬ⃗ ൯ ൅ 𝑩ሬሬ⃗ ൈ ൫𝜵 ൈ 𝑨ሬሬ⃗ ൯ ൅ ൫𝑨ሬሬ⃗ ⋅ 𝜵൯𝑩ሬሬ⃗ ൅ ൫𝑩ሬሬ⃗ ⋅ 𝜵൯𝑨ሬሬ⃗

𝜵 ൈ ൫𝑨ሬሬ⃗ ൈ 𝑩ሬሬ⃗ ൯ ൌ ൫𝑩ሬሬ⃗ ⋅ 𝜵൯𝑨ሬሬ⃗  െ ൫𝑨ሬሬ⃗ ⋅ 𝜵൯𝑩ሬሬ⃗ ൅ 𝑨ሬሬ⃗ ൫𝜵 ⋅ 𝑩ሬሬ⃗ ൯ െ 𝑩ሬሬ⃗ ൫𝜵 ⋅ 𝑨ሬሬ⃗ ൯

𝜵 ൈ 𝑨ሬሬ⃗ ൌ 𝟎ሬሬ⃗  ⟺  𝑨ሬሬ⃗ ൌ െ𝜵𝑓								𝜵 ⋅ 𝑩ሬሬ⃗ ൌ 0 ⟺  𝑩ሬሬ⃗ ൌ 𝜵 ൈ 𝑨ሬሬ⃗ 												𝛻ଶ𝑓 ൌ ሺ𝜵 ⋅ 𝜵ሻ𝑓							𝛻ଶ𝑨ሬሬ⃗ ൌ 𝜵ሺ𝜵 ⋅ 𝑨ሬሬ⃗ ሻ െ 𝜵 ൈ ሺ𝜵 ൈ 𝑨ሬሬ⃗ ሻ

Coordinate transformations …     and inverse…                  summary…
𝑥 ൌ 𝜌𝑐థ ൌ 𝑟𝑠ఏ𝑐థ     𝑧 ൌ 𝑟𝑐ఏ          𝜌ଶ ൌ 𝑥ଶ ൅ 𝑦ଶ   𝑟ଶ ൌ 𝜌ଶ ൅ 𝑧ଶ        𝑥 ൅ 𝑖𝑦 ൌ 𝜌𝑒௜థ          
𝑦 ൌ 𝜌𝑠థ ൌ 𝑟𝑠ఏ𝑠థ     𝜌 ൌ 𝑟𝑠ఏ          𝑡థ ൌ 𝑦/𝑥       𝑡ఏ ൌ 𝜌/𝑧            𝑧 ൅ 𝑖𝜌 ൌ 𝑟𝑒௜ఏ

Unit vector transformations …     and inverse…                  summary…
𝑥ො𝜌 ൌ 𝜌ො𝑥 െ 𝜙෠𝑦    𝜌ො𝑟 ൌ �̂�𝜌 െ 𝜃෠𝑧     𝜌ො𝜌 ൌ    𝑥ො𝑥 ൅ 𝑦ො𝑦      �̂�𝑟 ൌ  𝜌ො𝜌 ൅ �̂�𝑧        𝜌ො ൅ 𝑖𝜙෠ ൌ ሺ𝑥ො െ 𝑖𝑦ොሻ𝑒௜థ

𝑦ො𝜌 ൌ 𝜌ො𝑦 ൅ 𝜙෠𝑥    �̂�𝑟 ൌ �̂�𝑧 ൅ 𝜃෠𝜌     𝜙෠𝜌 ൌ െ𝑥ො𝑦 ൅ 𝑦ො𝑥     𝜃෠𝑟 ൌ  𝜌ො𝑧 െ �̂�𝜌        �̂� ൅ 𝑖𝜃෠ ൌ ሺ�̂� െ 𝑖𝜌ොሻ𝑒௜ఏ
   

