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K Kea/ms of Mec hames

A A - corved sriceze

"\59 75/75/*4/ e/, Z
& Smal)) _k
classical mech | guantum - pardiele/ coave
< parz‘/c/es , waves| mechancs dieality
%)
§ special rel. guart - 525»74 guant.
Y - light F£ield Z‘/7&ory - (ge Fields
c S T) wt) z) %

~ &M was second step in wunfication
~ Zhe stimulus for Spec/a/ re/af/w'iy

~ 2he Foundalion of JED -2 standard mode/

X Electric charge (duFay, Franklin)
~ +,- egual & apposite (JCD: rt+q+é=0)
~ e=Lexo™ C, ?ad/?f/Zeo/ ( ?,,‘( 21077 &)
~ /oCd//y consServed CCOnf/na/iy>

K flectric Force (Coulomd, Cavendish)

Q % = \ QA
<= 7 FeEy ety
k’_“L\J
E

K Electric Field (farao/a}b

~ action at a distance vs. locality
Field “mediates ” or carries force
extlends Zo ?aanz‘am ﬁe/ci theories

~ fleld /s everyewhere aleoass ETx, D
differentiable, /‘nieﬂraé/ e
field lines, efa//voz‘enf/a/\s

~ pocoerti/ Z‘ec/m/fae\s
Ffor 50/‘///73 COM/o/eX proé/em\s

K Freld lines / Fleex
~ £ /s fangenz‘ Zo the field lines
Fleee = # of £fleld lines
~ density of Che lines = £fleld Sfrenjf/r
D is called “electric #lux density ‘
~ pote: '_/52 = Q) 1ndependent of distance
C

electric #lux

Flows From
N—>

all Fleex lines 5&3/}7 at +

and end & - charge

o, = SDda

D=eE = B

K Unificadion of Forces

celestial |{errestrial

i Ifer
W

() |Neeotonian| (2| Maxeellian| (3) weak (P peeclear
gravity E&M decays force
2 =) ~ et 5 =
G = o™ | N G40 / o=
eneral electro
re/az‘/\//z‘y —coeck

standard model
UDxSU IxSU 3)

GUT

772

K Electric potentia/

F=oF F=m3
foree Tt qr‘a%vf freld
U=gqEd | U=wmgh

"C/W'qul"

enerqy potential

closed
potential g
sSur-faces ’

a’/\/ergenz‘
Freld lines D k&
From Source &

»* é‘?a//voz‘enf/a/ surfaces / Flow
~ no work done Zo Fleld lines
é‘?d/poz‘enz‘/a/\S = surfaces of const enerqy
~ work /s done a/on3 £ield /ine
Flow = # of poz‘enz‘fa/ surfaces crossed

Ec= Sé«df

-~ pofehz‘/‘d/ 1‘1(’ 1(700.)
15 1ndependent of pah
~ circulation or EMF in a closed /oo/

\/:” 8{5
E=-v/




A Mdjnez‘fc Fleld
~ no Magnef/c c/;arge ( Monopo/e>
~ fleld lines must Forr locps
~ permanent magnez‘ia dipoles First discovered
lorgue: T=ja*g
enerqy’ U=- /(f . —\%
force: ;_—‘)=V(/j'%3

~ electric current shown Co generate fields (Oersted, Ampere)
~ magnetic dipoles are current loops
~ Biot-Savart laco - analog of” Coulomb laww

— _ | BN ° M A > -
= S Tal x @iﬁi discontinuty gdy
N

~ nd ! Y "Vu
B

~ B = £ a/eh\SlAfy - . 6 7./0586/ £Lleld

- >// = fleld /AhZ‘eh\S/‘fy (G):)A \T'\ = \—*E/A‘ nes B car//nﬁ /)oz‘enz‘/a/

surfaces of %
around sowrce I

* Faraday laco
~ oppoS/ie of” Orsted's a’/SCoVery"
c/zan\g/ng Magnez‘/c Fletx induces potentia/ CEMFY

~ electric 3enerdz‘or5 , Lransformers 8 ,9;25,%
e

— ~®§%
5t ot

X Maxeell/ e?adf/lonS
~ added a//Sp/aC',emenf currest — D lines have +/- C/?d/‘ge at each end
~ c/lanﬁfng diplacement crrent e?a/x/a/enz‘ Zo Movfng c/mrge 4+ =5 5
~ derived conservation of c/}arse and restored symmetlry in e_?aaz‘ioné I D
~ predicted e/eciromagnez‘ic radiction at the Speed of’ /{9/7( C:,Vé.%f: d —'%

Maxceoel/ e?aafl‘onS
V‘Sﬁs VxéAraﬁ@zé §D = Q@MQ §B:©
V- 5=0 Y-85 =7 8. = 2Ba g T 42
B o= —
Constitetive e?aaz‘/on5 at H encd %
D=eE Bl TeqgC
Lorenfz Force
— O O (O) C\\ 2) (3) (q.)
F= g (Bave®) :S(FE&Y%%B O 5% LN A A <é]®:‘$ -
Conz‘/,i\a/z‘y 8\5 Dj g
V':S'+a,[3:o C u\ Ol (A _\d\_a d O
MY — (D, ]R) = (p3) —
poiinf/a/\s N
E=-WL3A B=yxA
Gaage ranstormation Wave e?aaz‘fon — D/&(\/) K\ = ( P/g , /utﬁ-\

VoV=Oh A=A sya



l—la .
o X Jinear sSpace

+ linear cormbos
+ basis/ Components
+ projection/direct sum

N

X exterior /arodaaz‘

X p/tilinear (Zensorybxtensions

* petric space
-+ 3eomefr/c Vieew

+ 3eomez‘r1‘c View
opponents
W
area —> /enﬁZ‘/?

