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K Kea/ms of Mec hames

A A - corved sriceze

"\59 75/75/*4/ e/, Z
& Smal)) _k
classical mech | guantum - pardiele/ coave
< parz‘/c/es , waves| mechancs dieality
%)
§ special rel. guart - 525»74 guant.
Y - light F£ield Z‘/7&ory - (ge Fields
c S T) wt) 2‘) %

~ &M was second step in wuntfication
~ Che stimulus for Spec/a/ re/af/w'iy

~ 2he Foundalion of JED -2 standard mode/

X Electric charge (duFay, Franklin)
~ - egual & apposite  (JCD: rt+q+é=0)
~ e=Lex10™ C, ?ad/?f/Zeo/ ( ?,,‘( 21077 &)
~ /oCd//y consServed CCOnf/na/iy>

K flectric Force (Coulomd, Cavendish)

Q % = \ Q A~
<= 7 FeEy s
k’_“L\J
E

K Electric Field (farao/a}b

~ action at a distance vs. locality
Field “mediates ” or carries force
extends Zo ?aanz‘am ﬁe/ci theories

~ fleld /s everyewhere aleoass ETx, D
differentiable, /‘nieﬂraé/ e
field lines, efa//voz‘enf/a/\s

~ poroerti/ Z‘ec/m/fae\s
Ffor 50/‘///73 COM/o/eX proé/em\s

K Freld lines / Fleex
~ £ /s fangenz‘ Zo the field lines
Fleee = # of £fleld lines
~ density of the lines = £fleld Sfrenjf/r
D is called “electric #lux density ‘
~ pnote: '_/52 = Q) 1ndependent of distance
C

electric #lux

Flows From
WN—>)

all Fleex lines 5&3/}7 at +

and end & - charge

o, = SDda

D=eE = B

K Unificadion of Forces

celestial |{errestrial

i e
W

O |Neeotonian| (2| Maxeellian| (3) weak (P peeclear
gravity E&M decays force
2 =) ~ et 5 =
G = 6™ | N G40 / o=
eneral electro
re/az‘/\//z‘y —coeck

standard model
UDxSU IxSU 3)

GUT

772

K Electric potentia/

F=oE F=m3
foree s qr‘a%vf freld
U=gqEd | U=wmgh

"C/W'qul"

enerqy potential

closed
potential g
sSur-faces ’

a’/\/ergenz‘
Freld lines D k&
From sSource &

»* é‘?a//voz‘enf/a/ surfaces / Flow
~ no work done Zo Fleld lines
é‘?d/poz‘enz‘/a/\S = surfaces of const enerqy
~ work /s done a/on3 £ield /ine
Flow = # of poz‘enz‘fa/ surfaces crossed

Ec= Sé«df

-~ pofehz‘/‘d/ 1‘1(’ 1(700.)
15 1ndependent of pah
~ circulation or EMF in a closed /oo/

\/:” 8{5
E=-v/




A Mdjnez‘fc Fleld
~ no Magnef/c c/;arge ( Monopo/e>
~ fleld lines must Forr locps
~ permanent magnez‘ia dipoles First discovered
lorgue: T= xR
enerqy’ U=- /(f . —\%
force: ;_—‘)=V(/j'%3

~ electric current shown Co generate fields (Oersted, Ampere)
~ magnetic dipoles are current loops
~ Biot-Savart lacw - analog of” Coulomb laww

— _ | BN ° M A > -
= S Tal x @iﬁi discontinuty gdy
N

~ nd ! Y "Vu
B

~ B = £ a’gn\sl‘fy - . 6 7./0586/ £leld

- >// = fleld /AhZ‘eh\S/‘fy (G):)A \T'\ = \—*E/A‘ nes B car//nﬁ /)oz‘enz‘/a/

surfaces of %
around sowrce I

* Faraday laco
~ oppoS/ie of” Orsted's a’/SCoVery"
c/zan\g/ng Magnez‘/c Fletx induces potentia/ CEMFY

~ electric 3enerdz‘or5 , Lransformers 8 ,9;25,%
e

— ~®§%
5t ot

X Maxewell/ e?adf/lonS
~ added a//Sp/aC',emenf currest — D lines have +/- C/?d/‘ge al each end
~ c/lanﬁfng diplacement crrent e?a/x/a/enz‘ Zo Movfng c/mrge 4+ =5 5
~ derived conservation of c/}arse and restored symmetlry in e_?aaz‘ioné I D
~ predicted e/ecfromagnez‘ic radiction at the Speed of’ /{9/7( C:,Vé.%f: d —'%

Maxceoel/ e?aafl‘onS
V‘Sﬁs VxéAraﬁ@zé §D = Q@MQ §B:©
V-5=0 Y-85 =T 8. = 2Ba g T 42
B o= —
Constitetive e?aaz‘/on5 at H encd %
D=eE Bl TeqgC
Lorenfz Force
— O PO (O) C\\ 2) (3) (q.)
F= g (Bave®) :S(FE&Y%%B O 5% LN A . <é]®:‘$ -
Conz‘/,i\a/z‘y 8\5 Dj g
V':S'+a,[3:o C u\ Ol (A _\d\_a d O
MY — (D, ]R) = (p3) —
poiinf/a/\s N
E=-WL3A B=yxA
6@4{33 ranstormation Wave e?aaz‘fon — D/&(\/) K\ = ( P/g , /utﬁ-\

VoV=Oh A=A sya



Section 11 — Vector 4/385ra

X Linear (vectdor) space

~ linear combinadion: ( LU+ F’v> s the basic operalion
~ basis: ( Q;%,A& or a;&a ) # basis elements = dimension
independence: not collapsed into lower dimension
closure: veclors span the entire Space

~ Components: ? = aob-FG(b oy =0 BE’,B
in madrix fors:

= @EO)(E)
X Ax bﬂ Cx ol P K= }‘DX
ka7
z Oz Yoz Co/\ 7" 0\“”‘%“30\3* za, — (05

2 ( A
Z wusual, v one wpper,
* %ZB <g;ﬂ>, =ee one looer index)
~ binstern notddion: implicit summalion over repedated indices X=b,x"= g‘ b, x"
~ direct sum: C= A®R add one vector frosr each i1ndependent
space Co 382‘ vecZor in the product space (not 5/‘/;7/9/5/ wrion)

~ prcejecz‘fon-‘ 2he vector O= &+B has a unigue decomposition

2> é/‘//.nea)‘ £orm Ou(b +C) =a-bra-a
3) Sysmmetric

(coordinates’ (B,B) in AR - reladtion 2o basis/componerts? A (o ol
~ all other structure is added on as swltilinear (Zensor) extensions T space
* Metric (inner or dot product, contraction) - distance and angle - reduces dimension
C= aB = Qb Cos @ = an - Ojb“ = xbx+d‘3b?+ OL%[OZ: abeJ - <a%a3dz><b;>
~ properties: D scalar valued - what is outer product?

Q. *
RN
@+b)e =a-c+b-c B
a-B=b-a '
~ orthonormality and completeness - Zewo fundamental identities
help Lo calculate components, implicitly in above formulas
é‘ . O = 8 Kronefer delta: components
a v “Y of’ Che identity madrix
A A
g €L €L © :I
=1

8(;' = \ <(]C b:é— — <l O O
’ {o;uﬂ 01 ©
of=0o.6 =a'é

OO
& &+ g e, Eh 4 Pe,.El

~ orz‘/zogona/ pro‘/'ecf/on-' a vector N divides Zhe space ><
3eomez‘r/c View: dot product l//\\

N < into ><“k‘\ @ ><.Lk'\
cOC /S /engi/z of o a/ong A ;
pro‘/'ecf/on operalor: /P“; \;\\ﬁ ., acts on x: 'P“ 5 = 5&

A JEN
AR
~AN D “ N
0= N ineOC n W
~ generalized metric: for basis vectors which are not ordhonorial,
collect all nxn dot products into a Syrmmelric malrix (metric tensor)
- = —
Q=0 by sy o=

X \5'@‘ \SNJ' =

Kouy N)m
P Ebo{by = X'gy ~

V!
Ju 32 Qez| T
I e God VY’
in the case of a non-orthonormal basis, it is more difficult Co £ind components
of a vectlor, but it can be accomplished wusing the reciprocal basis (see )

g



Extlerior Produwuctds - /7/:9/763/- —dimensional oé/'ecfé

* cross product ( a_)ea’ge product, areq)

~0xb=Rabsne=fab=Aab=|% G 2| -
- - a, a, \
where  BLOC and BB (B-rude) bx o E;z B\
~ properties: D vector—valued
2> bilinear ax(b +C> = axbraxe (OJ—b}XC’, = QXC + bxe —CD'LFUS’()QB:@
3) CZ/?ZAS}/MM&%/‘/AC ax B = — BX& (oriented) ( /dfd//e/)

~ Componests: é X é\ — 8 k2 Levi-Civita 2ensor — cOmp/ez‘e/y artisymmetric:

[ /& even permedadion .. .
where  €44= Eyg = am { Sy = J it i Gk eyelic)
87_13 8\31‘831\ -1 9 _l Yk oae perer e
O repeafea/ fhde)(

= T oA A ‘k N
TN =R GY = By KV S
~ orthogonal projection nx projects L Zo A and rotates by 90°

A

Xe=—he () =R B=-hxhx BB =0 —Axax =1

~ where 15 Che metric in x?
vecZor X veclor = pSeudovector
. N AN ¢
Symmelries actl more [ife a biveclor
can be defined cithowd metric

A frfp/e prodacz‘ (voline of pa)‘a//e/pfpea/> - base imes /)elg/zz‘ &: a ‘,B%E — Qg O\\g A,
~ COMP/&Z‘&/V anz‘fsymmefric = definmtion of deterrinant by \OU \O%
~ why Is the scalar product symmetric / vector product ant/symmetric? Cr Cy C,

~ vector ' veclor X veclor = psSeudoscalar (¢ransformation properz‘/e\5>
~ ac?s more like a trivector ' (volume elesient)
~ aja/‘n, where 15 the metric? (not needed!)

X exterior algebra (Grassman, Harulton, ClifFord)
~ extended vector space with basis elements From oé/'ecfs of each dimension
~ pSeudo—~vectors, scalar Separated Frorr normal vectors, scalar
rmagmtude, /e ength, area, voltme
scalar, vectors, bivectors, Zrivector

o AN A A A
( ) XJ%,% ) &S)Q%\%ﬁz ) ﬁ%%
~ what about /7{9/78/"“00/)78/75/0/7@/ spaces (like SPQCe—-f//mg)?

can't Form avector ' cross-product’ like in 3-d, but still have exterior product

~ all other products can be broken down into these § elements
most important exarple: BAC-CAB rule (U relation to prq/-ecfor5>

o Ax(Bre) =B AC)-CAR o
2 N (B = (S Sudin) N B = BRI~ CTAYS)



Section I.l.s — L/‘near Operaz‘ ors

X Linear Transformation
~ function which preserves /linear combinations
~ deterrined éy action on basis vectors ( eﬁg—craz‘eﬁ
~ rowws of malrix are Zhe /mage of” basis vectors
~ deterrinant = expansion voliume ( Zriple prodacf>

~ ptltilinear (2 Sets of bases) — a tensor Ly

A C/zanﬁe of coordinates
~ Zwo wayls of z‘/w‘n(//ng about transtormations
both y/e/a’ 2he same Cransformed components
~ active:  basis Fixed, physically rotate vector
~ passive: vector #ixed, physically rotate basis

active

) ) . ) ¢ranstormation
X Transformation malrix (active) — basis vs. Components

(@B3)=(%§% Cb%:;) caw( > &4 >< ) @ @%@O
LR elr-exk X=R X

A Orf/zogona/ Yransforrations

M (o@w@B\ =M@Y 3 M (S)
M) w1y =(

m,x§m1
W\ly['mz

o

Zransformation

‘@zég‘%
X' =R, x

~ K5 orf/)ogona/ £ ‘/9re5er\/e5 2he metric ' (has the same Forn before and after)

2t L (NG - <><>< % %> <3« > 572 E ) <aa a8
< e < \ '-3,'</: /\‘% 32( 321 g Q ( > k) & lQ
{ér:d_é\(R éﬁié/:&é?é%:g%j%:g/ 8:8/

~ e?a/\//enz‘ defintion in Lerms of components:

%X = ngx X‘M ><43>\4

BB: 9

FgR-g

(metric imwvariant wunder rotadions i+ 3: g/>

— ~)
~ Starting coith an orthonormal basis: g =T 9y ««&0 (R:rj%:: R:: (R:r
* Symmetric / antisymmetric vs. Symmelric / orf/}ogond/ decomposition
~ recall complex numbers U= P+ L (o*= P ((}75)*: —if
U +U L -
ehoef ot el ettt 0
~ Sirlar behaviowr oFf Symmelric / anf/Symmeir/c mad rices M ariér @y ‘”’ L rix
T Symmetric
o (b+o) S (O QO*C)/2_> _ A antisymmetric
M < d> (ﬁbﬁ}/ d ' CC—@/Z © o A M\/{\A@ S symmelric
\ _ T T T o
S=cl= g™ =ve'\" RZSA RR’(@A N=Nh et
N N
< ™ Aenge. A (7 A o
det ( @%‘Bﬁé'aﬁ':@Jr *:e(< R T ATD



& 3en/9arqp/73rna/ '

* illustration of” symmetric malrix S with eigemvectors v, eigemvalues N

#* S/AM/./a/‘/AZ(y transFornr — c/lange of basis (Zo a//.aj’;na/fze 4)
Sive-y=(45,-) ("N ) SV = VW 8=V WVT= VW

* a symmetric malrix has rea/ e/‘genva/aeé

Sv=Av VI8 v = A
VTS ST TSy -ty
~ what about a antisymmetric,/ orf/zogona/ madrix?

A"

A e/‘gem/ecz‘ors of a Symmelric. madrix eoth distinct e/‘ﬁen\/a/aes are orf/;ogona/

V'8 = (WY = (Sv)T= (w = VT
Avievy = (S)a=\" (8, )=\ Vg A
Vi, (A =0 i A, then =0

arbitrary madrix
orfhogona/
SyMMeir/‘c

diagonal matrix
orf/]ogona/ (dorcin)
orfhogona/ (range)

A Sl‘nga/ar va/ue a’edompo\sff/on (SVD)
~ Zransformalion Fror one orz‘/'[ogona/ basis to another
ST —

M=:ﬁf§::gggvﬂﬂ':§£vJvT

~ exz‘reme/y wuseful in numerical rowtines

C<ZnRNZE



Section 1.2 — Differential Calculus

X differential operador 24

~ex. U=X?  du= dX® = Oy dx O\E/{ZM\A =0 £
56

or A (sn )gz) = C/oS(J\ZB A x? = can?. AN 4 RS

~ dF and dx connected - refer to the same two endpoints

~ prade Finmte Z‘a,él'n radios ( derivative or chan ra/e> dfs: :E
finie & daking Fri /\

or infimte Sur = /nfegra/ ( ﬁ(nc/a/ylenz‘a/ 7778reom of ca/ca/a5> | 4
b

-4 i 5.

Bl Tfa-Jae= gL N/~ X

¥ scalar and vector Flelds - functions of position ( )
~ "fleld of corn’ has a corn stal¥ o each point in the field
~ scalar Fields represented by level curves (2d) or surfaces (3d)
~ vector Ffields represented éy arrows, field lines, or e?af/voz‘enz‘/'a/\s Lé/'

X pardial derivative & chan rele
~ 5:’3/7//735 one Va/y/ng variable AND other £ixed variables
~ notadion determined by denopinador; numeralor along for the ride i
~ Cotal variation split into sum of variations in each direction .

Ju (Qu Ay du - 4
I T _
* veclor differential - 3/‘620//3/7(
~ differential cperator y, del cperator ad = adx 8.‘,9—
ar = ’g)[:dx+(5ﬂ_o\%+§r<)z ¥-% 9.

Ox

- (3,3 3T (%, iy, d2) 5 = % d

\% a4

~ differential line elerient: A,Q and £ 1 transforms beteween X téfz «— dx d% Az and d—Y

~ example: ) x* Y = chéoQX + xq&ud —= (9\7%) Xl>~(c\x)0\<@

~ example: let 2= Z?CX) ‘-5.\ be the 5/-@9/7 of a surface. Whad direction does ’? point?
noeo /et %Z Z— § (X;%) so that %=O on the surface of the 5/*@9/7
2hen Vg = (£, y =Ly 1) 15 normal lo the surface

X J/wustration of cur! — Flow Sheeds X J/wustration of df\/e/gende — Fleexe Pwbes

=2 closed

potertial g
surfaces
u '

Cé{r/l'nﬂ /oz‘enz‘/a/ diver 3 ent

Surfaces of Freld lines D k&
around sowurce I

c//SConZ‘/na/Z‘y U=0
nd !

closed F£leld
/ines B

from source &



>///:9/73r Dimensional Derivalives

X cwur/ - circelar Flow of a vector £leld A d/\/efﬁehde - radial Flow of a veclor Field
N~ A A
= N (/a, z X (\/2_ \V/ 5
— \/ '9) = \/)(
V v &( aa 82 B +% <VXZ \/E)XS Vb\/ - <9ﬂ 83 82\<\/\aj - \/\)X * \/«‘j)‘é +v3fi
Ve V‘& Va +2 <\/%,X'_\/‘ﬂ,%> Va.

o e there V(5 -4 5+ 559
~ eXde/eS o/‘pl‘oo/lf V(]S'@\ = /’\*(V*gs ’FQQ °V\E + CTE{—?T\\

B Bre) = B2 (B Ve (R = W5xA + £ (TxA)
Hre=blo-cl Vi () = (B-IA-B(WA) ~ (BA)

ﬁrj_(l%@ :r\{@%\ “B(AY) VR = VRA+ F§.A
Ve (ArB)=AYD) - B(TRY V- (Bor) = (TR & — A- (V1 B)

X second dervatives — Chere /s re_a//y on/y ONE! (Zhe [_qp/ac/ar» VQ = VV = &% 4 93 v 3:

D V (VTB = VQT ~ eg’ VQ\T;-O no net curvalure — Stretched elastic band
(V-Y)v = Vo ~ defined componresnt-cise on v, Vv, (only cartesian coords)

3), 8) VQ: V\/\z + V(L ~ /onﬁiz‘ac//na/ / Cransverse projections 4 (V%SE \V\\Z T
= V(¥ “VxVx KE= Kk —Ke(Rx VrVrir= -V

2>) 4> V)QV =0 -~ e?é(d/lfy of Ml)(&c(ﬁd/‘fld/\s (5{2—0> /i 9 2 _'_% <9 Q -9 9\
Fr¥ D=0 VFd)-o Try= | G|= w(&@ 5.3

97\ QJ 82 -I-?; r;) 9 %Qx

X wunified approach o all h/‘g/yer—orc/er derivatives cwith differential cperator
D a&” =0 2d¥ =0 3 dx dy = —diydx + differestial (line, area, volume) elements

~ Gradient .
df = fdefdyr f,de = vF 3T Q0= (dedyde)=ar
~ Cur/ ~ D/‘VerjeHCe
A(AdLY = o (Ad + A dy+ A, da) A(B-da)= d(B,dyde +B,dedr + Brdvdy)
= A d + A &\jo\x + A, dadx = By dvdyde + %x,g 0\32(9(}% + B, dadhds
¢ oy < Ay %ﬁ% oe dedy b B, duky ¢ By dydedy + Ty degad,
+ 2 2,
pdude t Ay dyde 1 A, e VB dudidy By dydidy By dedidy

