University of Kentucky, Physics 306
Homework #6, Rev. A, due Wednesday, 2025-03-03

1. Finite dimensional function spaces.

a) In the space of cubic polynomials with basis vectors fo(z) = 1, fi(z) = =, fa(x) = 22, f3(z) =
23, 1) what are the components of the function f(x) = a + bz + cz? 4 d2? ii) Find the components
of the same function in the basis Py =1, P, =z, P, = (322 — 1), Py = 1(52% — 3x).

b) Calculate the matrix D of the derivative operator d/dz, in i) the basis [fo, f1, f2, f3], and ii)
in the basis [Py, P1, P, Ps]. iii. [bonus: Show that D is nilpotent.]

c) Find the components of the function Acos(z — ¢) i) in the basis h; = cos(z), hy = sin(x),
and ii) in the basis k1 = €@, ky = e,

2. The Fourier Series is an application of using an orthogonal basis to extract components of a
generalized vector (function). Orthogonality is crucial, because otherwise it would be impossible to
solve the linear system of equations (invert an infinite-dimensional matrix) to obtain each component.

a) Submit a screenshot of your completed Level 3 in the Fourier: Making Waves Wave Game.
b) Calculate the inner products (n|m) = [7_d¢ ®},(¢)®m(¢) of the Fourier sine basis functions
94(9) = L= sin(ng).

c) Use this orthonormal basis to calculate the components b,, of the Fourier sine series f(¢) =
> b ®y(¢) of the function f(¢) = m — x on the interval —7 < ¢ < 7.

d) Plot the first 1,2,3,5,10 terms in Mathematica. What does the periodic series look like
outside the interval —m < ¢ < 77

e) Compare the inner product (f|f) = [7_d¢ f*(¢)f(¢) of f(¢) with that of its Fourier compo-
nents (f|f) =>_, bib,. [it’s a rotation from the |p) to |n) basis!]


https://en.wikipedia.org/wiki/Fourier_series
https://phet.colorado.edu/en/simulations/fourier-making-waves/about

