L23 Reflections: Characteristic impedance
Saturday, October 10, 2020 09:37
Overview: L22 treated waves in context of a string with distributed mass u under tension
directed ALONG the string with FIXED horizontal component T.
By similar triangles the vertical force from tension is F = Tf' . A\F— - = J@/\S\Q/\

L22 described 1) waves as modes of oscillation/propagation

L23 will discuss 2) waves as transfer of momentum/energy
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1) Summary of wave as "mode of oscillation” in a medium: ]: =1 g
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Wave characteristic property of the medium (string) W
"velocity" of propagation (evolution) of the wave. Vo= / K 57

2) Waves as the "transfer of momentum/energy" without the accompanying transfer of material:

Conservation of momentum/energy: transfer and attenuation across boundaries
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(consnuly )
Property of the medium: "characteristic impedance” 2= [:/O-C _ W

determines relative amplitude, not velocity of wave
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» Two material properties affect the wave propagation according to these two characteristics:
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* Different types of waves are similar, but with different material properties and physics
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e Transfer of energy and momentum
- By NI, the forces between two links on a string
are equal and opposite on each link.
- The balanced horizontal tension T keeps x fixed

- Fy transfers momentum and energy along string

dp = Ty = madb= Fdb “wowerhun S =7 = & TE
48 = dlbwd) = vy dy = BT = P db =P “pouer’  dE-T - F 2
- Impedance relates the force to velocity, which relates momentum - (force) to energy-flux (power).

E=mdrloirkt = 29 (Z=twm+b+3pk) Soc eeriodic ughon
- Equivalent, by the "lmpedance analogy" with electrical circuits

V= LT+TR+Gp = 2T (2=l + R+ oG ) o e areait
Hus Fe28& and P=FL=2 Qe PUT=TZR

- Matched boundary conditions allows both energy and momentum transfer to down the string
& AF = 2T = 2@H) =0 Yo womerhw iy vived.
i AFH) =0 = Af =0 e energy s Ao caveenedl

- Kinetic and potential energy density along the string:

(T) %1 \E }Uk (/;37- is the kinetic energy density (per length dx of string)
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e Boundary conditions (BCs)

- We've been using BCs since day 1: an n™-order ODE requires n initial conditions
for example: NIl F =mi reqires xo, %, , Hamilton's equations requires py,x, -
- Independent variable ODE: (t) is linear. PDE: (t,x,..) is a whole region
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- External BCs: one per point on the boundary (like pins)
Elliptic: ~ x*+y?* V?=0%+05+..
Parabolic:  t+ x? 9y + V2

1 boundary condition / side
1 initial condition + 1 boundary condition / side
Hyperbolic: t* — x? —v—126§ + V2 2 initial conditions + 1 boundary condition / side

While initial conditions determine the exact linear combination of basis solutions,

Boundary conditions determine the ratio of amplitudes, and QUANTIZE the wavelength!

- Internal (Continuity) BCs: 2 neighbouring BCs tied together (like shoelaces)
They account for discontinuities in the domain (sudden change in string properties)

Formed by integrating the n first-order differential equations across the boundary.
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Characteristic Impedance: The boundary condition A(F =Tf'") =mf is not so useful because

the wavelength A and thus k~id, can vary with position. However,

the frequency 2nv = w~ —i9; is always the same; otherwise crests would have to pile up somewhere!
Thus we will express the boundary conditions in terms of f instead of f' for pure frequency waves.
This again allows us to convert the BCs from a differential to an algebraic equation:

A(\::T?B:\N\ﬂ = A(F:izlﬂi
shee Z = <k =15 =55 = VI, - FTi
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The difference between characteristic impedance and normal impedance is that
it represents power transmitted along the line, cumulative resistance along the line.
Thus, a 50 Q coaxial cable does NOT have 50 Q if you short one end and measure the other!

The power will be completed passed into a 50 Q termination resistor, though, without reflection.

EXAMPLE: vreflection / transmission coefficients, two strings attached by a ring on a rod
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- The 2 external BCs fix A and G =0 (amplitude of wave coming in from —co ). Don't solve for A !

- The 2 internal BCs are used to solve for B and F as functions of A and G .
- The resulting values B/A and F/A are the "reflection” and "transmission” amplitudes, respectively,
which are used to calculate the reflection R and transmission T coefficients (also absorption S by Z, ).
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