= (Aug Ay ddydn+ (A Agbazmmﬁ A )dy

AAD) = (Fx A)-da = (B, + By *Bye) Kdydz

doi=( dyda, ey vy ) =2 R x dl =dfe d(B-da) = V.8 de  de =g dh - dhxd] =d¥
_ 9 _ — A(B4D)= d e R) 8- d(% 4= % B)
&1’ %’ V%A C&O\ dl? V b d}—s




Section 1.3 - Infegrdf fon

X different fypeé of lnz‘egraf/on in veclor calculus

i 07= 04, B, R, Redl, Ardd Ao Ex=JA = 54
2~dipr: W= Gda. | 7dd, Bda B-db, Brdd Flees: 2~ 6 - [
3dipg 1) = pcﬂt) Edt Substance: Q= 5(&\’ XPC&(C
~ "differestial fForms” are e\/eryc‘/w'nﬁ afler the ‘51
! hae a 'd' somerohere inside dzec: de + 90\% + 2dz
~ often dl dlot &C are burried inside of ancther d ' da - leédh)rg&%dx * %&X&l&
current e/emenz‘ &3( L:)) Kdlm o d m‘ {Oo\tm d'Cm OQX Cﬂlé OQZ

charge element Aqf = Va,, Tdl . Kdo, Jde
~ Zwo types of regfonS :

over the reﬁfon R \0%0 ( open regfon>
over the éoana’ary AR, oF K é}‘&w (c/osed reg/on>
coordinates on boundary of
X recipe for ALL dypes of /nz‘egrai/on path/surface/volure coordinates
@ Parametrize the reﬂz‘on [-d 33; F’- (tﬁ b )
~ paramelric vs relaions e?aai/‘ons of a reﬂz‘on Q~ch S ‘F (S}{A St 9
~ boundaries translate to endpoints on fniegra/\s 2ol VYV F(s J’tju\
&) Pull back the parariters .
~ X2 become functions of st diz 5‘;&2&? X::( %j;\\ Cd%(iﬂjé%é/
~ differentials: dxdydz become dsdtdu %= gg B¢ ‘k ‘% i:;@ d)% —i "
~ reduce using the chan retle de :EE 5E " OQS dtdu z

&A 4l = S //\x(»@gzﬁ dx + Aylyddy +Ae Goya) de
ﬂS AMY&)&;& ) 20) 9% grdt *Ag(xﬁ,\é&),z(ﬂ\ g_\éol{;

) Inz‘egraie 1—d /nfeﬁra/s asl‘ng calculus of one variable

K example: line & surface /nz‘egra/\s on a pdraéo/OIa’ ( Sio(e S z‘/]eorem> «

Aot Sizepleg =sigs) (oamga= Ga-2a)ge 05 = [ yda,-2du,

e (o !
N 3"“ jds% s g d, = SS g—4s'sy — - Qs>o\s ¢

= 5y = dss + S¢edy
g= s? dz— dsds wrtials’ gdsj L}\S\,:L ast ‘JFS

di = 8P "\3 + Sr dp = digdl, ”S -4g>ds- 211" 25 = = Qe
di= dlx dl, = L%scg %ggg ds 34’ #* afternate method: substitute for dx, dy, dz (atisymmetric)
4
= (——)2 Qsi% %43 Sg * 2 QS) ds dé ‘g Lé&zcix 2dh a‘ﬁ = S S s ds @QPO\S Q35¢d¢)

~ 3*(8¢ds-2s5,d¢) (505 + 5G.dg)
= S-Lfs% dsdg - as'¢, dsdp + as's, o\ysoas
§ Fdl = § yoon - —&fs¢ d¢ = -ar “S(—(os,b—él%>830|sd¢ ~d3dg

3S: Tls,p) 3=\ ds=0 onI &12 (s=1)



Fleexe, Flow, and Substance

K Differential Forms Narze Georetrical pictire
scalar: W = Y leve! curves
veclor: de = ;.\‘0_\72 = Ax d)( A A‘g} d% + A?; d1 e?a/‘poienz‘/a/s (Floww sheets)
pSeadoVecz‘or-' ad = ‘_%0\5\ = %x A%O\% +%‘5§ Ag&]& ')‘%dedg £eldlines (Flux tetbes)
psevdoscalar: dqr = pdt = Pdx dy de boxes of substance

K Derivative ‘a/ ‘
scalar: d, Q? = V \JOed:Q 3raa/ Same e?a/poz‘enzll'a/ surfaces
vector: d /Z\.-o\)ﬂ = V)Jioﬁ cur! Flex tewbes at end of sheets
pSeudovector:  d) ‘_%.O\ZE\ = V3€ e div boxes at the end of flux tubes

pseudoscalar: d Po\‘C = O

K Deflmte 11t eﬁ"a/

scalar:

veclor: e = Syde = SF Adﬁ Flow # of surfaces pierced Ay path
pSeudovectori = 5; a2 - j; Bda Fleex # of tubes piercing surface
pseudoscalar: Q= S\(ai - S\( PO\(C subst # of boxes inside volume

8,= J Bda =55=+42
ib:i\ﬁ :535 =SRPJ = Q=+4
4B = d(5-d8) = 9B dc = pdt =p

¥ Stoke's theorem
# of flux tubes punctering disk (S) bowunded by closed path
EJUALS # of surfuces pierced by closed path (03)
~ each surface ends at its SOUKCE Flex tube

* Divergence theoren
# of substance boxes Fowund in voluse (R bowunded éy closed swurface
EQUALS # of Flux tubes piercin the closed surface €l
~ each Flux Cube ends a its SOUKCE substance box



Section 1.3.2-5 — Ke ezj/on | Fornr = Inz‘egrcz/

K Ko egz‘on\s
. . SO /\ S‘
endpoints circl e\/
O
B

\ 3
BT ®
° e __——>——0
poz'nz‘ interva/ dis. é Ball

~ definmtion of boundary operalor o ~ a room (ewalls, windoew, cerling, Floor)
‘closed Ireﬁl‘on ( cyc/e>-' 9S=0 s CLOSED £ all doors, cwindows closed
is OPEN if the door or window is open;
~ what 15 Che éoz,{nc/ary?

~ iS5 every closed closed rejfon a Aoana/ary? ~ 2hink of a surfuce thad has loops
9S=0 <= S=93R, that do NO7T wrap arownd disks!

~ a éoanc/ary N a/a)@/\s closed 8 AR =0

A Fé/‘MS - See /ast notes
~ Ccombinations of scalar/vector flelds and differentials so Zhey can be /nz‘egrczfea/
~ pictoral representation enables ‘fnz‘esrdz‘fon éy eye ‘

RANK NOTHTION REGION — VISUAL KEP. DERIVATIVE
scalar W = £ 8<Q point leve! surfaces J 4o = w4 Al
vector OO —R-REL OSP s Flow sheets ) L ou= VA &7
p—~vector W® = B =R-da ° S swurface Fleex tubes > J dw? = 9B Jdo
p-scalar W =% = pde 6<\/ volire subst boxes Y d AW = 0
“~ pl‘opel‘z(/es of differential opel‘a‘éor ‘d!l Z‘Zg ioo;;d'/

Cransforms Fform inlo Aigher—dimensional Form, Sitting on Zhe 5oana/a/‘y
T Foeaelemma (ddw=0] _ Yuyy=0 V-VeA=0
~ Comverse - existance of potentials \J,/

dw=-0 < wW=d« VxE=0 < E=-VV ¥:2=0 < B=yiA

for space it hout amy n-dint holes  in it

* Inz‘egra/é - 2he overlap of a re\gion on a form = /‘nz‘egra/ of forsr over regfon
~ rejfon\s and forms are dual - f/)ey combine to forr a scalar
~ 3enera//2ea/ Stoke s therem:
QY and ‘& " are adjoint cperalors - they have the same effect in /e fnz‘egra/

fd)w¢§w note: (= ywﬁjo\wzfddwa()
R R

SR AR &



(Generalized 5%0(35 7 heorer

g%\/)
ﬂdomdg*d”o”? =A¥

o b2 g

X Fundamental Theores of Vector Calculus: od-id

Seqp- 4T = Jdf = f-56)
K Stokes ' Thereorr: id-2d
VrA-da = % che dy — @A_X dxdy + .. %ﬁ
—A w% +/%%O<)(*dgt) Al %p) Cde) # Adg)dy +.

= < Z\Xﬂ oconnd bounﬂara
+ oflher 40&065 \3\%

* Gaws ' Thereonrr: 2d-3d (d/\/e/*jehd& theorenr) /%
B o = 8,
V-Bde = I fudyde +%@&%dzax+ Bz gz e oy & M
= Bx(x*)é‘édz; + ‘Bx(;(j(—c)g dz) + 4 other faces @f@ Dy
= Z @da a\row\oq bowxéa% D[j

K pote: all interior ), Flow, and Flux cancel ad opposite ea/ﬁe\s
X proof” of comerse Poincare lerrma: /nfejraz‘e Fform owt o Aoana/ary
* proof” of gen. Stokes theorerr: /nfeﬁraz‘e derivative out 2o Che éoanc/ary

Jdw=50 < fodi=8y  fe-$Aa  fFe-5iaw
R oR. P oP 5 03 ¢ ot

X example - 1ntegration Ay pPALs
v-(tf) = (v8)f + & vf
f&vfac =5 (5o - §F.2)fac
v
£ 5 B B 3 B
‘fv% %T_ \:c\r.&& = %8\)&0 5 £ §V4~’IT N gdu
fasz Sr,oo\no = jr%m ¢.€ f — 4r foo
= (-'L
\gd&\ DC(RB‘UCCO\ = Sd& g(%‘e,@ — 41 $0)
AT (<, = fio) ] = AT (<, - oo ]



Section 1.4 — AFFire Spaces

* AL Fine Space - linear space of pornts b@y»@

POINTE vs VECTORS 7 g Pin®
~ operations @2 _ E: \‘7 _ O{C\ N (5? P S - +{5 + TR
P+V:® ‘éR O/\‘\‘ @-\'BA:\

~ point's are imvariant wnder rans/ation of the or::g/n, but coordinadtes depend on Zhe or/g/n
~ a point may be Specified éy s position vector “Carrow from the or{g/n Zo the point )

cumbersonte picture: /)7 rearmnngless arrowws Fror a Mean/ng/e\s\s or/3/n Y
position Field point "Qﬁ Uz g displacement vector: ¥ = - L AT
vector: Source pt F‘I ()k‘ %{z’) differential: o@ i-)raqr (;Aq, /,/"/
| G N
~ Che only cperation on points is a a)e{g/?ied average (aFFine combinadion)
a)e/:g/zz‘ =0 Fforms avector and w=1 form,ms a point —\ L
~ Zransform,adion: afFine Vs Jinear (R 6) (r> :(Rr+e>
~ basis ( 1ndependent Yo N Vs N 000 \ \
~ decomposition: coordinates vs ‘ Components R € % _ Y
- 2hey appear the same For carlesian SySZ‘eMS./ 000 | o
- Coordinates are scalar fields = CE)
- Chey paramelrize Space
K Kectangular, Cylindrical and Spherical coordinate transtormations R; (§)
~ madh: 2-d -2 N—-d physics: 3d + azimud hal symmetry .
~ Singularities on z—axis and origin : <§ (% 7 3:6/& y 25 C¢ ~S¢ °
9 9 S;=Sn© 1% 0t 55 ¢y 0
y Ce=00s O o o)
Y =S¢, rect. cyl.  sph. Ry (o) Riod)
=38 = Q0 =< A WG A
VTS F = SG= S (P69 -(s38)3 & O| = (R4E)RewRyo
S::\(.Se V - SSQS—‘\(SQS(;S Cge _g o SQ¢CQ¢-S¢
_ — — o o Cy Co
2=1\Ce E=72 =10 <ses¢ Cos g)
C’B _Se O
df = Wdx+Gdy + 2dz da= X dyde+Gdedx + 2dxdy dt, =dxdy dz
d% £ds +Psdp 1 2de dg, = & sdpde « pdeds « 2ds sdp de,,=ds- sd¢ de
0@»\ féf 8@9 b subdp dg, = Frdgrsnbdd 4 S rsmddd dr +ddrrde d'CSPL\: dr-rd6-rsnBdé
a4 W iy ¥ = 8 dSy
v ()
A” = V(@)
-------------------- g tresse S A
A S _ f P / S de
| 5 | e
! P ! s 1\ e
| o L i Ce 1\
e E e T Fe
Vo N Vo VY




Curvilinear Coordinates

K coordindle surfaces and /ines
~ each coordinate /s a scalar Field ?(?>
~ coordindle surfaces: constant ?
~ coordinde lines: constant ?/ s ?(/

K coordinate basis vectors

w - contravariarnt
basis vector (4)
Ul 2o w-line

u - covariant
A\Aas s vector (44

L 2o wu-surface
v - surface

q_b ~ gu v U\J} ~ 3enera/i2e.c/ coordinates
) ) w = covariant
—~ _ & n . basis vector (6+)
b{, "(%4) ) C%O&JC‘ vy )t.»)h.} ~ contravariant basis w - Surface o w_sm{,ac;)
(ﬁp‘q} _ - - ‘—-»

Bc: VQ(_'” “%%'% )6}/»\} ~ covariant basrs

v - covariant 4

- basis vector (87
" \ ‘Qk ~ gan, 9 ,h} ~ scale faclor L Zo v-surface

u - surface
v - contravariant

basis veator (4)

h
é‘:: /h ~ O\]'()‘"\;)} ~ wunt veclor

. o o Ul 2o v-line
8{/3 = b@’ b’r) ~ O' it ~ metric (dot prodacz‘>
o, oO"
]/L? _ C:}"’ =Bk r: ~ Christoffe/ Syméo/\s — derivadive of basis vectors

K dfferential elements ( orZ‘/?ogona/ coords) X example X=S ¢ dx = %dg sy deb
R . . (cp= cos ¢) Y=ss4  dy-= S¢AS‘:—SC¢ de
d’ﬁsaﬂdg{%&%dg{% aﬂdgf:b.dg; . A J

di = %dx *%"“& = (& Cptsp)ds + (Ksp-§oy)sdp

— € Sn dar +€ bﬁ\gﬁegwg = 8ds + §sd¢ (8 #)=(% gﬁ@;"iﬁ

d,Q\ dfz C)‘Q SZ: %zw.a?' QS&S = Q\XA-X + QL&CJ%

5o st - [5%5 S R
hdq—[ hqur h}d‘f A(}) _‘l&O\X 4 X d"j’
=80 hd 4+ Sohddndd 4 &g hidd hdg Vs= 55 48G =qRasg =S
dT= 541 -da = £41d0xd2 :(ﬁ\dq:‘ ‘(\Qc\q%- Iy dop Vb =884 £G = -5 ;%% -2

X Lormulas For vector derivalives in orf/]ogona/ curvilinear coordinates

= 2o dgi= D = 9 il v9- & _zag
A(AdL) = d (A hdg) = & (nA) dgid S QEA)

WVxA héf‘ %@
XA\= = 3
P TCN S R A S T P e &‘\
- E(’"J n }"K aq- a — <WX-A\ - &C\_ Ar h,/’\ b Al oA
d(Bda) = o\(%bha%‘ hdg") = b S (h;he By dy' o\g(o do V- B = O‘?:@ = hl\‘m\ns & aé(\abhkﬁb
_ mi 5%[ QC\gqth\ dt = V-Bo\t bk eydic

Chis formula does not work for V B — Y 5? T— ara?% h; \r\\< %5:
\ 2 © v L

instead, use: V — VV . V?\V X by



Section 1.5 — Dirac Delta Distribetion

K Newton's lac: ydn:é ”ass X‘/e/‘é X defimdion: d@ S(X—X Hx /S defined éy 7s 1nz‘e_3ra/
Htep/ [ coikipedia.org/ ciki/ position (vector) (62 distribution, differestial, or +unctional)

&SM = &d@ = @(x)t__gé a<0<%

ot hereorse

d @ differestial

SC }7" O if X EQ 2 is a distribution,
g o \)C x=0  NOT a function!

X [pportant integrals related to §(x)

_G‘_ ________________ >
| a=g(e®-) t 02 oo
NS i ot ;2, 00 feydx = | 60dx st
G gegs ) gk ) - :
li\ ‘delta function + KS) S(XB ]0<7<> dX — 5’( O\ S
! s=q8@\l, ¥ | . po
S t’ y [ = JK :’ i =—5 (O
| chC(/e_, PSP, /oC:é) drep, ~c»<>g(3q f(x> dX ﬂ )S(—jo vf)( )86() dx ? ( >
o 8 (=% 'S 2he an wundistribution” - it z'nz‘ejraz‘eé Zo a lower dimension

fg=fra-lagua-q  __alo

jﬁﬁ - &@AO‘ = 5/{?\(@ S(s)ds dt :fcf/\({;y ot =g

Svabqr:g}(a& ;S\?(Sft\ Mdg dt = i‘qg\% -q M

% PN . — Z = —

oc :qurg(r\ 9 oc S\Qx%(rﬁ 9

# Sx-x") 3/1/85 rse Zo .5oanda/-y conditions - /‘nz‘eﬁraz‘e the diFE. eg. across Zhe 5oano/an/
= ot D 9 3 ot
V-D=p = alst) Sn) fdn(‘%g” o g} = f T(st) S6)dn,
A = =0~ o

Vo heA pro 3ok

K SOX) is the kernel " of the identity transtormation

F-TF  §6 = §d Strd) $0x) 5 fo) ¢

oo
( Ccorponest —
form ) identity operalor |

St-a) %
H S-X) s 2he continuowus version of the “Kroneéer delta” 8 i

n
a=To  ai-5 8 05 (8)=(o70)[a)
A=t Qg QO /1y




Linecar Functdion 5/962635

K functions as vectors (Hilberd 5/962@3)

~ functions wunder pointioise addition have Che sare //nea/-/‘z‘y properfy as vectors

VECTORS FUNCTIONS
~ addition W=Talh W=V, In= §+8 ) =1G) + g(x)
= A A o
/ndex corponest basis vector index copponent basis Function
f oo — —A—
or (}Q = é’é £ . é{) (X)
~ 3)‘65? /,

~ ‘hner prodacz‘ "
(metric, syrmetric \7 U= SV W
bilinear Pl‘oa/é(ct> = L

~ orZ‘/’lonorma//Z‘y é . é — g ,
( /na’ependende) J

~ closure

" oA A
( CoMP/eZ‘eneSS) 2 6{, 6{," = I

=\

~ Jinear operafof
(e rined

-

=Av W = Au)\/é

~ orf/’]ogona/ rotadion

/ —d
( c/7an5e of coordinaes) s /RX

(Fourier transfors) \C{TR: i
~ e eh"eX/an\S/‘on - .
Otreteos) Av= VA
(pr/‘ncf/ﬂ/e aXe5> A \/ = \/ W
-~ ﬁf‘do/;ehf, - di
functiona/ derivatdive v{?_ Jdr

A
Y . [VZ " 3 §0) £
I Q >0

| % %
<) g7 :joclx 6 g(x)

Jemgoo=8  J8um86en)=5ocy)

x

Edwbe) - J 800080ty - 86

f-Hg A JH K )

Lok = j{;jolx S £6)
Jdk e 2 (e 999 2 Qg ey

H k) = NG
(Sterm—Liowwille proé/em\s )