𝑥ො ൌ 𝜌ො𝑐థ െ 𝜙෠𝑠థ   𝜌ො ൌ �̂�𝑠ఏ െ 𝜃෠𝑐ఏ          𝜌ො ൌ     𝑥ො𝑐థ ൅ 𝑦ො𝑠థ    �̂�  ൌ 𝜌ො𝑠ఏ ൅ �̂�𝑐ఏ ൌ 𝑥ො𝑠ఏ𝑐థ ൅ 𝑦ො𝑠ఏ𝑠థ ൅ �̂�𝑐ఏ
𝑦ො ൌ 𝜌ො𝑠థ ൅ 𝜙෠𝑐థ   �̂� ൌ �̂�𝑐ఏ ൅ 𝜃෠𝑠ఏ          𝜙෠ ൌ െ𝑥ො𝑠థ ൅ 𝑦ො𝑐థ    𝜃෠  ൌ 𝜌ො𝑐ఏ െ �̂�𝑠ఏ ൌ 𝑥ො𝑐ఏ𝑐థ ൅ 𝑦ො𝑐ఏ𝑠థ െ �̂�𝑠ఏ

Cartesian coordinates   ሺ𝑥,𝑦, 𝑧ሻ  𝒓ሬ⃗ ൌ 𝒙ෝ𝑥 ൅ 𝒚ෝ𝑦 ൅ 𝒛ො𝑧   ℎ௫ ൌ ℎ௬ ൌ ℎ௭ ൌ 1

𝒅𝒍ሬሬሬሬ⃗ ൌ 𝑑𝒓ሬ⃗ ൌ 𝒙ෝ𝑑𝑥 ൅ 𝒚ෝ𝑑𝑦 ൅ 𝒛ො𝑑𝑧   𝒅𝒂ሬሬሬሬሬ⃗ ൌ ଵ

ଶ
⎯𝒅𝒍ሬሬሬሬ⃗ ൈ 𝒅𝒍ሬሬሬሬ⃗ ൌ 𝒙ෝ 𝑑𝑦 𝑑𝑧 ൅ 𝒚ෝ 𝑑𝑧 𝑑𝑥 ൅ 𝒛ො 𝑑𝑥 𝑑𝑦     𝑑𝜏 ൌ

ଵ

ଷ
⎯𝒅𝒍ሬሬሬሬ⃗ ⋅ 𝒅𝒂ሬሬሬሬሬ⃗ ൌ 𝑑𝑥 𝑑𝑦 𝑑𝑧

∇𝑓 ൌ ൫𝜕௫ , ∂௬, ∂௭൯𝑓 ൌ ൫𝒙ෝ ∂௫ ൅ 𝒚ෝ𝜕௬ ൅ 𝒛ො ∂௭൯𝑓     ∇ ൈ 𝑨ሬሬ⃗ ൌ ൫𝜕௫, ∂௬, ∂௭൯ ൈ ൫𝐴௫,𝐴௬ ,𝐴௭൯ ൌ

∇ ⋅ 𝑩ሬሬ⃗ ൌ ൫𝜕௫, ∂௬ , ∂௭൯ ⋅ ൫𝐵௫,𝐵௬,𝐵௭൯  ൌ 𝜕௫𝐵௫ ൅ ∂௬𝐵௬ ൅ ∂௭𝐵௭  ൌ  𝐵௫,௫ ൅ 𝐵௬.௬ ൅ 𝐵௭,௭

∇ଶ𝑓  ൌ ൫𝜕௫, ∂௬, ∂௭൯ ⋅ ൫𝜕௫, ∂௬ , ∂௭൯𝑓 ൌ  𝜕௫ଶ𝑓 ൅  𝜕௬ଶ𝑓 ൅  𝜕௭ଶ𝑓 ൌ   𝑓,௫௫ ൅ 𝑓,௬௬ ൅ 𝑓,௭௭

