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1) Mode of oscillation in system of infinite continuous coupled degrees of freedom

Wave function: f(x,t) state is indexed by continous x vs discrete i: x; - f(x)
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Wave equation: (5572 - @)f(x, t) = p equation of motion (NII) is 2nd order PDE vs ODE Mx +Ki=0

Solution: any function f(x,t) = g(u) where u = x F vt, satisfies the wave equation with velocity +v
Example: pure frequency waves f(x,t) = e!®*=20 where g(u) = e** velocity v =%

F(x) = 3 Apel =90 s superposition of collective "modes" (w,k) vs "particles” (t,%).
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2) Transfer of energy and momentum (NIIl) without accompanying material
Medium: point-like properties k,b,m replaced by material properties T,u - v,Z
Dispersion relation w(k) - v propagation, and impedance Z — P reflection/transmission.
Linear medium (wave eq.): superposition/interference; polarization
Impedance: the transfer energy/momentum.
- By NIlII, the forces between two links on a string

are equal and opposite on each link.

- The balanced horizontal tension T keeps x fixed

- F; transfers momentum and energy along string
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« Derivation of the wave equation

- By NI, consider net forces on an element of string
EF e B = T(54Y = pdef = dnd
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- this is the "wave equation", (equation of motion) which evolves the "wave function” (state)
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« General solution of the wave equation: show that f(x,t) = g(x F vt) satisfies the wave eq.

QoF alv) e Srckion wilh derudies, gl
&J\\@@ O %(\th SDV\ Llet) = %(xxﬂ?ﬂ% 4

B 8 = )l = o'ty and D) = oty B = rucii
O¢ S(xby = %a‘(u\%g = Cg‘j‘ () o 82%3%4&): ?%U%”(u\ = (D'Lc?’(m

(B T8y~ 82)§ =(T - uw?) %('M\ =0 ¥ v =\
the vderidy is o progerty of Hhe wedivm, wor e vl !

Mo glx-a) snbts Hhe viawe 1 the vgnd by e
Wms% %C@wf} Jrcrive&g &W{U@Q@dm mi% e

* Eigenfunctions of the wave equation operators (continuous analog of Matrix operators)
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The PDE "wave function” is turned into an algebraic "dispersion relation”

by applying the wave equation to the product eigenfunctions (separation of variables)

(BT 8= BEY U8 = (T () - plosws) W = 0
TV~ pw =0 o w=3Lk=vk

The general solution can be written as a linear combination of "basis eigenfunctions"
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The dispersion relation determines the velocity of a pure frequency wave component.
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If the material properties are functions of the spatial frequency k,

then different frequencies will have different velocities v = \[T(k)/u(k) = w(k)/k,
and a multi-frequency wave packet will spread out over time (dispersion).
For this reason, the function w(k) = k v(k) is called the dispersion relation.
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» The simplest system to analyze dispersion is the interference two pure-frequency waves.
- Two instruments slightly out of tune produce a beating tone
due to alternating (+) and (-) interference of the two waves (either in space or time)
- Maximum destructive interferences occurs when both waves have the same amplitude.

- The corresponding frequency spectrum A(k) has two identical peaks at ky and k,.

- The spectrum A(k) can be plotted on the same k-axis as the dispersion relation w(k).
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s Summary: a nonlinear dispersion relations cause a wave packet to spread out
Beats: f(x,t) = e‘q’1 + el®2=2cosPe'® where p=kx—w and ¢, =+
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Carrier wave ¢ = =2 ¢2 travels at the phase velocity vy ==~ —,
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Wave packet ¢ = % travels at the group velocity v, =

s The same principle applies to general "wave packets" with a localized spectrum:
o The "phase velocity" vy = w(k)/k describes the velocity of the carvier wave ripples.
o The "group velocity" vy, = dw(k)/dk describes the velocity of the packet envelope

o Both velocities are evaluated at the average wavelength k of the spectrum
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