5 F[P(X)] (Functiona/

{O /)7/‘17/‘/)7/‘262% /AOI7>

K Stwrr—Liocwille e?aaz‘/on - e/‘gen\/a/aeé of’ function cperators (27 derivadive)

Lyl = ”%[péﬁ)%ﬂ +q0) =AW y

B %Ca}, %(b)

~ Chere exiSts a Series of e{gen/’andf/on\s y,\(x> ewith e{gem/a/&(eé Na
~ eigenfunctions Ae/ongfng Zo distinct eigemwalues are ordhogonal < (6{“\% /}> = &'9



(Green Functions O H&x)

K Green s functions are wsed 2o imert” a differestial operator
~ Zhey Sole a differestia/ e?aaz‘/‘on éy Z‘arn/hg 2 into an /‘nz‘egra/ e?adz‘/on

* You already sacw them last year! (in Phy 232)
~ Che electric potential of a point a/mrﬁe

S5k w5 =wg (e =0 OV =r R =t

OO TZ_’?O@ at Y=0 S'}ﬂ\c)uQaC‘\)Fy" R\ V-
NV E sy

b) SV d’U gdﬂ §d\&,‘r YZ '—AHT ~L ? &,
=R e (LG

WA epeY\de\A‘t of vollme '\Q O inside o~
A
tos V5 = ArdE) - V'V = (e,

( Porsson e?aai fon)

K Green 's functions are Zhe 5//)7/)/35Z‘ Solwtions of 2he Porsson e?aaz‘/‘on

_ =) 2 b,
Gle,p)= G = oo = V5B
~ /5 a SpeC/a/ /Z(ncf/on which can be wused o Sole Poisson e?aaz‘/on Syméo//ca//y
wusing Che /a/eni/iy naltre of 5302“(“/} . 8%(){/}

~ intwitively, it is just Zhe  potential of a point Source "’

VEU) =V Vi = VoL = 9 A=p-w

Dot \/:j;(a()c)(@ow (Sdution +o Puyscon's e
&
viv= e W@(ﬁfr)&é{/’@g } S or =- )

* this 3enera//ZeS Z‘o one of the rost powerfa/ methods of So/t//n3 proé/ems n f&M
~ in §ED, Green's functions represent a photon propaﬂaior
~ f/}e; phioton mediates the force betioeen teoo c/7ar3e5
~ i carries the pofenz‘fa/ Fron c/zarge Zo the other e

v ,

(/{:X@\/&’Ufﬁgpgffoko\t/ 0 G o



Section l.&6 — %e/m/?o/fz 777&0)‘3/)7

orihogona/ /r?/ecf/ons P, and P, d vector F\ a/n//a/eS Zhe space >< into Xll\r\ ® >< 1in
geomelric view: dot prodacz‘ ﬁ\\ S s /engf/) oFf & a/on3 "

A
o
Projection operator: pl — V\\ﬂ , acts on x: (F[)i 5 = = n

3

L Ak
OCQ~ A V\ ° OC z/g/hﬁ N xo¢
~ orf/zogona/ prok/'ecz‘/on‘ /V\\K pro\jede 1 Zo k/\\ and rotates éy 90° 5
A B _/\ N A .
>< —hx(h)\?>"” DC E"” NnXinx /p“—k(p:((\ﬁp_,ﬁxhx :I
A /ongz‘ac//na// Cransverse separation of Laplacian ( )400/ e a’edompoéléon>
VF ~ /s there a solwtion to these e?aczf/on\s £or F(Y‘}
V?(F?;:f j/x/e,n £ixed Sowrce Fle/ds P(ﬂ and J(¥) 7 YES! (compare Hu #)

- X = = — (Jongtudinal /2 ersSe
proot” Wi = VY- = = gt ransvers

Components of Y )

N %) =
N /\.A/-\
~ Aormdllyy, = = o Pt BV we sOukCES
| LY%V\EWW(&ZX\\) A e roTENTIAL

. e

~ WA does V mean? Note Chat %7 L{*TK}L 8’}(%3

~ 2hus Wﬂl 68(2) L}‘T\')Z = 6 ()z,\ (See next paga) .:Z'c%)z, IS Green £n
~ wuse the g—-/‘a/enf/fy (\)(Fy :Sdﬂj( (Sg ()T\() P(FIB

Ve = Ve = dlvam)er = Jargn = oo

4rn
- D= I - = . , = g —
AR = -V I®r= S&(vE)Ie) = fe3e - Lo Tdd

~ thus any Field can be decomposed into L/ Tparz‘s ? — —V\/ +VX /K :)/;/7 d\/)é ]i
et 1ned above

SCALAR POTENTIAL \/ VECTOR POTENTIAL N
K T heorerr: Zhe /’o//oa_)/nﬂ are e?a/\/a/enz‘ K T heorerr: Zhe f’o//oa_)/n are e?a/\/a/enz‘
defintions of an irrotadiondl” Field: defintions of a SO/enO/o/a/ £ield:
o\> Wx \_f: = 6 cur/-less a) V- \:: O a’/\/efgehde-/e\s\s
A-—.:,« = &’C/ v‘ﬁ = N = dﬁvﬁﬁ
\D) F=vV where \% Sm D) F=SMA  where /T\\ S ey
c) V&)= S S c) 7 S F-dd  with 83 Fixed
© 1S independent of path 1S independent of’ surface
(ﬁ> § [::‘ﬂZO for any closed path d\B fﬁ’d—&: O For awy closed surface
X Gacge imvariance: X Gacge imvariance:
7 ﬁzav\/l and also F:’W\/z i~ ﬁﬁwl\/_ik and a/so rj¢VAKZ
2hen ) (\)I\/;\);O and NopV\=\4 is constant 2hen Vx(ArAY=0 and A,Z-A:V AN

( tgroand potential “) ( tgaaﬂe transtormadion”)



Section 2.1 — Coul omé ‘5 Laa)

Seventhly, Chance has thrown in my Way another Principle, more

. . univerfal and remarkable than the preceding one, and which cafts a new
K Electric C/?dfﬁe (da@) ﬁ‘dh.é///» Light on the Subject of Eleétricity. This Principle is, that there are
. . _ two diftinét EleCricities, very different from one another ; oneof which
~ - e? wal & KPP osite (q@ 4 +3 ;—5_ 0> I call witreous Eletiricity, and the other refinous Elefiricity. The frft is |
~ o= -9 ved (o0 < -2l that of Glafs, Rock-Cryftal, Precious Stones, Hair of Animals, Wool;,
e=l.6X10 C’ ?aahilze ?,, 2>_(|0 . € and many other Bodies: The fecond is that of Amber, Copal, Gum-
~ /oca//y consServed (Conflnalfy> Lack, Silk, Thread, Paper, and a vaflt Number of other Subftances..

Charles Frangois de Cisternay DuFay, 1434
L) [ oo Sparkmusecr com/ BOOK_DUFAY HTM

»x on/y Ffor static C/7ar5e distribedions (Zest 6/762/‘36 may move but not sowurces)

\ — I Q A
@ Coulomb's law F: A g},zf Je ~ linear in both g &g ( 5a/9erpo5/‘iion>
5> Saperposf Ziom If_ _ [f\ +§:l' o ~ central force Ju= =/ \

~ imverse sguare (Gawss ') law 57
~ Cottlomd: torsion balance

~ wunds: defined in terms of MdgneZ‘O\SZQfIACS
~ Cavendish: no electric force

R e
nside a /Io//oa) 80: %lnglO [\IC‘Z :/—)\_—Ql
COno/acz‘/nﬁ shell : dcrjfz =ada , l C=1A-S v;\: ° 2
= T dr éfélx(o Nin
&%1 (For paralle! wires | »m apart carrying 1 A eac /)
%“6‘ ~ raz‘/ona//zfa/ wun'ts o cancel 4N n
~ Born-Infeld: s © e " V-%ZZAH? 1)

vac uum polarization o ot

violdles Superposition \‘L\\ N N

i the level of ST ?\\’7‘/} 52 =

(37 a',{ AN
v

K Electric Field N | - N
~ we wart a veclor Field, F :4—* <% X 270 4
buct Fonly a test charge "e\ KT T
~ actlion at a distance: e = /A
Che field caries the Force L_:j :Z%JW—E— Z 3—% ‘—‘-'%L—r’tj‘g’j_&(‘;c_ldt_{?’ :'4—::;~ S‘%é&
Fror source pt. o Fleld pt. 2 v v &

+

Q@ =QE

dg' = 4=9(%) o AFY o TIeNda! o P YT
#* fXdM//e (Griffiths Ex. oD

- o A Q m
. SAaldE | o tandios ¥
B} . SUC IS e o (g ) T OX
_ 5 82 (Tsedlodd
T % Anee ) seib [+1ule =Sess &
[
4 An . L X'= 24w b
= Zhrez SN0 ),_ dx'= 2 sl
2 3 (L2, 2\
5 A L Jo= (@)
- I’ @ o« Ny x’ ANEE /\&%7—_}.1} =z sele
L SIS
doyl = Adx' = A 2 seCbdp as zow %4—(@% as > E=zm =



Section 2.2 - Di\/e/*ﬁeh@e and Cur/ of €

K g Lormulations of electrostatics

Coa/omé ed. & Saperpo\sff/on

E / dq'% F=qb
- e/, o
Amey 2 Heloholtz yy = qv
Iitegral Field | e '56 Differential Field eo's
aAuUsSS =
(I)E:Q/EO = V'E:p/éo
close. S oKe =
Ep=0 ‘b TS gL B -0
1 | Poincare
Ep=-AV Y E— vy
Potential Polsson eg.
dq/ Laplace
V= i ViV = —
/ 47‘(‘60 @ 6/‘88/7 p/eo

X Gauss ' laco
~ So/id anj/e

. /\~A..>
dg=fda
~ anﬁ/e_ (rad.)

2_ dl
do=2

~ sSolid ang/e of’ a sphere

A = 36364 = —denddy
SSL—— g‘”& 2
&“; cesO i:fw = -3 = 41

~ Jrfz force lawws mean Chere IS a
const. £lux " carrier field

* D/\/ergences Zheorerr: re/aZ‘/on&/ﬁp betioeen
differential and /nz‘egra/ forms of Gawuss laco

—

@;iéam =§4%1‘)AL}50\&’:% %»jv%%

S\NE de = §v Fle,dT

~ Since thIS IS Crue For \/o/ame,
we can resmcve the /nz‘eﬁra/ £rorr each Side

v.-E i

°

~ all of electrostat/cs comes owt of
Cowlomd's law & Superposition principle
~ we wuUse each of the Mad‘ol‘ theorerrs of
veclor calculus o rewrite Chese into
Five different Forruladions
- each Formuladion useful for
So/\//ng a different #ind of proé/e,m
~ 330»78(/‘/.6 pl‘cz‘ares comes owl of
Schizophrenetic personalities of Fields:

» FZ.OAJ (f?a/.pofenz‘l‘d/ 5&(/‘de85>
e=E di
~ & eouals # of egiipotentials crossed

~ AE.=0 a/on3 an e?é(/pofenf/a/ swurface
~ density of surfaces = £leld Sirengz‘/’l

~ /nfeﬁra/ ALONG the Field
~ potential = work / charge

A FZ.&/X (ﬁe/a/ //?785)

(= -~ o~ fnz‘egra/ ACKROSS the Field
:(EE :5 E-da . polential = work / c/m/-je.
d\§=Ec\{5& = # of [ines z‘/7roa3/7 area

B2 B2
A,

S
~ closed /oo/

i& ;’EEE = # of lines f/?foaﬁh /ooy

~ closSed Swrs ace

= # of C/?d/‘ﬁes InSide volure

S

net # of lines ot
owt of surface

& is wmt oF //-oporf/ona//fy

of Flux 2o c/7ar3e,



SecZ‘/on 2.3 — £/ecz‘r/c poZ‘enZ‘/‘a/

X o /er\Sona//Z/eS of a veclor Ffield: Flux = EE S E.da  (streari/ines) Z‘/?fodj/? an areq
2r. Jekiyl and Mr. Sfyde Flow =E; = SP g ¢ e?a/poz‘enz‘/a/5> downstream

X direct calculadion of £low for a point c/mrge P
: " nedl T — J=
8 = S€ﬂ= Séﬁl S s-dd note: Chis is aper/’gci ]Z—//d_\,_a = ;dlﬁ = O\)L

55 . : . JoF HE
=t differential (gradiesd) .
. J M= v§ .41
= S j = V(¥) ) N
~ open path’ note Z‘haZ‘ Z2his /nz‘egrcz/ 1S independent of path b
thus NE)=-E = f E-dl /s wel/~defined 2
&IETVE AN - jw g % |E=-vV ®
~ 3roana’ potential \/(r Y=0 (constant oFf /nz‘egraz‘/on> o

~ closed /oop (Sz‘o,ée\f 2heorerr) EE: §§»d\§ mSWxEd@j -0 <=
For amy surface S 3 S

X Poincaré lesma: £ E: ~W\/ Zhen Vﬂé = =VY*Y \/’—“— O

~ Comerse’ o VXE: O 2hen == —V\/ So ‘E-— v\ &= VK?—:O‘

2
* Porsson e?aaz‘/on V- EDE = |— V’ e \/ =P o Y \/ = P/ab
~ next chapler devoled Zo 50/\//‘/73 ZAhis e?adz‘/on — oflen easiest for real-/ife proé/ems
~ a scalar differential e?aai/on with Aoanc/ary conditions on £ or V

~ iverse (solution) involves: @ the solution for a point c/mrﬁe (Green's Ffunction)
N\ dq! \ dat — = 2 — -~
VoY= = [ EC® where 6=tz 72606 = 90D
20 Loyl - . A = _Dr G(x) =Y SR

8 an czré/irary c/;arge distribetion s a Sum of point c/zarﬁes (delta Functions)

WZ\/=5 g’%}i 76 ~ ‘gP(FQ) o' S5 = PC:D) (o(ﬂ =§vf/>(m () :Ldfqr( Y6

going backeoards:

- c = ! 1 . dg' —
V=V ED = ey 9y = ) GOE)

3

~ 2Ais IS an essential component of Z‘/?e Helmholtz Zheoren Vz = VYV — ¥Vx ¥Yx

— /\%“
E<-v(-V'V.E) + ¥x(-¥° VN:> = -v(-v ‘) s Ea-vV = ViE=0
\_/—\/\2 —
* derivative ch VA g%m AN VeE
ervative chan — —~ 8, b
Ve B % p Ve E 5
~ inverting Gauss " Jaco is more tortuous path! I~ ~JEA . S‘Hva)z? &‘1{"‘?@3"\“/
2 T do’ A
poV-E  Ee-vV=[Ret g EEN



ﬁr e/d lines and f?é(/}ﬂofenf/‘d/ S

K Lor cz/ong an efa/poz‘enz‘/a/ Surface:
fo Ffleld lines are normal o e?a//?oieni/d/ surfaces

X dipole Yoo poles "~ Zhe word “/90/3 " has tewo different Mean/nﬁ\s i (bt both are relevard)
@ opposite (+vs -, Nvs S, é/_./,o/ar>
3 sl‘nga/ar/z‘y O/r Aas a pole at r=0)

K effective Monopo/e (dorinated Ay -29 £ar away>

X ouadripole (compare ¥z #2)

A,

Seprad r/x/ Seprad r/x/
( pot ontials) (Feld [ines)



Section 2.4 - Electrostatic fnerﬁy

A ana/ogy ewith graity A enerqy of a point a/mrge in a potential
N S ~ N o b N
F=qF | P="g W= Fdl=-@[&dl =Qav
W"Q{_E A W= m%\m e o
potential= \/ poienfa/ a/anjer \/\/ <r) = & \/Q?B \/ (IOQ\ = O
» energy of a distribudion of Ci/?d/‘ﬂe q“ ) q_z ) e
— A g—l_ 9. 2, G K continuowus version
W ‘HY&,% q"g }Zl’LJr Qr <ﬂ13+/al1 gf‘k<)z\% )ng \Jr ’% "~
£ hu % Za 0%
= €, P=\ =ik )c% = ‘Hr& a 50:4 )Z 5
Lty W=35 pVpde

= le g < %g )% = ﬁgq \, (7 \/\/‘—i{ﬂqﬁ\/b

v 4=l
e

A enerqy o/en\sffy Slored in the electric Ffield - /‘nz‘eﬂraf/on 5}/ pParts

VVE=VVEAVVE=-EE1 Ve,
chiﬁ(\/a :SQV\/E :S”‘EZ+ \/%Dd@ %d: s;EQ

~ 15 Che energy Stored in 2he £leld, or in the force betieen Zhe charges?
~ /5 Che Fleld real, or just a calculadional device?
~ £ a tree £falls in the Forest ...