Cylindrical coordinates  ሺ𝜌,𝜙, 𝑧ሻ  𝒓ሬ⃗ ൌ 𝝆ෝ𝜌 ൅ 𝒛ො𝑧     ℎఘ ൌ 1,ℎథ ൌ ρ,ℎ௭ ൌ 1

𝒅𝒍ሬሬሬሬ⃗ ൌ 𝝆ෝ 𝑑𝜌 ൅ 𝝓෡  𝜌 𝑑𝜙 ൅ 𝒛ො 𝑑𝑧   𝒅𝒂ሬሬሬሬሬ⃗ ൌ 𝝆ෝ 𝜌 𝑑𝜙 𝑑𝑧 ൅  𝝓෡  𝑑𝑧 𝑑𝜌 ൅ 𝒛ො 𝜌 𝑑𝜌 𝑑𝜙     𝑑𝜏 ൌ 𝜌 𝑑𝜌 𝑑𝜙 𝑑𝑧
∇𝑓 ൌ 𝒆ො௜ ℎ௜⁄  ∂௜𝑓 ൌ ൫𝝆ෝ  ∂ఘ ൅ 𝝓෡  /𝜌  ∂థ ൅ 𝒛ො  ∂௭൯𝑓                             ∇ ൈ 𝑨ሬሬ⃗ ൌ 

∇ ⋅ 𝑩ሬሬ⃗ ൌ 𝜌ିଵሺ𝜕ఘ𝜌𝐵ఘ ൅  ∂థ𝐵థሻ ൅ ∂௭𝐵௭   ∇ଶ𝑓 ൌ ൫ρିଵ ∂ఘ𝜌 ∂ఘ ൅  ρିଶ ∂థ
ଶ ൅ 𝜕௭ଶ൯𝑓

Spherical coordinates   ሺ𝑟,𝜃,𝜙ሻ  𝒓ሬ⃗ ൌ 𝒓ො𝑟        ℎ௥ ൌ 1,ℎఏ ൌ 𝑟,ℎథ ൌ 𝑟𝑠ఏ
𝒅𝒍ሬሬሬሬ⃗ ൌ 𝒓ො 𝑑𝑟 ൅ 𝜽෡ 𝑟 𝑑𝜃 ൅ 𝝓෡  𝑟𝑠ఏ  𝑑𝜙   𝒅𝒂ሬሬሬሬሬ⃗ ൌ 𝒓ො  𝑟ଶ𝑠ఏ  𝑑𝜃 𝑑𝜙 ൅ 𝜽෡ 𝑟𝑠ఏ𝑑𝜙 𝑑𝑟 ൅  𝝓෡  𝑟 𝑑𝑟 𝑑𝜃     𝑑𝜏 ൌ 𝑟ଶ𝑠ఏ 𝑑𝑟 𝑑𝜃 𝑑𝜙
∇𝑓 ൌ ൫𝒓ො ∂௥ ൅ 𝜽෡  𝑟⁄  ∂ఏ ൅ 𝝓෡ 𝑟𝑠ఏ⁄  ∂థ൯𝑓          ∇ ൈ 𝑨ሬሬ⃗ ൌ  ε௜௝௞ 𝒆ො௜ ℎ௝ℎ௞⁄   ∂௝ℎ௞𝐴௞  ൌ

∇ ⋅ 𝑩ሬሬ⃗ ൌ ሺℎଵℎଶℎଷሻିଵ ∂௞ℎ௜ℎ௝𝐵௞      ൌ   𝑟ିଶ𝜕௥𝑟ଶ𝐵௥ ൅ 𝑟ିଵ𝑠ఏ
ିଵሺ∂ఏ𝑠ఏ𝐵ఏ ൅ ∂థ𝐵థሻ 

∇ଶ𝑓  ൌ ሺℎଵℎଶℎଷሻିଵ𝜕௞ ℎ௜ℎ௝ ℎ௞⁄  ∂௞𝑓 ൌ  𝑟ିଶሺ𝜕௥𝑟ଶ𝜕௥ ൅ 𝑠ఏ
ିଵ ∂ఏ𝑠ఏ ∂ఏ ൅ 𝑠ఏ

ିଶ ∂థ
ଶ ሻ𝑓

      ൌ 𝑟ିଵ ∂௥ଶ𝑟 െ 𝑟ିଶ𝐿ଶ  where  𝐿ଶ ൌ െ𝑠ఏ
ିଵ ∂ఏ𝑠ఏ ∂ఏ െ 𝑠ఏ

ିଶ ∂థ
ଶ

Partial Differential Equations (eigenfunctions)
∂௫𝑒௜௞௫ ൌ 𝑖𝑘 𝑒௜௞௫    ∂థ𝑒௜௠థ ൌ 𝑖𝑚 𝑒௜௠థ   ሺെ∂௫ሺ1 െ 𝑥ଶሻ ∂௫ ൅ 𝑚ଶ ሺ1 െ 𝑥ଶሻ⁄ ሻ𝑃ℓ