* work does work follow the principle of superposition
~ e know thad electric force, electric Field, and electric potential do

F=FReR=q(E+E+ ) =g TMtVar.)
~ enerjy /s gaczdraz‘ic in the Flelds, not /inear

= &P - E0E" g 428 Eac
’\er\/\/ %ESF [’“:

~ Zhe cross ternr 1S the interaction enerqy " betioeen tevo c/zarge distribetions
(Zhe coork re?a/rea/ Zo Ar/nj Zwo systems of c/‘ldrge. Z‘oge.z‘/’}e/->



Section 2.5 — Conductors

K conductor

~ has abundant free charge * L which can move anyeotiere in the conductor
¥ Zypes of conductors

D) metal: conduction band electrons, ~ | / alom inSide outside

) electrolyte: positive & negdz‘/\/e rons P O o

K electrical properties of conductors — 3 TR
D) electric Field = O inside conductor E
\/

50
herefore V= constant inside conductor
/‘/‘> electric C/Id/‘ge a’/Sf/‘/‘éL(Z‘eS itselr
all on the boundary of the conductor
i) electric fleld is perpena//ca/ar Zo the
surface just outside the conductor

\/O \/0+ 8

X induced c/;arges

~ Free charge eorl! shift arowund charge on a conductor

~ induces cpposite charge on near Side of conductor
Zo cancel owut Field lines inside the conductor

~ Faraday cage: external #ield lines are shielded
inside a hollow conductor

~ fleld lines Fror c/mrﬁe inside a hollow conductor are
‘Communicated ” owtside the conductor éy induction
(as i 2he c/mrge were distributed on a solid conductor)
Compare’ displacement currents, sec. 7.3

K electrostatic pressure

~ on the swurface: F—»;/A\; jC: G(;:g;l‘ch + —ESOM> = ?;\)T W(Eing\d@_\_ _Exowks\z}c\

—

— - 2
~ for a conductor: EX(\S](J@:O \:oa&: 676 /p: g—-g?g = %El

~ note’ electrostatic pressure Corresponds o enerqy density /P ~ 0
both are part of the stress —enerqy Zensor -



Capacitance

* capacitance
~ a capacitor 1S a par of conductors held at different potentials, stores charge
~ electric FLOW frorm one conductor to the other e?aa/5 the POTENTIAL difference
~ electric FLUX Fromnr one conductor 2o the other /s proporz‘/ona/ Zo the CHARGE

C= Q/A\/ — 8’9@}3 Q= Sé&d :Ediu &E =&, ?'SS'E (closed surfuce)
%E A\/ = Sﬂ’é = gg (open path)

~ ZAhis pdleern repeafs itself For mary ot her CO/eronenZ‘\S :
resSistors, inductors, reluctance (next 53/)73/)751‘3/‘)

K coork Forrieladion X exi paralle/ plates oA
_ U S F S S _ %
W=2QV = Fov*=[&e' C=5g=
= %aqu flow — &EA - A
Ed d

_2W _ & ‘Z,.J_f_:_unqd'ﬂow
C=2f =5 fE' e = S g

ow

* capacitance matrix
~ ina SySZ‘em of conductors , each 1s @ a constant pofehf/d/
~ 2he potentia) of each conductor /s proportiona/ 2/ -
Zo Che individeal/ c/varge on each of the conductors -V \/F/ 7 € V(Y‘) o &
~ proporz‘fond/ffy expressed as a malrix
coefficients of pofefl‘a/ PV% or capacitance matlrix C

\/() — %_ @/a, \/L P\\ ?\2 ?\3 @(L

Na | = G P O | [ Q2
Qu=Cy vy Ly, O P Piz/ (0

.
“4




Section 3.1 — /_c;ﬂ/ ace s f?adf ‘on

X overview: we leared the math (CA D and Zhe PAYSICS (CHh2) of electrostatics
éczslca//y concepts of Phy 232 described in a neco Sop/zlsz‘/cdeo/ /angaage
~ Ch 3¢ Bowundary Value Problems (BVP) with LaPlace's e?aaz‘/on (NELWD
@ method of IMCZ385 3 Separation of variables ) Ma/z‘//o/e expansion
~ Ch 4 Dielectric Materials: free and bownd C/m/‘ge (rore 1n—-depth Zhan phy 232)

% > ( \/ ?i\ > < E %) _ﬁ O f?da(‘/on\s of e/ecz‘roa/yamics :

(D Brite force! (D‘H:LB : 3S—>;O (:ZC‘F (é*‘ Vx @> Lorentz force
E: 84%{% P V-i A = 9 o Conz‘/na/z‘y

(ID Symmetry (ZID f/ega”z‘ but cumbersome V"? - VKE & :8 Mexeoel] electric,
§D: Q WA {O n §7 -B j O A\V* i"&:szzi magnez‘}c Flelds

=0 Y E = F D-¢E Reul J=0E  Constition

(D) Rofined brecte (V') the woew/oesg 7 E=-9V-3A B=YrA Potentials

= }% ~Vz\/: P/g Ch 3 -~ \/- NN B\" A*V% 6&4(58 Zransform

* Classical £ield e?aaz‘/on\s - many e?aaf/on\s , Same Soluwlion:
Laplace/Porsson: /=0 ~¥-eVV = P~ potlentials (\/j\)
& 8(VA)-v1
= kv* T
Quw — N ¢4
=DV
L -
‘g\%vk{qvw = @k}b ~ prod amp Y, mass M, potential \| , Planck

=0

, dielectric &, permeability u
Meaxceoel! woave:
Weat efaaz‘fon-‘

VA)= ),((P’j) ~ speed of /ight c=gn , charge/current density (Bj)
~Zerp |, cond. Kk, heat @;:—\QVLA, heat cap. C

Diffusion eg: ~ concertration \, diffusion VD , Flow DY
Drambhead coave: ~ displacement (), Speed of sSound C., force §

5c/7réa/in3er :

X \—dimensional Lqp/acg e?aazlfon VQ\/ = %L—)X

~ e S, / /7
%=5de=o \/=§a&x=dx+b charge Singularity

betioeen oo regioné :

~ Q, o sadtisty boundary conditions (\/0 )\/a[> or (V, )\/,3 v Vix) )
~ mean Feld: N () =4(V(x<) 4 Vixea) V. % )
N ‘o N % 5{,,@6 ) i

~ no local maxima or runima (Stretches z‘:g/zz‘> i
¥ 2-dipensional Laplace eguation V™V =3¢+ 8 =0

~ ho Sira/'g/yf’orwwc/ solwtion (method of solution depends on t/e Aoana’ary conditions)
~ Partial Differestial é‘?aaz‘/on e/l iptic 2nd order)
~ chicken & eqqg: can ¢ solve %)X wnti/ yoa knoeo %%y

~ Solwtion of a rubber Sheet L g\/(w
~ no local extrema —— rean Fleld: \/(\f\: arR civcle.
YV o

& of

~ c/mrge 5/‘n3a/ar/z‘y

betioeen teoo reg/on\s :

[
I
|

&V

o0z =0

* 3-dimensional Laplace eguation  *\/ =

~ \9enera//za'(/on of 2-d case

~ Same mean Field theorerr:

\/(\"\” 4 R2 §\/d\m

Sphese




Boana/ary Conditions

K 2nd order PDE's classified in walogy with conmc sections: replacing %( with X, etc
@ Elliptic - ‘ 5/9aae//,ée i Aoanc/ary everywohere (one condition on each 5oanc/ary pornt )

eg. Lc;ﬁ/aceg s ) Poisson s eg. \Vz\/'—_ ) ‘W'&‘W\/ =P
) %/y/?eréo//c = “Cimelike” (2 intial conditions) and” 5/962&3//(3 " parts of the éoana’an/
eg. Wave e?aaz‘/on ‘&I : <VA)*V7'(VA) =)«¢(PS‘)

) Parabolic — 15 order in time (1 indial condition)

aT 2 MU — ™Y
eg. Head eguation, Diffusion egudation Cot kveT ot DV

A é/n/?aeneSS of a BVP( éoandary value proé/e/r» with Poisson s efadf/on-'
e \/‘ and \/_f)\ are Aoz‘/‘/ Solwtions of V(L \/: ~(3/&) then let M:\/(H\/QN Wo—u’:—o
1ntegration by parts: \YE C&k Vu\ = U VYU + YUTVU = MV?‘\/L + WMXKL

in region of interest: §&a (usu ~Sw (UYUdT = Su\v U YU de

note that: VQ[\} O czna’ vu)i >0 aleoays
¢hus £ d@i UYU= SgA u =0 Zhen SVU\\Q&’Z :O = M:O everyewhere

€N Uo)
@ Dirichlet Aoana/ary condition: u =0 - Specif’y poz‘enz‘fa/ \/ \/7_ on 504070/@)‘}/
8 Newran boundary condition: 2% =0 - specity Flux %—\ %l on boundary

»* Contincuty éoana/ary conditions — on the interface betioeen twwo materials

Fleexc: N
N ion 2 (‘eg\m t
Deek > &xE

3 :ﬁ;\)ﬁedﬁ:&dda:Q §EM Ssmc&a
fB DA = o - A SEZEV = £ T4E 2w =0
A-(D-D\=© Ax(E-E)=0
S\ VAN S VAN -
@RZ'\” '9—/\‘/ = /80 \/9\ \/l
K Zhe same reswults obdaned A}/ /'nfegraz‘/ng Fleld e?aaf/onS across the normal
VB=py VE=RE) w558
F = -
T (D1 2 4 8D9) = S&mg S&“ @%EE_g %Eb\:ﬁn&%m E, E, E|
§dp.= A-aD=¢ AxAE = K.=0

A = A N N
~ opposite 501,070/@/}/ conditions For rmagnetic Flelds: al oAB: O NXAH = K



Section 3.2 — Method of IMQ385

X concept: ina reglon (P\; V(&) depends ONLY on the Aoana/ary oAV & R
~ i? doesn ? matter how it was created, or where C/Iarge is owtside R,
~ prore than one charge distribedion can generdle the Same /(@) inside R,

XK Eample 11 =\ inside a constant sphere of radius

\/ 4 for a pornt c/mrge at Zhe o/*/ﬁ/n, OK on the outside
ARG oFf a wniform Spher/ca/ Shell of tota/ c/mrﬂe 7

D QLO: [f’ﬁﬁa o \/0 on a sphere of radius ‘a'is one solution
) Qh =478 | \L on a sphere of radius 4" ancther solution
i how about +2 a radics 8" and -2 o radivs ‘e '?

(= ﬂ— = ))
for cre, /= ZHYEO‘F )(%83‘ =0 &0 For roc
NS

LﬁVEO ‘HV&DC
So g,= ‘ﬁ‘% b c) for example, iF \gzg\t& Zhen grl:agro

and for < \O \/—“ \/ — ° , Che e?a/\/a/enz‘ c/lw‘ge of ()

in the case, the nonzero E-~Ffleld betieen b and ¢, and beilds wup the potential at a

»* fxa/ylp/e 2: a//po/e-' pofnf c/zarje. +? al z=d and 4 at z=-d

9 - g
V(2)= Tz sy dr e caay )

~ note that \/(z=0> = 0 So we can For» a éoana/ary va/te proé/em for 270, \/(;_L:o\:o
with the sare Solwtion!

~ induced surface C/mrge-‘ @J:aF =-£ 8\/ — = %
Zotal induwced c/yarge‘ an &R(Kl—}- ) +&L> z

Q= ﬁr&a ?gc”so\sd(é ,LJ(SMZY‘&S&S
—OS_,
= —qd\f @ Sdu = %de Mu“//z

— Jo? U=s4d?
S=0 T dusasds

~ force on fﬁe c/’lw‘ge-‘

A

F=qE- -9V = neghe?

~ ene / e e = —/- —'L" 2
nerqy in the System W= <\/\}®5 3 s g&—-
this is on/y half 2he value o/' di po/e proé/em, because \/:_ D) "ﬁ_
Zhe indeced c/mrge /s Aroaﬂ/zz‘ into zero potential (no work)



Section 3.31 - Separddion of Variables (Cartesian)

A 3062/ : Solve Lapalce ‘s e?aaz‘/on (a anj/e PDE) éy cOm/erf/ng it into one ODE per variable
method: sSeparate Zhe e?adz‘fon nto separale Cerms in XWHZ
start éy /‘acz‘or/ng Che solution L/(x,y,z) = X(x) Y(y) A 2)
Zrick: A L) = g ( y> where £(x) is independent of v and g ( y) 1S independent of x
Zhen f/)ey st AOZ‘/I constant
ena/game-' Fforr the rost poS\S/‘é/e 3ene.ra/ solution as a linear combinddion of
all /9055/5/8. products of solutions in each variable.
Solve For ani?ae values of the coefFicients A(ang Zhe Aoz,(na/ary conditions
ana/ogy-‘ Che set of all solutions for,s a vector space
Zhe basis vectors are independent individua/ solutions

X Example: serii—infinte strip with non-zero \/o/Z‘age al one end

V) = X60-Y ) QN%S \VeO .
. T I o e 2 ~
KEe TN A W vheo R0
Foy=K Il =-K 0 S
X' =KNX=0 Y12 Y =0 O V=0 K
><=/\ekx 1BHeX \{: Cs‘u\(k%)qt D cos (k@
~ boundary conditions (BC):
D Vimg=0 = A=0 4) Voly)= é Cin Sm(KV\%\
DV(xo)=0 = D=0 i@m(%vn%)\/o(@d% :gcm i;n<H3).gin(kmg}d8
DNV (%a)=0 = gsinlra)=0 K= _ ;c;\q\ 0 cos (0 _ccs (lmdrey Joy
Viogy= 20, &5 sinlkay) =5 Gm = 2lm

~ £ \/Dhéxi COV\S{') = \/o Zhen

2 . I
Cntafs‘“(%B Vo dy = {AOU D,Cg\ dji
A 1 o

\/<XJ%Q~§ 4o R S\n(y%ﬂ

u=lzs. NTT e

(Fourier dedomposiz‘ion>

X Vector Analogy: |
at g/ gzé(x) = sinllk,x) (k) =§ Cnh(x)

4 a
\3+C %B =b <9é \ (ﬁ\M> = Sg‘“tkhx) sn(ka)dx :% glnvm
0 C Cm = <¢m®\\/(x3>/%:

/é[,"\_\./z é(f (VC) /e\ﬁh
=\j SUA =V,



Section 3.3.2 - Separaf ron of Variables ( Spﬁer/‘ca/ )

* same fec/}n/?ae as in recz‘anga/ar coordinates
~ Zhe differential e?aaz‘/on\f are more complex, but e only solve ther once
~ éoaa/ndry conditions are of two dypes
@ radial - external éoana/ary condition — Created in the same way as carlesian
) anga/a‘r — internal Lo Zhe proé/em - almost adlways have the same solution
A ,éey /Ol‘/ncf//eé :
~ Separalion of variables \/(‘f, o, qb) "—’-R(r) Oe) P C#}

~ orf/’logona//fy of @(e} = ’B (COS o)
—~ éoana/dry conditions =0, r=a , ¥ = =0
» Se/ﬂaraffon of Vd/‘/‘dé/eS - 6//5/]2‘ Zeoist: solve one e/gen\/a/ae ad a Cime - Q~\/
F Vo d) =5 222 Vi ot s 8 RN
o) = 7265 Vs S50 088Vt aade 5 V= (%, =0
A+
KADIAL EQUATION POLAR EQUATION (r=0) AZIMUTHAL £4.
£ S REO=LUARE) e A0 $606) - 1) B HB=-B
e R@ * Dz(omB = 04+ et x=cos(68Y  dx=-sin0de ?6(#\ e
d=A ) —(Us) Be)-B Sin6ded$ = -dxdg i ommp Ehen
A/ _
Re)= At +Brﬂ‘ £(-0) FRE+AN RO =0 B8 = cons?

Qo) = B &) = 'PQ (e ®) ; Qe ©) diverges

»* 3ene/~a/ Solwdion

VV=0 Vige) = jzio (At 4 %% ) s

#* 504070/&)}/ COno//z‘/onS
D a r=o, T seo SO By=0 i at reo0, Y300 so Aoy

/./A/A> a r=a, (I> \/069\ - \/(QJ 6\ = g\)(/—\joje‘\‘%\B (cs B) E@‘T':Eo/i: —W(:r\c& 93
(2) %\é’ &)= ,85%_1 (a,0) :z (LAt (Q*G%%Z—BE (cxO)

surface Ao&(na’wy at the interface betioeen teoo reg/on\S with surface a/mrje g’

V-aEp o REENTE BcBe% o WV @) =0y
VxB=0  AEEN0  EBeEeo V=Vl

A properf/e_é of the Leje_na/re po/ynomz‘a/é

~ K% oa/r:‘gae\s Formrula \ q
~ orthogonality B =g17 (&f(ﬁ—l) §=0,1,2, ...

( v . /
<klRS= Sﬁm%@dx = @3(%5 O, (cs®) SinOde = gg 5 A d

B 154
~ 2his s on/y one /nc/epenc/enf Solwtion 2 g £
the other solutions & (5) blows wup at the N&S poles (O= @g@
and doesn'? Saf/Sfy cOnz‘ma/z‘y éoano/a/-y conditions



Probler 3.9
. -2
X spherical shell of charge T =T, SO

inside regon: (‘( ‘9\ — <7L\9\‘( -(—ﬁ_)?ﬂ (COS @)
outside regon: \/a\(‘(‘] @\> = éo(cﬁ‘(i + e S —P/Q (Cos )

Aoano/ary conditions: /_'}XOO unknow nS
[
DV Lo,8)  Sieite — B,=0 4B
o) \/QCOQ)BB §1Y\\+€/ = C/Q:O (,Qﬁr Co=0 also)
DV ES=GR Bl ohiese) = £ (04 25T
o (AR-De)Rlewe) = 6 — D= AR

iV) E&v\—E - 0750

Spt Sr AT Zswe |
SINB = [~ cos?*B
% <3>,Q ('Q+\ ¥ /A\QQ'RQMW /P& (Cos @> ,_/ Sln S = —Co’® +JZ +%

=8, (wsd)r £R Y
* é/&@fab”}% " Rlsd) = L sn’o e

(AP (A BRIR A+ (AsRR - =B D+ 0« (T2 )pi

3&K
Solutions: Inside \/IFA-LQ\OJO ( =9 5@&(30@9"()) \/\:\/Q @ r=1R
o /de 1 O_:’ L _ B .
wtside \o="3 R &3 &(3%29"[>> V= 0780 ®r=%R

alterndde solction of B.C. v (use /‘nz‘egra/s Zo extract components like in Section 3.2.1)
i ! } ]
51 Poass) - st Sinedd =S Swode=4 j( Pilose)- Pu(ewsdl) suedd = Sbs'm 8do= ‘%
o 0 &0

T T
3 Ree)-<ifo svede = (e - sin049-0 § Pt Blest) sinpdo = § cadl-sin 049 - &

i 5 - odp - Doy (as) 5166 = ((Base- siodo - 2
gg(meysmﬁe sw\ed@=i§(@cﬁs’®~[}&ne&9: = SO (s (se) Snbdd = ) 4(3es®]-swodp = £



Section 3.4 — Mé(/Z‘/po/eS

* binorial expansion * Pascal's driangle
e |
! n=
E:\i@pi 2Q: SQ\D 4+ k2 Q::% [ k3Q5\ l
n=44| (4 o6 4 |

(oerb)?’“ o +3alb +3ald + 13
(abY" = (§a*e” + (e + W 1EW5 + Gacb

~ 3enerd/ Form
8 nekik N i B
(0\‘*\03“ = k%o <\<> d\ b where (C\B m ,M

~F n>d ( amny rea/ netrmber), then the Series does not terrinate wunless o= 0)1,4,-.
AN LR Q) -2)
O*ﬂ*é&@)& = |4 x4 ¢4 FENEBS L

= =G0 SR R 4 S s,

@ 0 ©H @@

~ exam/o/e-‘

= [+ x + X724 At for radius of comergence %<4

x 2—/0/ e eXpanS/on

Ve = 0 BE [Sogd] it )

X gererdl axial-Symmetric. sultipole expansion )
= (=12 (- Q%(cosvr 4 (—Y‘E/—\Q} = 2 (1+8)
3}7 :JL(HE)”\/Q :’L( |-ge+ - & g} + .. >> distribetion
([+ £C05T+f/~—(gcos?ﬁ~1) Jr (5cog?ﬁ 5003T>+
:’F<%(oosr + LPlaT) + H = %\(cosf)t--A ﬁko ) T (es)
\/(H:/?\\éo— ;V—A;B (cos ®) W Caddition Formeula For azimedhally Symmetry)
rultipole poterntial QY electric multipole (monapole, dipole, puadrupole)

~ @iz are coefficients of Che general solution of Laplace eguation in spherical coords



RS _
K monopo/e \/ Qr) ‘:JZ{?TE%; - Sdﬂ: _4{%\(

3=

effective Monopo/e
(doprinaded by -29
fd}‘ 7(}‘007 f/78 ol‘/:gllf»

* dipol . ! o = N R o
7 \/\(\’\ :%QO(-Q SAQE (JCDS ro= 4_ T(‘E:‘CB P: Sfjg((\"/ Cot'= v cos

om0 e TUElQa(ea) = e —afdy = B

(z,9)

»* ?aao/ra/ao/e
S\ { ( ‘Q,L 2 L ’

\o(F) =g S B Gesv 1) = e FHEBEAE) GOy
A - Qb (e i\ Byt Sry o
=38 0.p  OeoMbrr-ng e (Ser o w)

drewe Qe g B T

L8] - (' 3em)es) - (PlayT

=\ (32 _erT) -3 (vl B -BE)+ @Q&.gaat) T
:&——B@&Jﬁ()} ~APaL 4 (2386~ 35T] =1

Sepralrix Seprat rix

o 58 <85 ~ o 5 ; (freld lines)
© :3 8 ()LQG*Q;, p -2 -C'iUL dp O/e\% P«L R (poz‘enz‘ al/s) e res N
« ¢ a positions a, -

/A@é\}\/
~ ¥

VA




Seclion 3.4 - ML(/Z‘//QO/&S ( continued)

3 2
X spherical solutions \/CV, &) = %o <A1‘(’Q + %ﬁ > B (ccs®) So/w‘ng Laplace e_?aaz‘/on v'V=0

X Internal medltipole @?{2 =B X external reultipole @?Qtf;- Aﬂ_
roes V(P = g 522,08 i (eos ®) -0t V() =g oo G T4 D (eos ©)
R Y S
L =0 | 2 3 L f=0 | 2 3
\,/J Ve Yz Ym Vis \[ ]covstr [ G
= \/(“L \/r”s ‘/ﬁ Vs E|l— owt © 2

» examf)/e P ealewlate Lhe o’/po/e rmoment of two oppoS/Z‘e/y c/mrge /]eM/\Sp/?ereS

P=ldye’  ReR-o o =2
! e/‘}? AR
Pe= g ootz = SoranRic Rx Ry
=0 X:—[

:5%%%?{2@@« Kx %K:g%&k?@n?x :IC%L‘R (S{i&ﬂgx&d - QYR

*=-

K example: internal and external moments of a 4-pole —\rgr e(a )UQ —o € (a)—a)

~9q C(aa) +9 e (a,-a)

=97 31993 =0
}'_3 = ?%;ﬁ = g C&JO\) - q(—a,c\\
g%m;’o‘)*“@((ﬂ;oq =0
Q%X: égqﬂszi = 0 = Q
Oy = 390wy
= +3g-aa =39 Co)()
=3 (el +39 Ca)(a) =4q0
O = Za(3nf-r)
= q (30"~ 0a) ~qk_(3a2—£1c3§
.qa_cgc;\z—gu_')'S +gy<30\2—9&33 =0
Qez = £, (5017
=(q-9-9+¢)(0-2:L) =0

=3




K electric Fleld of a a’/po/e \/_: E cos B
“frge >

QVA /\8 = pwsOL, psinB
506 = G s 0

%\,3 (Qasor+5ino 6)
/\ﬁ_ _ —3(/_\\/\'_-)



Section 4.1 - Po/ arizalion

X Overviec

~ Chs: pouSSon/ Lqp/acg e?aaz(lon »ore poa)e/‘f’a/ Zhan /nz‘egraf/nﬁ Zhe £, e/a// poz‘enz‘la/
over c/7dl‘38 distributions (For example, don ¢ need to krow the c/mrge on a conductor)
~ Chy: Extend formalism o dielectic media (dea/ with charges in individual aloms)

VE-fe =22 YDER

= % ~ X example: paralle/ plate capactor
WX L: = O 8°E —%D V X E = O £ree c/mr ge in conductor Ffree charge in conductor
S ——
K Dielectrics
~ c/zarge Is bowund to newtral atoms

~ not Free, bet can still polarize ae/i che
~ erither SZ‘reZ‘c/]/‘ng or roz‘az‘ing

A Thduced a/f/o/e_é

~ fleld stretches c/rarge apart in alom
~ aloruc po/ar/zczéf//z‘y Zensor

£ =L ad " E
= s = — o = B S
P=+E P:dLEL“’L\\En e Ans @ — SN\
>
P = %o\ = 4we ol & 5
. ] S dyj Hyz (I::_x w:‘htgbo%:&a;\f ~ 7
Py | [obye g e || B oL 3 & 20T 7
Pa N %:O\ = (A= 107w

X Dipole in an electric Ffield




Section 4.2 - Polarization Fields

K review: dipole moment, polarization, forces, dielectrics & Dy P all point docwn!
I L -0
MR BrE e g i

BB U s ded, 7 YD)
ﬁ = ?k.é F= (?VS E ~ force on a ?aaa/rapo/e? 5»-— — — - ;
K electric potential From polarizalion: bound charge 8OE:]>—P =3-2=\
:»’——SMVIS"”t 1) . A
\/ e v/ 5 "~ Ane, \;}PC}G-V Su V= '@"VFz ’Tr%
- =Lyy — %
- [ —j?["ﬁ,/d&/ —‘V/p/& , V'/—Q!C—— )CV}L_%
"~ 4ne, —f+§»——1?] = ] L
v 2 p V% “aux =—Vx
B M\_,[ gy do’ { dt ] vP = %P Py
= Zrne, %\7 s Svﬂp’)@_ G %

bownd N A = ~ wuncancelled charge From overlappin
C/zarge OE_' Poh) (Dlo: F—V’P a/fpo/eé in Zhe po;;/—/‘zga/ (dielectric) mediun

A p/’/y\sfca/ interpretation of bownd c/mrge

~ polarization Forms "c//po/e chans ” + 1+
Az b
CoPEoPE=D g@z%zgam:?ﬁ .
+ Ad
~ o//x/ergencg £inds lone c/mrge a end of each chan ) L
N N W +
§pae :—ima =-[VPde Q-VF +
b
v v Y
~ whdat Fluxes have we considered so far? .

~ whdat are the Sirvlarities and differences betioeen E and Tj 7
~ a)/7y are f/]ey So Sisular?

—_

* example 4.2 - bound c/zarge and Fields of’ a sphere cwith constant polarization /P

D-=pPs

--vP=0 ASVASS% ]
/Ob - P | NaT e, g%(j@(y:}(lu ﬂ<&>9+2 B@):B s
T, = P, =Pes ® T RIR) TR e =
’ %%%ﬂ R ="% Ro Q=32 %

\Vi= & a, (%2 A

yd

. b 36 2e 2,
\/&=ZQ (—Ray“\jbx) °
£ o) _RR s - BT s 4 3R
ViV, Vom Fe 0 = uter pgnR P

-

Eakly = LR Ba= -V =B (2o £ 4sine 6) = Bp- L

)



Section 4.3 - Electric Displacerent )

X reviews: paralle/s betioeen é and Ph) Electric £ield "€
~ whad are the unmts of eE 7 P 7

~ both are vectlor Fields (functions of poS/Z‘fon)

~ 2he Freld lines (£lux) are associated cwith c/zarge
(Dr. \Te@/// or Mr. %/yo/e ?7)

~ Zhe Lo Fields are reladed: & indwuces P in a dielectric

@E,E =Q Y- EE= P N OeE=G  Zotal charge

o §P = Qb o v_’P: 'Pb <+\)?\‘AP ’/‘—U(; — bownd c/varge

@D = Q{ V'D:{O{z \?\-—LA—D:‘O;(‘

Dz - D\’L = Qj@

K peco field: D = ‘electric displacement ” — —
~ defined 5}/ the ‘constitutive efaaf/on “: D: &E""Tj

~ associaled cwith the Free charge:

lines of D FTeex go From (+) 2o (=) Ffree C/?cv‘ge "D,'SP/QCQMth cwrrent”
~ ilerative cyc/e :

(Maxeoe!) T, = 95
@ Free Cﬁarge generales & 47 3¢
Cé) € causes P, diplaced bound c/zarge @ C)\g 6
=Y

T —
) A | { By,
c) the Fleld £rom bownd charge modifies & Tt L m

~ direct calculalion procedire cwith 2
a) ca/cé‘(/az‘e 2D o/,‘recz‘/y‘/’rom /’rfsf_" chérge on/?/ Id: Si&aﬁ:f%g“da — 8§
8) obtain P From D wusing cinS/Z‘/z‘az‘/Ve reladion
) the electric field is: gDE = B—FD

= £ree c/mrge

%

X differences betioeen 8OE, VY, and D :

~ efa/‘poz‘enffa/\s associated twith Force ff: Q{'E
on/y Ffor the electric £leld

~ [\‘) 38/78/‘&(‘85 é; Aé(f P induces @

~ 6(::0 YxE=0 AxaE=0
~ g o(dE 2 (MR 2 _(dph

D=

=0

4 e, L JAce, E§~’ I J N\
note: not P or D in these Formeulas! e==D-P

I‘hSl‘Gle
z,2=D outside
Zo solve!

A you reed both V- B’: [053 and VXE:C)



Seclion 4.4.1 — Linear Dielectrics

* going From /ao/anzaé///z‘y () Zo susceptibility (%)
~ @oms: D=0 E

=

(See %ﬂ)? for

~ mcaderial ’P— &%@E = %% = %"%‘ Fﬁ = Nao & 80%9 = N% refinerents)

X mdderial properties: ~ nomsotropic mdalerial
~ linear: (X/ IS independent of Field Magnzz‘ao/e 1E\ p: 807) E  (/ife CL;L, )
~ 1Sotropic: %e s a scalar ( independent of direction r ) P)( % ¢ %%X%
~ homogene_oa\s : ?{é 1S independent of position P‘z>> % %(%%%%

0 Xy X;
%

* permeaéi/[z‘y: absolute & —8 S relative &£ - :K (dielectric const.)
D e [’“+§ = 8( _‘;Q@E — 8 Ee E = 8[; ~ Constitutive eg: -538[:3_
~ property of Che mdaderial 8 |+ % /6 others: %:ﬂ H j =q E

(2]

A COnZ‘/naz‘Z‘y Aoz,(na/a/-y conditions

@ FLUX [\Z 8 FLOW E_ 4 - &
™= — 83 8 \ mdderia/ 2 = 8Q § maderial 2
V- D’@ & S \ material | V¥E=0 e maderial |
5 77

~ Gawussian pi//éox ~ 4m/9er/an locp

p=2-DA-2D A= A= E.=LEN-LES=0
-~ Inz‘egrdz‘/bh ot . 5*@ across Aoana’ary ~ Inz‘egrdz‘/bh of VX? =0 across Aoana’dry

& Sd)z o =+ ~DH%Q£ S T dz-2)dz ﬂm Sdzx(ng 8‘%*%@9 %57;)*2(?:%‘"%%‘)20

igngZ: A-2D=% %%ﬁ ik e iSSME%‘%dEf AcaE=0 | [Va=\

~ Zhe only difference in dielectric boundary value problems is €,& in boundary cond.

K example 4.7 dielectric ball in electric £ield

Vi= g; (A/;VQ*B,[‘:Q"S&(COSB) i+ L#1 D =A1RZQ+] D= A, =0 E
bR I A=
- &, (-E,-aDR7)+ & A =0 >
’Qjmr%O\/‘(‘WB #Ob ’B%:O —_'82 (AED ~‘Q(A\+ED>>+8| Al=o

Rin >0 i) = ~E rase C=—E,Su %Ea B4 (‘E\+Q‘EL\ A\ =0
VR, (RY A RY = ¢ RE 2 R

¢ 2 /,\\ - -3¢, E
=&V (R 8"\/"(&}:0{3 =0 g+2g, ° / B
’ - -2
= 2,(CoRRI D AN R?) +e, (ALRY) =0 1§ E=éeic AThE,




Section 4.4.3 — fnerﬂy in Dielectric 5}/52‘3/)75
* capacitance = Flux/#low
— ,@‘_ — ,:’\ZQ_ — §_§_EN 8A ® = da'B :‘§ (closed surface) .
~0\/~8F~8Ng— Sé_s > . :x___
ef »5  evecns, A IAE=Er e QRO B 5

A / c. laJre L L
energy N ad Capa or \/\}:;%C\/ - QQ\)
~ where does the \/2 come From?

~ Ecldielectric const) enhancement Factor of capacitance, charge, energy

* enerqy in Che electric Fleld = £lux x FToww \A} :%SEQ dTt —~ %SE:H(C = {ESEO Ed‘C
~ proot \| HE oD

A\ = XARG Vde =(v-aB) de = §d3-(aDV) ’SAB"\?\/ dt = |aD-Ede
~ For a linear dielectric (/inear materials),
aw = feaE-Edv = [ EaPdu= adls.Bde W

K forces on dielectrics

I
O~
C—
@L
)

dr

~ force of a fr/nﬁe Fleld on a a//po/e

~ dwe Zo aE_ which eou BEX ;I <)<li L
due ¢ SXZ hich eguals s \LQQE\/

— — ~ N e = — - = = 2
Fo-vW = V(A = du@de) + ()2 | =
* Example: dielectric Ae/‘ng pulled into a capacitor y S /&7)
B _ o xw (Lw_ e,Ww _ e
C—~ CI + CQ 80 0[ + 50 G"_%e\—d)‘ — ’J"(&(’Q %Lx\ L——> %e, %
. T 2 dC | —
F=-VW= -4 =-52& =3% 5

~ with constant V, the Force would be the same F =—YW
but in this case W wwould increase



Dipote i ddechtic « BEdernod Reld ¢ Free drovre G =0, s 0

Friday, D cember 07,2012
9:17 AM

\/- ?:D (a,rlo, E“\P (eos ©)

V3 T’Z&% @‘ \r s O Q=|

\_/\N_\
G

o Y
\/e, = 'SEA%:—E& =)' es® L=l
—_—
a, ' 0
\{ — ,.f__ YA z &
\ %Qo‘(‘\\J—,é)O&\’ e
Ol
\/2= —Eo v r\D. + Z IO&YJUP

Q=0
% A\PLP\U[ \oouw\&a,\”tﬁ Q«OV\C&\\'\OV\Q
AV|,=0 (E@v 2@@’“9) LR'ZP\+§O%R1‘P£\=O
NAIp — g o -
-AeBil =0 -&(-EP \Léb(Mlo{R P& t (£ @R 2 Da &MY = %

€ S@p&w‘r@ pod cow\pomcvﬁs :

l_s: Q#l (ﬂ R-Q__Q&R'Q-\ -

A=) : , =0
£ £ + Qe[ a@m\ %%
o ff G
/ _ . o
[0 al - Eo e (—0 Sowce *QI{W\S
Qe, b+ &, = ‘frEo*ZP’ +g! (2) oNn rt%\/&

(2)-ae. () ¢ (1+22.) @)=(-e,-2eNE, (2 -2¢) ol + .y
@)+ (O ¢ (1+26.)(6)= C-g,+\E +(2+\)p! + ¢

example problems Page 1



Keview of flectrostatics (Chapters 1-4)

x C/]@Pfer 12 Mcdhematics - L/ecz‘or Ca/ca/as

f @f@ §
$&x-a) *

-~ De/z‘a Function (po/e>

~ Vectors (it's all about Ae:ng Linear?) e
a‘b" S(, (3 = ( /
linear combinadions; 5 prce/ecflonS 2 5% f 6(3 5 2 S XK 30()() Vex)
basis (independence, closure) e éreenS function (Zent/ po/e) /¥)
~ Metric & Cross Product (Bilinear) 35/’ “e VGG = Vi = V- A = S0 __—ﬁ@./:gr
orthonormal basis AA=RA--Rxix  X=b,x"= 2B, fn ™ 7 A
/ongl‘z‘aa//na/ / lransverse prc()/'ecz‘/ons NS ~ Poincare: potentials & derivative chain
~ Linear Operators 3€L,: ff; = 8'11} dw=0 < w=dw VEDE=W  7B=0eBwA
elgen\sz‘a/’/’; rotadions / stretches =G =1 ~ Yelmholtz f/leorem SoarCe and potentia/
~ Function SPCZCQS - continttous vs discrete
Sturm-Liowville (orz‘/yogona/ elﬂen/’ancz‘:on5> E =——V< V V- F )—\- Yx (‘V VXF>
~ Vector Dervatives and Lntegrals (/inearization) N N V-E=p
Differentials ordered na‘(ara//y Ay dimension STOKSéf = —VV'{-V)(K V%%K\"'(Pﬁ) VxF=3
(]
RANK REGION INTEGKAL 7> >f/£0»€£M D{?I\MT e GEOMETRY
scalar Q point a5 =51 change :F l Laos X > leve/ surfuce 4
vector </P path &=§$Kd§ Flow § K \ B‘v_‘)o CM K\ dQ W'? dﬂ/ Floww sheets d
p~vector <S surface §f§8§-<ﬁ Fleex §8\;B 43 < SVXK d&a AR, Qm SV e tuides J
p-scalar \/) velure Qf&,p&c subst. X V-Rde SV-Rde  subst éo>(e5> J
* C/]@Pfer 2¢ Formulations of Electrostatics A
Inte 5r62/ Differential Bowndary iC/?Zjd D
---------------------------------- petent] Q
N /A surfaces
(&4 22 _ ) 7
T s, ‘oo
€e=0 WE-=0 MNYE = E-Ey=0 e ‘.
~ B AR 4\/8[‘58/7 g
§D:Q V‘,D h (O An.b —DZ-V‘ND‘“:OA)F Ffield lines D L
_____ :_________:___________________ From sowurce &
V=-Edl I==-YV V-V, =0
A g/
V=38 YVl —aftady
Kelation betioeen \/ A E V-QE
poz‘enf/.a/ ), £leld, —SE’XQ J Sk 4'\"2 = &4 p(Edde
and source: =
S &,’} R gAY

~ Work and Electric Ffield enerqy: Feex x Floew

F-qF FE=nmg M= \Ag,Vdr = ¢da-(aDV)
WegEd W= § e §
potentiad N[ petential Tger

~ Conductors and Capacitance: — Flux / #low
P=£=0, Veconst inside; D=, V laptinar owutside condeuctor

3y
C= A\/ 98‘
8§EN aA

® = §d3 5 :§D (closed swurface)
A =(LE=8,

( open pa{/ﬁ

»SAB-E%

W= &é‘ﬁ E &t energy density of electric Ffield




X Chapter 30 Solutions of LaPlace é_?aaf/on
~ é/n/?aeness T heorerr For exterior Aoanc/a/y conditions

=dg U B §&a<uw*§v (VT = JUTU T de

@ o) N
@ Dirichlet B.C. Spec//fes /voz‘enz‘/a/ on Aoana/a/y 5 8) Newnan B.C. 5/936//735 e on éoandary

~ COnZ‘/‘na/iy éoana/ary conditions stitch /oz‘enz‘/a/S Z‘ogez‘/wsr n acz’/'QCenZ‘ resions

A A . 0 n ~ éxg:ﬁ
Flose: = = 0O regjion 2 Flow: . - 't
D= aC L o) r&S\Of\\ r>§
\(‘P_O\ov\\ S
AR L o8\ Vs P
f-(D,-DN= 0 ~&FRtE§E=Tp N Ax(EfE)0 Vs

A METHOD OF IMAGES
Find a point charge distribution

s Z7Z= O
with the sare B.C. s v=0L - - -~ - - - -
Same Solution 5}/ an/?aes theorer 5
B) METHOD OF SEPARATION OF VARIABLES e 1
Separate Lqp/ac/an Qo #nown coordinate 5}/5(8/)75) \/6()%\ 2 C (& = Yé CV\ éknx Sin(kn@
Solve Sturm—Lociville ODE in each dimension
madch Aoana/ah/ conditions 2o Find coefFricients (é () = sin U<“X\ V(%S =v\§ C,\C‘k\(x)
Fourier ¢rick : orz‘/zojona/ basis functions <Cﬁv\ \ (ﬁM\): Sg(V\UQ\X)‘ sin(k.x)dx :%ghm
()

C) METHOD OF MULTIPOLE MOMENTES
Series expansion of potentia/ aboutt o/-/g/n or /'hffn/‘z‘y

= <OV /2

e s = 25, B3 Vo~ EAr )
VL(F) =g (o4 et = Prers Saa Z ()L Gm;%:f%ﬁﬁg(% o)

—_— = 7\’2 3 ' 7\{
SERBp  Sferes DgErSn ) ol -R- e Bl
AT EY ® Saq By 5\% ‘,la) S 39”%' Belhe?