௠ሺ𝑥ሻ ൌ ℓሺℓ ൅ 1ሻ𝑃ℓ
௠ሺ𝑥ሻ

𝐿ଶ𝑌ℓ௠ሺ𝜃,𝜙ሻ ൌ ℓሺℓ ൅ 1ሻ𝑌ℓ௠ሺ𝜃,𝜙ሻ     ∂థ𝑌ℓ௠ሺ𝜃,𝜙ሻ ൌ 𝑖𝑚 𝑌ℓ௠ሺ𝜃,𝜙ሻ      𝑌ℓ௠ሺ𝜃,𝜙ሻ ∝ 𝑃ℓ
௠ሺ𝑐ఏሻ𝑒௜௠థ

ሺ𝜌ିଵ𝜕ఘ𝜌𝜕ఘ െ𝑚ଶ 𝜌ଶ⁄ ሻ 𝐽௠ሺ𝑘ఘ𝜌ሻ ൌ െ𝑘ఘଶ 𝐽௠ሺ𝑘ఘ𝜌ሻ     ሺ𝑟ିଶ𝜕௥𝑟ଶ𝜕௥ െ ℓሺℓ ൅ 1ሻ 𝑟ଶ⁄ ሻ 𝑗ℓሺ𝑘௥𝑟ሻ ൌ െ𝑘௥ଶ 𝑗ℓሺ𝑘௥𝑟ሻ

ሺ∇ଶ ൅ 𝑘ଶሻ𝑒௜𝒌ሬሬ⃗ ⋅𝒓ሬ⃗ ൌ ሺ∇ଶ ൅ 𝑘ଶሻ𝐽௠൫𝑘ఘ𝜌൯𝑒௜௠థ𝑒௜௞೥௭ ൌ ሺ∇ଶ ൅ 𝑘ଶሻ𝑗ℓሺ𝑘௥𝑟ሻ𝑌ℓ௠ሺ𝜃,𝜙ሻ ൌ 0   𝑘ଶ ൌ 𝒌ሬሬ⃗ ⋅ 𝒌ሬሬ⃗  ൌ 𝑘௫ଶ  ൅ 𝑘௬ଶ ൅ 𝑘௭ଶ

∇ଶ 𝑒௞௫ା௜௞௬      ൌ ∇ଶ 𝜌േ௠𝑒௜௠థ    ൌ ∇ଶ 𝑟ℓ,ିℓିଵ 𝑌ℓ௠ሺ𝜃,𝜙ሻ ൌ 0                             ൌ 𝑘ఘଶ ൅ 𝑘௭ଶ      ൌ   𝑘௥ଶ

•

ቮ
𝒙ෝ 𝒚ෝ 𝒛ො
𝜕௫ ∂௬ ∂௭
𝐴௫ 𝐴௬ 𝐴௭

ቮ

1
𝜌
⎯⎯ቮ

𝝆ෝ 𝜌𝝓෡ 𝒛ො
𝜕ఘ ∂థ ∂௭
𝐴ఘ 𝜌𝐴థ 𝐴௭

ቮ

1
𝑟ଶ𝑠ఏ
⎯⎯⎯⎯ቮ

𝒓ො 𝑟𝜽෡ 𝑟𝑠ఏ𝝓෡
𝜕௥ ∂ఏ ∂థ
𝐴௥ 𝑟𝐴ఏ 𝑟𝑠ఏ𝐴థ

ቮ

න  ∇𝑓 ⋅ 𝒅𝒍ሬሬሬሬ⃗
௉

ൌ ර 𝑓
డ௉

න ∇ ൈ 𝑨ሬሬ⃗ ⋅ 𝒅𝒂ሬሬሬሬሬ⃗ ൌ ර 𝑨ሬሬ⃗ ⋅ 𝒅𝒍ሬሬሬሬ⃗
డௌௌ

න ∇ ⋅ 𝑩ሬሬ⃗ ⋅ 𝑑𝜏  ൌ ර 𝑩ሬሬ⃗ ⋅ 𝒅𝒂ሬሬሬሬሬ⃗
డ௏௏

      