»* C/quz‘er 4: Dielectric Mdalerials - Dipole g= §>«E U=~P-§ (—:)'=\V(g’5.é}

? = . 80%9 = N W N Free charge on conductor
T—j E:%%—AT{S—N@E :+:—T—T—(:] -
]S=€,,E+F5 = 80<\+%e E ‘:&E‘:i = 8—: 5?1::/2:;:5;
C 8‘,.——'\"'()(&}:@ — 8/60
VD =V-eE+Y-P= P1u™ D=e.E+P 4=1+3 &,=l+%,
*  Owt/ook - road Zo e/ecz‘rodynam/‘c e?aaz‘/‘on5 (7: q(é+\7x§)-([gé+3x®&: Lorentz force
A4 (R -4 B8 -4 0 dory-J-0 Continciity
el W = V-D=p VXE +QR=0 Maxeoell electric,
(C UB - (D HB —ﬁ(p} B—ﬁ(o Y - B O \\7}(}—\——&5:3 magnetic fields
0 a 4 = = ~
(e) > @) 2 ) D= E E J =0E VB=uf Constitedion
§D= G)enc.Q EEB: O - Q(\/) X\ = (P/EZ)/’E)—\ E:"V \/’E)j\ (B:VW% Potentials

—_9 —
BT ?%B 8H = Lt %%D Coave e?aat‘/on) \/ -\~ 8tk ﬁ\ - R FYA Gauge LransForm



Survey of Magnetism and Electrodynamics (Chapters s-i)

K Electrostatics — Cowlomd's law A Magnez‘o\sz‘af/aé - Blot-Savart /laco

‘:’~ \ {)2 B e I)?/ ——h“ My IA—\Q.I/AA/}’{L N ——C/"’/ A

C‘éweog&\&%ﬁ‘gﬁ'[mg%] R = lﬁtf -_WZL—:SL‘“K[% “Té&
K_/—\(‘_}\/ \_/\—(—\_/
A E B

closed D
poz‘enz‘fa/ “Flow”
surfaces

7 discontinu /Z‘}/ gzy !

AL =¢ !
I=¢

closed £l

a//‘\/ergehz( Fle/d . lines B
“Lleex” lines D kL

surfaces of Y
From source &

around sowurce I

K Yelmholtz theorerr’ Sorce and potential X Green's function (Zert/, po/e>

N o)
= -1 D~ . - £ g Vi)
P =YY ZF ) O BT VEO)= Vi =g =SCh) :_E -
\/ (R) '

- -\ =2 —
o .. V-B- GG = 7:V Sx)
= yV+vxA  VVR=-(,3) WX\E¢§ K Ay
K Macroscopic media - polarization chans A Mdgnet‘/‘zaf lon chans

Free charge in conductor

2 M—Chafh
bound charge o (solenoid)
» J/e/e('l‘r/c', o
—_ °
— A = o
w=Ph Pr-vP > egpetic
= = = ¢ [ coi/
e,(\+%)E =g &E =<2k q e
' IS Q %
PLUMIH = et = H
M M
A faraa’ay 's Jacw c};’%ﬁ *  Maxeoell s displacement cerrent

o0&
Ce-- 3¢




K Three electrical devices, each the ratio of Flux / Floww

CAPACTITOR RESTISTOR INDUCTOR
+
Q=[rdt L 9

* Electrodynamics eguations F- al E+vrB)= (Pé +OxB)de Lorentz force

A-ds (v R -4 B B) -4 0 dory-JI=0 Contintidy
e J[ M N& = Voﬁ =P VXE Q8= 0 Maxeoell electric,
€D -4 6,8 450,450 VB0 Vii-ab=3  getic fuis
(e) © @) @) ) D=eE J=0F B=ui Constitedion
T -Qg F,=0 ~0v R = ( B, uJ) E=-YV-9A B=VrA  Potentia/s
Ee= ?B%E’ Ey=T, .+ %%D Ceoave efaaz‘iozﬁ = \/- AN ﬁ\ - ﬁ\ *YA Gawge Lranstorm

X Conserved currents =
#+v3JT=98,3=0
o desity Lp/ax Q N N
Ty < (b{ S \ energy —?(UM*'CAMS"_ VS :Q S=
g.s _? moment L _8_% + W °:F = O T = (6 é '\‘g H’

57 Qb
N
ND
o
mh
4
O()l
v
N
=

»* é'/ecz‘romagnez‘/c waves
~ Fresnell's coefficients
- SKin depth
- dipole radiation



Section 5.1 — MaﬁneZ‘/C Frelds

K Zhe magnetic Fforce was knoon in witiouity, but was more difficult 2o guantity
~ predopinant effect in nalure imolves magnetization, not electric currents
~ no magretic (point) charge (moncpole); 1-d currents instead of 0-d charges
~ static electricity was produced in the lab long before steady cirrents

X %‘Sz‘ory: from A Ridiculows Briet %‘\Sfory of” Electricity and Magneifém "’
600 BC  Thales of Miletus discovers /odestone 's adtraction 2o iron
1200 AD Chinese wse lodestone compass +or nav 35(‘(:0/7
1259 AD Petrus Peregrinus ( IZ‘a/y) discovers the same Z‘/wng
1600 AD  William Gilbert discovers that the Eardh /s a gt magnet
IF42 AD Thomas LeSeur Shows imverse cube laww for Maﬂnez‘s
1520 AD Wans Christian Oersted discovers that current teoists ragret's
1520 AD  Andre Marie Ampere shows that parallel currests adract/repel/
1520 AD J‘ean—.gqu‘/sz‘e Biot & Felix Savart shoeo inverse sguare laeo

* Lor Magnei/‘sfn it s much rore naurdal to Start with the concept of Field

~ compass points N ~ bar magnet field @
because it a/{gnS with lines resemble an
the Earth's magnef/‘c Fleld electric dipole

~ iron #ilings chan up Zo N PO
shoew physical " field lines” xE T=mxD

/NN

S
X what Is Che man difference? Ariber (electric) Lodestone ( Magne,z‘>
~ Zewo differences related 2o Flux" and ” Flow” ~ rud 2o c/mrge ~ a/ways C/?dfgea/
-~ d/'/;(’erenCe AeZ'/,ueen ’ /‘nz‘erna/ ) and ’ e)(Z'erna/ : a’fpo/e ~ direct forCe ~ Zorgue
~ 2 C/?dl‘geS +/ - ~ 2/90/3\5 (/\//S)

~ conservative £lowo (poz‘enffd/ ) ~ source of flow (retational)

E @ ~ £letid Mono/o/eS ~ anéeparaé/e d, po/e
E}Q B
et \ oxt.
1
Ll R [
~ Sources/Sinks of £lux ~ conserved flux lines (solenoidal)

* jo magnei/a Monopo/e
~ N/S poles cannct be sSeparaded
~ reasoni magretic dipoles are actually current locps
~ note’ field lines are perpendicuar to source current

* discovery Ay ans Christian Oersted (1520) ﬁ
~ current produces a magnetic field N
~ 3enera//Zea/ Zo the force betiveen coires éy 4/)7/9&#3, Biot and Savart

~ A5 15 Che Source of the
differences between & vs. B eg.
and dielecrics vs. Majnel‘é

T (N

* 4/)7 ere }—— }40 = B -
” /f Ty > L 0B L ,
SR | MEN 7
~ for two wires separated 5}/ distance d > L N2
~ defintion of Ampere LA, Tesla L7, Gauss CGA(CGS wunts), Coulomé Lol
/UO = = . “4 —
o =10 F\]/A 6‘7\rr_\.m &T“[W/Aamz 10" G = (A-s3

note different dimensions: /JDEI LCGST



Section 5.1.2 — Lorentz Force , Cetrrent Elements

* ragnetic force lacw T: =BLTUI :Igﬂxﬁ =9 \77<§

~ 2he combination Iﬂ occuUrs fre?aeni/y, i? s called the “ current element”
~ wunts: A r1=C m/s ~ 2 rich like a”c/yarge element” 3\'9(_ = 2Nd = A = POQ'C

K current density JQF = Tde= Kdwdt = J dwdt

+ Jla —
i /’“\—/ i - N
T=92 - oy & . iy s
= 2% T= - L _
b Toak ~oV N a&t\m%““/o\/
K conservation of c/;arge-‘ Kirchov's currest laco I—lcf Ny EY6)

t
Ty Ty SK Jvdae= $5w06 = [pdv
v By v
=" .
-1 EIC"% ot 3¢tV J =0

~ writlen as 4—~vectlors (3
¥ relation between charge and current elements e o & 5 ( §;> =0
Tal ~ Ko ~ Fae v
Jqﬂ?fv ANVl ~ @V ~ (aD\?ol”C

K Lorentz force laco = — — ) . .
O‘H: — C&% (E+\7XB> 3‘04_ s any c/mrge elerent

é’q_{? s any ‘current element ”

* pagnetic Forces do no coork
= Z‘anﬁeni/a/ acceleration (not ?z,(/‘z‘e> :9625 peda/ ’
@ radial acceleration ( d/way5> 'Sieer/nﬁ wheel ”
o~ .
AW, =E-dL = Q@B -Vdb =0

~ Sipvlar o Che normal force which on/y defTects oéjecié



Sections s5..3 y §1d = Conserved currents: COnZ‘/nL(/‘Z‘y eg.

K Sypimetries: % %—; — ﬂ_%/; = (Lagrange) %—/\; = f!'vg ‘zm\/?“; Y = ;\’S
Lo 4 7 e
F F ‘ éﬁ, = mﬁ = [: =— %%
~ /£ Z; /S fl‘an\S/df/'oh Inwvariant (5}//»‘7\/ MeZ‘/‘/AC> Ol\.b
Chen momentun (B ) Is conserved in complete Systen . =
~ £ Jaewos of /9/7y5/c5 (Forces) are ime—imariant
then enerqy (&) /s conserved ( potential enerqy s stored in the Force)
K Noether s thoorest: SYMMETKIES ) CONSERVED CURKRENTS
~ mass? - (Zhe ?aanf/‘z‘y IS conServed,
~ C/Idf38-7 g e but it can move arocnd)
s
6&4{93 transtormalions E__ - W\/

(force independent of 3roanc/ potential )
K Kirchof s rales:

consenalion principles
a) /oop retle: consServation of enerﬁy

2 _tE. _
JODPA\/" 9§QE (@

N
85 :*EEWXE‘C@ :O \/o
B8) node rule: conservation of c/7ar3e

£, L= 0=§3da={vT
oV v

-4
~ what aboed a capacitor? \/ o m
Cop plade has current coming in

bt no current 30//75 ouwd

R,
A c/zarje element Vs. Cﬁ,—q(

current elesrrent:

%

s ==t ) J=Vp= s
= § Kxd T=J3-&
¥ contin o _ 8T ds = (9. Fdv= (20 dp —da N
continuity eguddion T=07-dz = \v.-Jdr= S 20 dr =40
local conservalion of charge oy ) ) o
vs. bear me up, Scotty "’
~ 4-vector: = W-:\_:—a
" e, 3)=3" ©
( 8 AN . L _ _
TS5 ceryY-d = 0-3=0 a/u\y“zg
~ other conserved currents: enerqgy %%-(- V:2=D , romrertiun %E + W"Lﬁ = Zj



Secdion 5.2 — B/OZ‘—-SCZ\/CU‘Z‘ Laa)

K reviec:
~ c/zarge element (scalar): (ifc_% ~w 2~ gdo ~ Pdrc R T= §J
~ current elemernt (vector!): éhﬂv\] ~T dg\ \ 2 da. ~ 3, de )X N _ Sx? 3%

surface, volume current density
~ steady currents: analog of -~ 9
electrostatic stationary C/?d/‘geS AI d J(, =0 V- j = g@ =0
* electrostatic vs. magnetostadic force laws
~ defintion of " Force’” fields & B (vs. "souwurce” Fields D, ¥/, see next c/zc;ﬂz‘er>
~ Flelds mediate force From one charge (current) to ancther (action at a distance)
~ experiment by Oersted defined direction of Field, Arpere defined ragt ude

~ Coulomd Law (electric)

= A
s S NP S
e - _‘{ ﬂ—‘ O‘l’ )LZ 1 _‘4 0 ‘(3/ le WLHT&'O ., /az/ V \/
\_/—r\,-\_/
~ Biot-Savart Laco ( magnez‘/a>
= ﬂo§§ T /JL g N> 5 M QT
( \/\r\—/
~proof A*(BYCB = (B(/\-CB—~C</—\-%3
A
Mo — Mo T v Ju =
§U‘l ><§ Tl xZ, =22 G Tl (i -~yL)— 5 (Lo Tl )
K_/-\/—\/
$Td4 =0
~ combined: Lorentz force lawo ) - - gLFB
= -~ L = — = directiona/ cos9 \
1'—' = 5\&-7_ (kl"‘ VX%} = &At (PE'{‘ J’?‘B ) in\/erSe—-S?aare Ol/ )i \O
forCe /aw \ I.éj, [I
* Example s.5° Paralle/ cwires \ /0
b, AN _7
SI, Q’sz _ WoT! dz’ 2 ><(S§+(Z_~Z’)€) ~®-
AzA S 2 v
0 253 AT 220, ( s> & (Eﬁzlyl )3/2 JB \~
S ~ ) )?
— Mo T s d? d _/JOISSS%G}AGQ S8
-— L N
A (st (2 2/ (s I+ Jart )2 SLi i
-~ i v
3%=ec20 o T
= - )UOII , e A
LH_S L‘)‘i;[‘g (SW\ 910 Sin @0\3 Gb Jof 2-2' = —Japo
B , Az’ =3 seGdg
~ Lor an infinte wire: = Mo L S/{;
Qs
~ e i‘: YR :.—‘_}.,J_o— I‘—T’/ &
for a second parallel/ coire (— S)I&Q%/f) It s S Q

as showon before, 2h's was wunsed o define the 4/)7/&/@ (cwrrent) => Tesla (B-Field)



A f)(dm/?/e 5.¢° Current /oo/ﬂ-'
20
B=fabraln k= &jmg ¥ %5_8_

ﬁﬂaAA Tﬂngg Zig}-}-R’&

4T %3

T F?f _ MITIRY R*2
7 S % T Q(RL 2\

- })Oé\J—‘RA\}S/ z(003¢’ﬁ+siv!¢'g3+RA%

A fxa/y/p/e-‘ OFfF—axis Field of current /oop-‘

i

. zi+(s§«R§/)
éa & (zﬂ (s§-R§’)Z>3/Z

2K

_ [0 221s% -R&r
Af ER(M <Y +R % QSRcésgb/)s/l

:ﬁi&%&( /Zqﬁx%coSgbU z%+SX+R$Z/¢K RC%Z/ G

(r*+ R %= QsRees ! ) /1

= /UOT,/R ZX ~(S+R>§: cos ¢! dg'
AT &=o (r*+ R %~ QsReosg! Y72




Section 5.3 — D/‘\/ and Cur!/ of B

K 2he Formalisr of both electrostatics and maﬁnez‘osiaz‘/CS follow the Helriholtz ¢heorer
K Zhese Zwo a’/‘aﬁra/r/\s i/lwstrate ¢he Symmetry betioeen the two Forces

Coa/omé & Saper/oo&‘z‘/on Biot-Savar? & Saper/?oSl‘Z‘/on

B dq' 2 o F =qFE B u()dexé o F=qixB
) dwey AP Helmbeltz  yy — qV ) Ar R :%8 orhoicz pP=qA
Inz‘eqra/ £leld & Differential £Field Ihz‘eqra/ £ield Stok Differential £Field
(I)E:Q/E() s V'E:p/E() gB:/L()I LoAes VXB:M()J

close Stoke —d close =
5 E g 0 (re/gfoné %’é S VX E — 0 @ B = 0 (re/jl'oné) 6%%@(55 v . B f— O
1L Poincaré }L 2 1{ Poincaré
Ep=-AV L E_ _yv 2. B-vVxAi
Potential Polsson Potential Polsson
dq’ Laplace 2 3 Ho Jdr Laplace 27 2
Ve[ B Ve A= [RE I VA

X derivadive —& = Y_’_; \% ~
chans v © /X"A? A
N o
D5 e n
» /nz‘esra/ e?é{df/oné
PA
v sd _ ~(d _
- §8dl = pTH2E - 3l - T

~ assumes exactly | w/nc//ng, othereorse, /UONI

K differential e?adz‘/on\s (note: d_C‘Z_}; Jat’ oc L or T4 )

B- S‘&aaq’xv% VA = Y S‘fﬁ%
:VKS/HU)L 1ﬁ%<§&§/’§72h[r—)z
— _ { 2 ! 5 ( , /_[
- vrR A= :%5&: 3 i =0
V-@;‘V-V%K\=O <= SV J& V/g GontleSCr V'GaT
QE = H«d&f— B2 dC = — —
2 %SB SSVB O 5@@\.( 36) =
B = VAT #A) = wsz YR =03 poter VEORY = = ¥/ £02)
2% _ 2 /O 2 _| ie. gfé;:w)—g’&‘i L
V A V &S“HV \g d—a' VAfW)L ()z,) {\{ﬁ%)_ 531 36(_%/) {,

Drs

= I3 ey det = 0. Te)
EB: §'g OUZ = EV%/EA; :})ogj— O\a :/‘)"’Ieuc
s s



4/9/9//caz‘/on§ of 4/»7/93/-3 's Jaco

»* 4mpere 's Jao s the dﬁd/oﬁ o Gawss' lao For Magnez‘/a £lelds
~ USeS a pczz‘/7 /nieﬂra/ arowund closed /oo/9 instead of /nz‘eﬁrd/ over a closed surface

~ SI'Mp/eSZ‘ way Zo Solve maﬂnef/c Flelds with /1/:9/7 Symmez‘ry
: . A0
* Eample 577 Straight cire @ S

§8dL =B-ats =T

K Eample 5.5° current septum
§3‘&1 = (BerBe) | = UKL= M T
AxAB, = K ten gemxl Kb

™

X Eample 5.9° infinte solenoid
~ w/nc//nﬁ density v = #urns / /engl‘/?

ch\l%—: Tro

5Bl (BB ) =0 outside
§€&)0, :(B%’ %13 L :)UOK [ AB = Mo K cszaa‘m?

X Maxeoell's eguations (steady-state E&M)
~ Che Yo zeros mean there IS rno magnez‘/‘c monopole

~ actudlly as long as  ¥/9, s constant, a magretic moncpole can
Zurned into an electric c/;arﬂe éy a redefimtion of € ard B ( daa//iy rotadion)



Seclion 8.x - Magneiic Scalar Polential

» /ch(or/a/ repreSenz‘aZ/on of” Maxeoell s SZeaa/y stale e?é(dZ‘zonS
~ define B-= Mo W Zo a/rop a// f/’[e Mo S and em/?/’la\S/Ze f/’[e SoarCe_a a5pecz‘ o B

e/ecgr/c majnef/c electric magnetic = =
Fleexc: L D—P W& B O iD:Q @B:O u—gl*E—SO\—\-M
Flow:  Jx1Z =0 VxH=3 Ee=0 Ca=1 R=-YU
A
closed

potent: a/ Flow”
surfaces

7 JISCOnz‘/nalz‘y U=0
nd !

c/f\/ergenz‘ Fleld !
“Llees” lines Dk
From Source §

car//ng £oww
surfuaces of ¥/
around sowurce I
A L(f///fy of Z‘I‘QQZ‘I‘hﬁ D,g as Fluwux lines
and £/ as eguipotential surfaces:
~ flex through a surfuce Si GE\Brdd = # of lines that poke through a surface S
~ #low along a curve/path P: Ee= S,E'AE = # of surfaces thal a path P pokes ¢hrough

K scalar electric and Magneffa potentials

E=-vV ALwAYs VxE=0 H=-vu  owmyir 1 3-0
Vee(-y \/3 =0 Poisson's eg. V/LA <~§7 UWN=0O Laplace s eg. ALWAYS
——le— V% = H“E\"S 3\5_26— + WZO ~ Solve @2 U= O with appropriate B(C. s

K discontinuities in U
@D ad I the eo’ge of each ¥ Sheet is an I line
8 around I: the U=0,6 surfaces coincide — a branch ceut ' on U extends from each I line
~ U is well defined in a simply connected region or one 2hat does not link any current

#* éoana’ary CO’;{IZ‘;OQS EH = § \F:\"({E = Q’\@Q— H‘t>/Q = ng =1 _/A(A = (C_:/H =T
VAL g = §-vuedl = (-au=-au

~ electric

Ax Ab=
vector component potent ‘al Al K

=0 AYAE = O == A\V=0 AH ,
@Dtg\ A AD = O D, -B,. =0 —AE%\/F\:O"' G //>/-/

~ maﬁnei I

vecZor component poz‘enz‘l‘a/
8= T bR Hurtu=¥y AU-T u:\ v u—~\
=" _ .3 AU _ -
@ =0 n-AB =0 B :Elm Aﬁm*

~ swurface current Flows a/on eproz‘enz‘/a/s ~ U is a SOUKCE poz‘eni/a/
~ the current I=I2-T1 £lows éefa)ee,n any Cewo e?a/poienz‘fa/ lines U=T\ and U=T2



Scalar Potential Method

X procediure for a’eS/:gh/'hﬂ a coil based on re?é(/‘rea/ Flelds and 3eomeiry-‘
~ Solve @2 W=0 with Fex boundary conditions From Knowon external Fields
~ dracw the e?aipofenf/a/ CURNES on the Aoana’ary Zo forn Zhe a_)/nc//'hﬁxs (eoires)
~ current Z‘/?fodj/? each wire = difference betieen ac‘/jaCenf e?a/poz‘enf/a/S

* az‘i/iz‘y of electric and MajheZ‘/'c poZ‘ehZ‘/'a/S - direc? relation Zo p/vyéfca/ devices
~iZis on/y poS\Sl'é/e lo control electric poz‘ehf/'a/ ) N OTcharge distribution in a conductor
~ COnVerSe/y, 7 IS easy 2o control current distributions ( Ay p/CZCeMenf of a.)/'re\5>
but tHhis is related to the MasneZ‘/'c scalar potential

x e)(amp/e-‘ cos—theta coil
~ ana/03 of” eylindrical (2-d) electric dipole
~ longludinal cindings, perfectly uniform Field inside
~ Sole Lqp/acx e?aaz‘/‘on eorth Fleex Aoana’ary condition
~ dowble cos-theta coil B=p outside owter coil

w/na//ngs of

=~

* comparison of electrical and magnetic. components

CAPACITOR SOLENOID 70801




Seclion 5.4 — MaﬂneZ‘/c Vector Potential
* %e/m/}o/iz theorer

N

A
E=—v(—§zﬁg)+%(~vlw\ v-2=0 = DB=wxA
=7/ Ho S
ﬁ,_vﬂoa—:ﬁ Nk

4«7

ML
Vxﬁﬂm(mm:vvjﬂ\— CA=pS j;

X Gawge imariance: A is NOT unigue! Only /% /&
VeV A =0 so

~ N is called a” g

auge Lranstormdadion’y the set of all N's Forms a mathemadical group
Symmelry wunder gauge Z‘ran5formaz‘/on5 rs the basis of ?aaniam Fleld 2heories

~a parz‘zca/ar c/w/ce of 4 or a COnsz‘rczmz‘ on A is called a 3aa e
~“Cowtlord” or * radiation” gauge:

Spec;ﬂea/ ) rnot W - /A&

(%e/mﬁo/f,ﬂ
A= /_,\>O + Y N @so satisties @ = (\7\/\/52

Y- A O  always possible, wnigite tp to B.C. s
£ B Guh, fet P kv g\ and sole For N 3 Y A=0

(another Poission “3?'>
dc’
V’LQ\:—‘V~A° r>\ 4W\YVA

VWA,

A Boano/ary conditions

Ey=§ial - ng@‘ose; -(Faz-86.-1 = 2
S

~ . &\ — £\ —
Ep = éf;-&fz 238%«/\0\& = i@.&g\ - &, L//H /
Y.
¥

N

Y links cirrert, A links Feex

—
=

b=V
O
Y

j@

lf[:lH O

R =6 = AD S — ST
VA O»Aﬁ;ﬁ%ﬁ?& £s=0 A

g\{\,‘: % A& — ,_/)OQ
= A = A~ “
RRIND =Ms K = Ay (\? ler%}z\yybgy AZ& —~NSA, =k

A Sammary of veclor pofenf/‘a/

gatge potential Fleld Source

! ! AT - LN
A = (VA) = ER) — O A — B —u0

; nf;:/.{zj&e 8‘”’” Meaceoell e?.‘s — V(Z_ J
51 2 03y 4 o
< D1 H> — [Q J ) —
W conservation
Poisson s eg.

oF harje



Vs /7}/5/‘662/ 5/:9/7/-/7 cance of \/ecZ‘or poZ‘enZ‘/a/

* Physical 5:3n/‘f7canCe-' ?\/ = potentia/ enerqy §4 =" potential rrorent st "
~ /215 Zhe enerﬁy/ momentium of interaction of a particle in the Field
~ Some Special cases can be Solved uUsing conservation of’ momentuUn,
but you »must account For momenturr of the Field wunless there are no 3rdc//eni§
~ (W AD is a 4~vector, like (£,p) (V) ((J,C—/?)

- = . L, . The vector A represents in direction and magnitude the

?( V-v ZS s a \/e/ocliy dependent potertial time integral [that is, impulse] of the electromagnetic
intensity which a particle placed at the point (x,y,z)

American Jowrnal of P/7y5ic5 64y 1365 ( 1994) would experience if the primary current were suddenly
stopped.

2, C. Maxwell, A Treatise on Electricity and Magnetism (Oxford Univer-
sity, Oxford, 1873), 1st ed. Article 590.

X B flux twbe (solenoid)

Vrxit=J Y A=8
Wire Solenoid ::/ I 3/ B
_ 2T _ 25 o
E QTS A &WS (/h51d8> l C]
% = % j){F A = LZ %\L(_ (owutside) -
AN g . Mol N\ 4. 9
L 2mr L 2mr
(a) (b)
_ r A = Bdr
* Coaxial cable, straight conductor 1 I ‘/ bl ~ 7
B= K = Ps 2z " fe bt
° szg outside outside
J
A=Bdc = pods
28NS | | l U
(a) (©)
Al) = 22X () ~Quis) |
Kar
— “/‘%_% ,QMLs\ American Journal of” PAysics o4, 1365 (1996

Vi) = oo Anlsd



Seclion 5.4.3 — Ma/Z‘//Do/e Expansion

K Sipnlar to electrostatics, expand \/r

Rie)= 288l - LIS 2n bed Bl i

4T\_ = (\9#’7\

\ \

|
I:W— L E ()7, )

/i(f) })0 &\p go\ﬂ £ = §(“cos%o\ﬂ
fs §v (3 27‘”’)&? +}

I~
+*‘9§0@ ! %cﬂ( C0C rrz s

no moncpole dipole faac/ra/o/e
,%SI/) . Af_ _ Sg W){\? ’ o@\ ( S k}\é@g) d/\/e:gende theorems
et N=CT then VeVs= SiT = T x2 igém ”'Q\gfwv -
57 § Al ZEQTXC A) = j; Q%VT gg& e :—SSCV o

iwg =~ JvTnaz

Sv YTdt = 6 & T éd@;:c} if T=1 so §®q=§5&a F05=0s,

ov \V S z
(&) = Ho MrE m = da =13 ompare: \|;.o (&) =
’A:\.\p ) 2T o3 SL “" “TrIe Vay ) 4TE,  YF
X /pn SPhehACQ/ Ccoordinddes ) ~ A W
¢ v8 O
= 2 L 1o B D N Mo SO A
B=VeA=gplr 2 7 T A
TS A( '\‘A@ \‘éx«\@A@ AT cr b (25
= Pt E O r s\ 8 4
Zn vsnel S ~z IR A )
N Coﬂ’lﬁal‘ef
(Y= QeosO ¢ + sb B P . b = QecosO 1 4 <O B
I%’\pr) 4rrr [ ] e e E= /'f“Wéo [ ]



A f)(d/)?/?/e-' current /oop a//po/e 2
Jr= (-0 = (22 ) = (R vy g ) v

M = dyr = A (rlcosg’ X +¢! smc{;’g> =g’y

= —'sind X+ ' cos c#'g d¢’ :(—(J’Q +x’g3dgﬁ/ Q‘
<>

R/ o A /A A ~ (A A /
d/Q K)ZJ - (--'k(j(>< + X 9SX<KX¥ZZ_"XX——3 (_(]> d(# dz/
=2y syl —xNE ixz L rx' %2 dg A .
5{? 3‘2/\ o / ¢ rO=-XZ+ZYX 2 ©=0
-(233 el 4 ex 8)dg ey
e 22 (k'R o« j’%\ = %
- A7 x . %XZ 22 L' S
Bﬁ?’):% Aﬁg}c:}/_z{ 9 = V\ASO{(#[
2 e A A
~ the above /‘nfegra/ 15 aitiSymmelric wnder & Léf( FIrst Zerm van'shes

~ Zo 331‘ Che dipole qpproximation, assrre vl v

s ™ I ! 1ol nomice f
(V (H«Q—— L 3 z = (| '\‘3TZ {'\ &y punsion,

D) = Mo L 5( 2 L) @B( 3% >(M/ oroer Y

e powess O ol pe !
21
_ ML ‘& 24
—4m35\”x9 (e CECERS &)+ &)
=0
~ the First term = (@' d¢'=0 - no moncpele!  §osttdp ~(Lay
~ Zhe second two Cerms are the dipole V—%[: T& =(’ 7’3 T ’/Z
= z - > > - A A
Qr‘(' 2 AT v 3 Qe \é,io

-

~ e?a/\/a/enz‘ Zo electric dipole wnder correspondence 13 s MM
A4TE, AT




Secz‘/on Gl — Maﬁnef/zaz‘/on

K review: development of electric and Magnez‘/c multipole potentials

Y«E=0 = E--yV v-E -0 = B=WiA
V-E-Ple, = YV ="p T =p3 = TR =p3
- Vo) - VA
= _ L 2.6 - s ° Lo
Vere(H (R BE ) A ey B
T>>= gaﬁfF c?(gf IOO\T, m = lzgﬁx&i @:j—&c

Adsd) = BAT)-CAD)
o (V*E\—f @~ %@v

¥ - - =
V-8 = (&-9)5 + Sx(v+\3) = (Gx G + Al96)



Section (.2 — Field of MagneZ‘fZea/ Oéjecf

A po/ar/zaéi//z‘y =< g M= @ H
electric © Magnez‘/a
@ stretch +/- c/mrge @ z‘or?ae on spin paramagnez‘/c
3 lorgue on permanent dipoles &) speed wup oréitalsv diamagnetic
< - copmpare/contrast -> ) self-ali ignment of dipoles  Fferromagretic

A a/iamagnez‘/\SM in the adom
~ /V/agnei/c dipole increases / decreases in response Zo c/’}ang/ng Magnei/c £leld
~ not completely induced dipole roment like electric case

_ ew < 2 <
m=Toe= ST = = i = &
= MQW\"“ A L
Py ™ P = 7R
m=7 am,
yromagnef/c radio Bohr majnez‘on

~ A}/ Lens ' lao, L and therefore m adjust to counteract the c/zdnge n field

. . - _ ~
* Mdjhef/de/on V/\7\§ \%— S[;lc m l;lV"\: W\,Dl’C
<

K fleld of a Magnez‘/zea/ oé ‘ect: bowund currents

A _ wo Myl M/%)LA" — /Jo ol
A=z2 & 57 Mx V5 do

~ 3enera//zea/ a//‘x/erjence theorer jok’gw = é\ & o © = = X ,orscaar mult.
/
Y M ouvx e V’“M~VV\ V'
/a
Mo j L K - N - -
/A\ dﬁ”‘ﬂ ’f&a' where K&—q VXM Kb"‘-‘-—ﬁxM
o e = — ° D —_ 2 - D
~ potice Z‘/]e difference in 5/5/75 cempar P3>— V P G: = h :P

A /9/7}/5"Cd/ mode! of polarization vs. maghei/zaz‘/on

filtfe § ¢ 3a

P is extensive @ —chain M 15 extensive ﬁ\ — oo
Z‘ranSVerSe/y /onglz‘aa/lna//y



Section ¢.3 — 4&()(/‘//‘@)}/ Field ¥/

X resvnder — Multipoles: 3ernera/ solution to W’Z\/’}O ewith azimethal syrmetry

C‘F\- MJC _
§< K /Q JM} PQ (Cé\ ‘f‘i_/Y—Eo - % & Eq W\UJM\DD‘Q?
\/m’r \/@ﬁ U My momends

A Majnei ic multpoles

Q=0 m moy@%? L=\

S N n

AN 2orxlotals

| oclottal :
glaly —> F ge0 — HpF-0 —
@ Peqd w1 Q- paap-apal

X compare / contrast (—S = qra S =1

f@r@

Dufay Gilloert Awmpere,
X polarization (= y ragnetization M = dipole density .
~ Zo 381‘ effective c/mr e / current distribudion: B .,L A Do LT XA
@ expand V into d; /)o/e potential \J A (j A &Y
&) integrate V/ dute to dipole density fiald D~ dp=TdT @ da=
) %'7, = “@/}L s /niegrdte Ayparz‘s (Q = —e ‘(‘3 j: (\I\
b

) compare ewith \/ = S}%%E’ SZTA/% Zo gef (%J 3\0

~ can a/so expand magretic scalar potential o ge? "magnei/‘%po/e density ’
directhy dna/ogoas with electric c/varge (Om"“ IRSAY

= =
~ 3,'\/317 permanest @ or M, wuse P‘o) P""‘ or \BW\ Zo calculate Fiel/ds



» po/w-/‘zaz‘/on C/’Ia/‘n)' magnez‘/zaz‘/on So/ehofc/ and /)785/]

e S

PN D
J PN

K sowurce fields D, ¥/ on/y include Free c/mrge/ current as Sources

V- &E= Q-p T B, = Jg v A
V-® = -p Y M = Juo
q—ﬁ :(D_J; @%ﬁ "—'i}}
VYE =0 v-® =0
D=eE+P=ct @fpoﬁﬂ@k\:/ui\
g=e.g. =8 L0) M :/J")Ur:/%(l)r%m\

* Aoana’a}‘y conditions: S > AN duo da
~ don't dowuble cowunt bocnd charge’ KL,JOT,, ) e a/l account for the same z‘/7/n3.’

Fidds  pofentials Fidds potewhials
MaE=O0 V=0 A = K, VRN
RAD=¢ —peBl-v ORERTISREYTY %—- O nxt=8

K Lhree ways to Sole sisular magnetic boundary value problems:
@ wuse (GGilbert “/90/3 density ‘ (QM , Oy, explicitly ~ See Example #
&) use Ampere "bound current” A explicitly ~ See Example #2

o) absord Magnez‘/zaz‘/on /nto “/Qermeaé///fy ’ /J ~ See fxam/o/e #3



A f)(dm/?/e I Magnez‘/c po/e a’enS/‘Zy U)VV\

V=T, <=3 = W=~ (A
T8 = T, (BeB)=0 > VU=, o g

where O, = -9 T= PeMe M, a0
LSy A= Uy ~A%%:<fm

,Q,(-%\SLH] H(CQ\
DA (Ot/r\w] I CC@»\

W= éiﬂﬁ&t%di+

- & o Ut

e | -
BC/\ u\\rw\ u \ =8 7 A b g @\
okl -0 L0 = EA G O] Bl = Wy R
o L \/\/\/
Qe /o
P h A= =0 A= gm,
3 © _ 4 mel
% é%b CeosH = %gMO% —({\7/“‘ %W\O OO‘;?/» H)?jﬁ? W\\(B.A sd:c; 2.33 FIS‘S
B = - My R = 3B ¢ec o) = QB Rk 23 P+
A R - Lo AT Ay ¢®
% ‘\*’M\ = %/JOM Ezt Mo \«A‘L hexre, Q=3F¢.-T
o EoBEn p0e = B -5RE®  f aclwih i bt
See pob 342 p(SF o ~ o N =10) e
D-88 | 200 B35+ 508D i m g

see b 554 p AS3

note chosed B = (e Y Qines o Hlux.



K Eample 2: Bound current density CT&

@%E\ Sj&oﬁ O exepton? — @““ AN d{scovxﬁ«\u‘(b\ 61C U ’F(‘\’)V\/\
@“Tb = - Q- })o® M:AO - Qlu—_o Kb own )ﬁ/\ﬁ/ lOOuV\aa(‘ﬁ
fy& M =0 K =hef= M a0 d (treat L, o5 o free cwrevxt>

Reh: oP=0 -aF=k,

= £ 0t 2D R LG
- & 0000 D, (3] Tt

et B, il = S )+ AW ) Ble) =0 D= T Ay
BLe2: - BU| “E D+ A & Te) CsiaB) = Msin®

N AN =
note Du(ce) Forvn o basis ,aunck PI/M =4 Qe Hhe RUS
SO (_b{‘—AlX-:;—\p: (ji_\ﬁ/\‘/o\,: MD .A(:/Z/\EQMO :’&b\

P

>
| s o m- ¢
%NQ% U\z: éq\)\b o %

- a4t ¢
@IZ/JOP‘[ /UD%M @2,: %%

* \nhofe: (Ec/ﬁﬁ ,ndt })o(\j’fl/f/\\ wstde erguse
W reg\acco( W ot s efedve current At boudion .y
£ Y Bis dffecent Foom E}aﬁ\) Lot B is v Hhe scme.



A é_Xde/e 3 Magneffc permeaé///z‘y (linear homogeneoa\s 1Sotropic mcderial)
Permeable sphere in an external constawit field .

M=% F ev\caprcﬂVeA WL ’:\%z/ﬂl see Ex4 T p{% Dy
NUAS ;:\ j*uo e,uemlu\,\erc - E;:—@U\ N
I-B= -9-p9UA=0 = 9*'U=0

RCh:  U) > -2, alA=0, ‘W%%C”D K,

0 & (B o)+ BT R )
o HO: \‘\Dg
Up= 2 Le, et DUHAM) Tleg) Uy=~Ho r cos o

BCAO: S U le) = é C (7Y Paleo) = - Hoto Ci= - o
we excude ol mulfigoles except {21, since the soutce B is quee digole.

et O -l = (%a+b A =0 S m= AR

BLEL: ﬁw&(\ <O+DI'Q/&+MA[/&SCO59:O

%\'\‘o +@*Mv\ A\/CA =0 A/ = &+ﬂ HO b\/oL 1:/; 3‘ ’—OQ‘}'/(-AF H
M\ = uo a»gu H Y= = ;:2\%7( HDE F\\’:’ é%/—))k( F\o
M?_: Mb 5@"(‘\ (X’@Q where U%t “\,—\o&

k compare M Bl U= Uor 3le Ups U+ 5otWSE

(\7\: % =%, (g%ﬁﬂ\ %y H s dicded, bﬁ

(ﬁb

- Ko
_S’jﬁ—'\. % /Jok (»)\/\CTC V‘/\ = é’ﬁm f-e}.k( Ho

=

'}*o(\’\‘ + Zm rg\ Qm = 3rrm -



Section (.4 - Magnez‘/c Media

K constitwdive relations: magnez‘/a SMSCepZ/é///iy and permeaéf//z‘y

e, =D-P D= (E~F) = & U+U)E =ge £ - ek
[ = - — = - - . — _ PN
ZB:H**—M BT/)D(HJer\\ = }/o<[+%‘m>H :j/oﬂrHc/UH
K
N R . g = . _ — —
X Jinear and nonlinear media: P (E) W, ()“.) M (P)} ‘F{ w, T, . \/\TS*DFG-: X
~ Jlinear 7\)A = /ff . k:; jiC@:\ = esngh permeability independent of field strength
-, SOZ‘I‘O//.C /U = U E‘ [\7\ H Q Sare /ermedé///z‘y in all directions
~ hom ogeneo s /U ¢ f 5—:_ s gk Same ﬁermeaé///z‘y Z‘/7roa3/zoai maderial
St/ dicont nuwties o Aoandan/
* Gaussian umts (CGS) Jo=E,= So Nl E=&.

~ L[] = Oersted, L[BI= Gauss ~ 0.000 7es/a
~ Unts of € and B a/so the same! [::a<é+\1/c>(§>

* diamagnetism
~ most sisilar o electiric 6,60 ~-0

~ wseful for levitation

~ Superconductor (s0) %W\: =\ [. B=0
* /. ~ —_
paramagnei S /ij SO v ]@6_\(3\
»* /’erromagnez‘/sﬂv A A@ =, A | ( Flél FJUJJT) td’\recﬁom)
~ e/ecfromagnei A
~ Jron—-core 1.8 remanence B T —
’ | ——
transforrers B (T)
12 - /7 —1.77
~ p-meta/ — 15T
MO reduction 0.6 —12T
wn 'QIQ\O(‘ coercvith H /) 10T
0 A A 7 >
: (9 / —0.8T
& 0.6 - — 05T
' —03T
-
7 -1.2
f
— H (A/m)
_1.8 T T T T
-150 -100 -50 0 50 100 150

Ht2p) [en coikipedia.org/ wiki/Hysteresis



Section Z.1 - flectromative Force

K revieco N e Ef;) K sk it ana/ogy
~ current elesment SN o % N \2 T
~ continuity 5%@ + V-3 =0 conservadion of c/mrge
~ potentia/ E=-vV conservation of enerqy =6 \
B = vxA conservation of mrorentur — O
X conductors K KESTISTOK — an electrical component
~ stadic case A

~ i NFO then wo- = [ =qE
’/5620/5 2o steady state current
LT=O’ E (¢Hhird constitedive e?aaz‘for»

~ 2AIS laco depends on mdaterial properties @9— \/: O B.C's = \/ = aV Z/Q
For example, a vacuum tube obeys y
the nonlear Child=-Lamgmuetir laco  I=KV'*~ _ =3 _ _
T hernrionc emriSSion depends on Zemp. I— :Y. P\ =a EA' - OJA//Q. A\/
~ Zerrinal (drif?) velocity in a conductor — GAV G= oA céndacz‘anCe
N > N - - - }. = COndacf/\//Z‘y
b\/ :,<~F =k = =
N o R § € _\% — A\/ / R: % resistance
J = on\ = I_\gﬂ-— E: R P = l‘eS/SZ‘/\//Z'y
f b
o 2 2
— _ . power
~ Dretde laco: éamper cars /P LoV = 1 R= % dissipated
_Gath _ o4 _gE
\é\ a3 I jwf " Vems ~vs. CAPACITOXR
=M Vows (R _ (nfPn _ —g A| cwpacitance
//\) OJ (;@—;%l— Tq-;%;s @ —_ C’ A\/ C T 8=Pel‘f)’l/ffn/lfy
"t = e betiveen colliSions A 0 @'Z \ 2
/?\":mean/’reepaf/? u-— Q‘QA\/ - iA\/ = iCAV
h§: aomic density x # carriers,/adom

~ VS, INDUCTOKR ... 2o be continued
X porver dissipation

= 5 = s ¢ &u P
P=Ey=fh  0-F-fr=puE = TE =0 &2 pn?
(Ac%—\/é = izl_)‘«[:;’ «———’gﬁl
X relaxadion time
_07-&)
- = _ - & _
H=vI=FIS=Fpw PR F TeZ =R

'6_._‘

( -
T = %: (/2}75580& = 0.445 B = |ASx0"s
618 i



X electromctive force (esrt)
~ electromotance rmore correct! Compare: Mdghefomol‘dnde (14, #3)

~ Fforces on electrons #rom € and other sowurces (chericaly B, ..)
~ not gutite CS\E - jéoj Since £E=0

}—-’f = q_f gereralization of E é = \C? . AE (ert)

X pctional ert - magnez‘/c forces

F;gr@: Vi) J N :>/v
E= é;fm 80 = v BW
~ relation to Flux: precursor o Faraday's laco
:§§ da = Bhy R
Foongewee ANFE
€ H—if - fw&k

~ Cconservalion of enerqy’ magnetic force does no work!

\S\jc(;vu‘ =ud E}SM% = u%'ho%g % — B~ =&

~ 3enera/ proof

a

. . N ret \/e/oc/Z‘yf
ﬁé% 0, = &wxﬁ -al Co= G+ U
a/onj Zhe wire:

*55% (\/ﬂxo&& -$ B %rf%ﬂ 0= 3 ds

mcVement of wire:

=§%~§% :‘%@% AL =Vdt

1

1

~ whdd about ‘coork " done by electromagnet
//‘fz‘/ng a car rn the J‘anéyara/ 7



Section .21 - Faraday s Laeo

K Chree experiments — one resu/t!
@ Mov//nj locp in static B field (=20
8) static locp in rmoving B Fleld
c) stadic /00/9 in static c/762/73/n3 B field

~ motional ert
reference

frame (S.E) mction of £l .
lines irrelevant -~ F&/‘ a d @/ < /aa)
only net Fleax

§ change of Cnoncnitors £ield)

K different physics involved, both /‘n\/o/\//ng B flelds

@  Lorentz force law b)) Faraday 's Jaco
= moving charge in static field - static charge in changing field
F= o (E+v 1) Ee= §EAT = (wiE oz - (Bbidx - - %
E = 9xl o S . k \%\’
Eg Vv E = -2
- 5t
* Special Kelatvity K Lenz's law
~ e?a/\/a/enCe of E&M in different ref. Frames ~ Flelds have " inertia’
~ Lorentz transformadions E > B, ~ /? Yakes enerqgy Zo beild/ destroy €,B
both components of E=E4&-B ~ CUrrents opposSe c/]ange in Flelds
X Example of @ - AC gerneralor A ) = A cos (Lob)
_ 5%
o E="8L " A B w sifwb)

E= g\}xﬁ; = Q‘S‘O%BSMQ~ 40
= Abw sinlkt)

= w%‘

~ 3-phase gererator has G maxima of Current per cycle
~ both 1-phase and 2-phase only have 2 ~ bicycle pedal problem

B
X Eample 7.5 X Eample 7.6 ‘\T /'
- > ring

(a) —t ~

Liv q

d
j\ #\F d solenoid

l

(]

Figure 7.21

Figure 7.22 Figure 7.23



Section F.2.2 — Induced Electric Field

K Zhree 4M/98re—//‘,ée laos — one fec/m/?ae !

4M/98re Vector Potential faraa’@/
V=3 V4 K=% Yy g =28
= }; =3 =& QT&W b = "'Ol_é:ﬁ
Ep= Br= T Ca 2o e ol L Ce At

* (oith proper Symmetry, each can be solved with Amperian locp

T
ﬁ 5
2 l° Z
_ ]
- A
H: Pl j _ = A En
Zzwugb = S b
* Eample 7.5° C/Idrge 3/L(ea/ on a wheel
~ anga/ar momentur Fror iarn/ng of ¥’ Field independent of tine B
Q9

&é\& = _cﬁ% :”—VTUxQ%

d=pNat = b’/kaéé&wb:w%m‘l% N

~ alternate qpproczc/y-‘ veclor pofenfl‘a/ ( Momenfdm)
dp = Fav=qBat = g 72y 4 ~ g af

K Droblesr .12 redual inductance

o £:N°K;s = u,nT

E§:3A2/‘%v NT = 30T =PuT

N ‘reluctance’ ' permeance’ M= N//z
_j: /R, = = ‘_ﬂ = A\E
& At I N at



Section #.2.3 — Inductance

K review: 3 Appere” laos Vxbh=3 VrA =B Vx E = -%—%
~ will use all 3 Zod. _
4 E,=2,=1 g =&, Eo= %%B

K peco Ohrr ‘s laco clrrent — Al — Vo/z‘afje

Vo= Iz Zime

K Metual/Sel# Inductance - application of Faraday 's Jaco

El Y, 5 >3 -
B= LZldh g gB\.&QZ

X L . _
b (aled 5,<M T, ®-LT
Lo r - — - aT _1 dT
— 7 <4_¢[’k—'§l /ZZ )‘dCLL I] = M:ZIII 81“ Mll%l 8: Lfﬂ
- _ o [ T
M, = §z/£\ = Ea/T, = %(“—%%%3% § LXLL
4 \_,_\X,A\_/
A/I,
~ properz‘y of maderial and geometry L= - )Uo &
~ "back " epit: \/o/z‘age drop across L, corparel Iy, = § ﬁc Jot CM cﬂ:d Lz,
opposes c/mnges in the current
K Inductance madrix L N, = Z,_Lgij L_ = [ Mz; M31
~ Symmetrici mudual inductance My <M, My L, N
~ a/fagona/ P self inductance L iz M, W\\g RN
K Zhree electrical devices — one calcelation!
CADAC TOR, RESISTOR TADUCTY @ oT
Q=(rde aE
LU et Bl
A ¥ B=p Vyit=T
= =
K= A=[p 4 -8, NL = NE =g,
= \Zda = £ _ - VE!
V= fmda =& V=-Ne=N9ds




Seclion F.2.4 — fnergy in the Maﬁnef/c Field

* example: [-K circuid

& =TR+ LT

E -TR)AL = LAT =-{-%) db ﬁﬁdw_‘é—if
udjcﬁ—L*/Rdm b E Rl

B (W)= (48 = =R¢ fat

Do © = He
(€ -Tr)= (£-Le)e 7T pest
T- 2 -2V Geegetor

e T~ -

~ Cime constant T = L)’y{/ note: intial Slope depends on L, not K
/arger ' JaSZ‘ means lower I
X cwork aganst back emt” ‘electrical inertia”
AW

COMPQI‘Q:
W - _er- T W=351LT" s\w=3 (N p dT
W=2T é;,z;.oUZ LT= 2, &, =2 (N-wDdo
=2 AT am BV e, % g"“fv_j B
=m0, F VB GG )= (TeA)E - A ek 2B A
ﬁi;oﬁv%ld«c

( AG. a2 =g\3>2&rc - ( Kox @M
PN v Y
AW= 5 SA@‘Q&G

u= 3EDON)

X exarple 7.3

2
0= T£ i85 = »L
By L=zbh e -
i O Figure 7.39
LLT o = (ude = (awsds AT8 - (aTl e
Z9 " A ) e 2ds

4T S AT Sin
Be! b



Section 2.3, 101 — Maxeel!'s Eoudtions

K Zowards a consistent systerr of £leld e?aczz‘/on\s

5@(58 poz‘enf/a/ Flelds

> QVi\) >(EHBS
(5,8) % (p.3)

Maxceoel/

SourCes

ABO

contincity

Ak =0

x 2 /9/-0.5/3»75
a> /ofeni/‘a/\f

Vg = -8 E-W = yufi§8)=0
v-8=0 = C-YA FE--vyV-84xk

gauge imariance
VoV - JA B> E QM- dA-0
> A+ VA e B8 UAA)Y

4) cOnf/na/fy
V- @xB) =-F V.= O
V-V W =v.J £-ge =-£ VB

* examp/e cqpaa:z‘or - cOnZ‘/na/iy T - ;\(&
e AT

~ 4/)7pere S lacwo should not depend
on surface to /nz‘egrafe c/;arge Feex
~ fleld showld also exist in capacitor
~ each rneco C/7a/‘38 on plate - %
builds wup a neeo D~Fleexc line =2,
~ charge ‘propagates’ through capacitor
“w‘a i?s associate D—Flux line § T-
~ displacement current !

z /’/oa)/‘ng Z‘/7/-oz,(3/7 wire =D Aa//d/ng uUp in cqpac,z‘or

ot TEE ) <o
V- 8% =0
W\{\E**g_é%ﬁo

Vrim & - ‘M\ 9, EE+P =pr

3,

V-8 A KRy A
E--¥WV-8  B=wA
WE+ 480 §.R=0
Vsh-9D =3 V.D=p
dp t W-I-0  F_.g

" displacement current”

2 _ = 9B
— Vb J*\g—g—

" displacement current”

T = Jr(g;jiiykgg Ju= B - o8

S 5€




X Maxewell's Eg's  in vacuum X integral Form

V-E=Pl. WrxE+48=0 2=Q  &+8,3,=
V-8=0  VxB-gp8,E= uJ =0 &5, =T
x éoanc/ary conditions - /'nz‘eﬁrafe Maxeoell's e?aaf/on\s oVer the surface
Y > AWA /3——70’ J=R S?Wg%\: A S‘?mém\:i
Frelds Infegra/ Potentials
e A% T AxaE=O AB=Q  Ag_=AV =0 2efl-o A g
N.-a=0 Axall=R AT, =0 4AE,=AU=T A W0 a8 =,

A daa//z‘y lransformation — ancther Symmetry of Maxceoel!'s e?aaz‘ions c=
~ without sources, B <=2 & symmelry, excepl wumts —; Aeopi
~ Symmelry with Sources éy aa/a//ng magnetic charge ( mono/oo/e> P\M " Mo % — _ pk
~ 51/73/@ magretic monopole in unverse cooctld /Mp/y ?aani/zai/on of c/zarge T A
~ Magnez‘/c Contributions can be rotated aoay  as /on3 as %4, /a /s constant

GEkp VERR lTEa )0 conery
V&= ppn V2P = Te+ ez p LY Tt ey =0



ﬂecz‘romagnez‘/‘ém in a Nwtshell/
V- V-8 A A~AvA

* Maxeoell's e?aaf/on\s et a/.
gauge potential Fleld Source B_ N _
| I J E=-vV QJX B = yrA
r = (VA) = ER) O 5. ox _
invariance E‘“,u Maxeel/ eg.'s VHE + 4B=0 V- 8=0
a . Vxlh-9D=3 ¥.D-=
U (58 & 3y 24 o xhoeb =d B-p
Poisson continty atf} + W ‘ j =0 3 =q ‘é
® Fleex and Flow 2B a3 s a -
~ CO/lSer\/ea/ currents ~ /nz‘ejra/ efudffon\s —E— eb=& CE) oe o M R }))@WA)
éig]jg_gjjgf 2., Q Ee*gta—ggco JF?J@{C?*\H@\ "—(pﬁ+3’>«f539\©
24-0 En- ‘QtEED =T

d‘ia.;?\dlfv oda NPO\’C
ébaV\]NIo\Ai ~ Kda ~ Fdc

—Zf dosc(x N
\& ¢ ok €
& >t

B > ¢
Anerguil 3 _
T : , » . o
==l E\QC\’&\ _ T ! Qves B
R C.Ur\EV\j
%vm Seurce R ui U=0 =6 \‘pc’l‘evt\'iaéﬂ
o~ suchaces Y
aAis COV\H:\L&\\'U
i WL

K wtility of D & B Flux lines, &€& ¥ eycf//?oz‘enf/a/ surfaces
~ Flux CArowgh a surface S = @gSSB*c\ZX = # of lines that poke through a surface S

9
~ Flow a/on3 a curve/path P = Be= SPE-AYZ’ = # of surfaces that a path P /Do(e\s i/?fodﬁ/?
! poienz‘/d/ morentinrs
Y =WEh r Y,

- = s s >
‘(\Q\/ '—"—\7\>Y)\'\/'—'V\'~/~V\7~\/

* potentials, From Helmholtz Cheorenr, ?l/ = potential energy ?Z =

~ Zransverse and /ongz'z‘aa’/na/ Components
R = e 3
E--VE VE)+ Tx (5 9o& ) B--VE 7.0)+ Vv (¥ V1)
- Y - Y
==Y V R =¥x A
K éoana/ary conditions - /nz‘egraie Maxeoel!' s e?aaz‘/ons oVer the surface

Y = AA p=0 IR S?mg?;=4

~ electric . .
B0 A\/;O Fee=Ee AxAE=O

@ng RAE%_;\:O—/ 'DZV\“D\V\: a” A AS =0

~ Magnez‘/c

Ep=l AT HyH = Axab=k 7

: e S FATEK =0 ©,=0 & ~AU=T

- A AU _ P ~ =
@B O //\-—87\}- BZV\,— n w e /}B —,:O
~ U is a SOUKCE potential

~ swurface current Flows a/ong 74 e?a//aoienf/a/
~ 2he current I=T2-T1 £lows belieen any Zeo e?a/poienz‘/a/ lines U=T\ and U=T2



* electric Magnez‘z‘c dipoles and macroscopic e?aaz‘/oné (electric and Magnez‘z‘c mcderials)
J‘f_

C Mo V—V)\\/»(—2 = :§'— ST SN 2\ — ~\_.,L ’5\ Ho™M »:\L - T
/ﬁf\ s UEE M=l =Ta xe \/&;?Cﬂ = L—F\W—&H yay M= 2= Jdem

* a/ynam/c\s of dipoles in Fields ( compare Electric and Magnet‘/d)
=3+ 9) E = W(ﬁf’:) =-VW  (VeE=0) {EJ@’ 8 < E
(f () B = 9(A-B) ~-vwW  (§.8-0) N.= % « B

K constitwtive relations: Magnez‘/c saSCepz‘:A///z‘y and /Oermeaél//z‘y

e,E =B-P D=e(ExP) = & UrX)E =ge E - eE
f{Tof)——‘IjH\-;l ’é‘~/),,(l—\+l"\\ = /uo(l+')cM)H :/‘/OﬂrH:/UH

w

4Mpere I Vector Potential
VxB=3 = ]4 ¥ A= Y
2o E= &Wo\c}\‘f/

J-of % B
v 34 VyH<F
T= 53-8 NL=NE =g,
V= s 8F --Nac~ Na%vg,
R=Y4 = é?é ﬁ— /47/ Nfﬁ/j
(e1=h (a1= Wy& fL} N Pr/

K conserved currents J— —
- c/eSIlZ‘y _1?40(
Ty = (u 3\ erersy WWNAAMWW\V S = O S=E&+i
@ ? omentum St +Ww-T =0 = (SE+2it)-5ne AT
X oave e?aaz‘fons (Helmholtz) and solwtions (Green's /’anci/on5>
2% 2 _
z _ d 7 = e - = 0O
(0 -V =pp  (ep&a-V)E <47 (g0 VQ%;
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