></

notadion
\ﬂ k j LO

+ components

/

A 5 nSfe/n
orz‘/zog a/ Pre) eclions

v

o4

S

X Jinear operators
+ preserve linear combos
+ components
> orf/]ogona/ / pPreserve el r
+ Symmelric / e_/gem/a/ae\s
+ projectors

N A Dy w \
/ N\

X cur/
-+ geomefry

ercdor -+ COmponenZ‘S

Ve H# a//‘\/ergence

-+ 3eomefry
+ components

product rede
Second derivatives
-+ /Cgﬂ/ acian

e

oL.2
K differential Spakges
+ 'd " difFerent
+ a’ pa/‘Z(/CZ/ deriv.
Ol4 + c/xjn /‘;(/e
+| gradies
* a/’ﬁf;e Spaces -+ 50//~ [line elerent
- points Vs veclors +H V operat
. peracor
- Coordinates vs component|s
- affine Vs linear Zrans
X curvilinear coordinates
+ parametrization/coordinates
+ spherical / cylindrica/
+ Zransformations
X curvilinear differentials Ol-3a
+ line, area, volume differential elements —> X Integration
+ Formulas for grad, curl, div, /T/acian

K diff forms
/* Fleese and Flow

/

A 504(/70/&}‘5/ operafor
X Poincare Zheores

o34

A Sfo,éeé theorerr \\

Ol—.s
* Delta c//'SZ‘/‘/‘AL(f/on
X function spaces

Y

Green's #n
Y/e/ M/70/ ‘¢z theorer

Ol-6

H#
A




Section 11 — Vector 4/3635%2

X Linear spaces L
~ linear combinadion: (LU+PNV)Y s the basic operation
~ basis: ( Qj%xl\% or Gl ) # basis elements = dimension

independence: not collapsed into lower dirmension

closure: veclors span the entire sSpace
~ Components: Y = abu-g(g, +Cr =@kE) <§>
n madrix Fors: '§< _ E X

x Ax R Cx
(%>:(O‘% oy C%>
z Oz \OZ Ce

~ binstein notation: implicit summation over repedted indices X=b, K= };b& W

((g(,> where s
xov Ei—_‘g\( @\X+ %O(‘a+ A?;C(Z — C'/;( %i‘) <§§> (L(Saa//y one Upper,

one lower index)

~ direct sum: C=A®R add one vector from each independent
space Zo 3@5 veclor in Che product space (net 5//»7/9/5/ wnion)

~ prq/'eciz'onf the vector O= a+E has a anz‘fae decomposition
(coordindes’ (’&3 B) in A) R) - relation o basis/ Components?

~ all other structure is added on as multilinear (Zensor) extensions

X Metric Cinner, dot) product - distance and angle

oo 3 b
c=a-p=abesg=0,b=ab =abrdtab,=ab = @r%@(”’?)

b
~ P/‘OP&/‘{I‘QS : l) scalar valued - what 15 owler //‘Oc/b(df7 a{,} b
2) bilinear Fors a-(o+c) =a-bra-c (@+b)ec =a-c+b.c S R

3) Syrmmelric o pb=p-a \

~ orz‘/]onor/y/a//‘fy and COMP/ez‘eheSS — Zewo Fundamental identities
help to calculate components, implicitly in above formelas

éé o é = Kronefer deltai components 8 RIS oo -
3 A /? [ of the /a/e_nZ‘/‘fy PG i “y T O _( 7[‘ (};é ~ (@ ( O> :_L
'E():jf €.e = ] & OO
?=B&XLE E{,XL OLQ = o éé = QI él'éb + QZ éz'éb + O? é&'é’b

- —

~ orthogonal projection’ a vector N divides Z4e space >< into XU\(\ ® XI n A R -oc
georelric view: dot product (- 52 ’S /en35/7 of 52 a/on3 A & N
Projection operator: = (?\\ﬁ ., acls on x: (F[)I 5 = o= AR

~ 58/78/‘62//280/ metric: for basis veclors which are not orthonormal, g % q
collect all nxn dot products into a Symmetric matrix (metric tensor) % = g“ %Lz gw
U gz A23

%wﬁ;‘ Py X9 = 0, ‘Eéxj = XCS)CO-X“} (x %xﬁ)(%u%u%lej \/') I @

T T = Ju I Ges <\/2
,_X \SD"PDX -X (BX g?xgi%?-%a \/3
in the case of a non-orthonormal basis, it is more difficult Co £ind components
of a veclor, but it can be accomplished wusing the reciprocal basis (see )



Exlerior Produwctds - /7/:9/78/‘ —dimensiona/ oé/'ecZ‘S

#* cross product (area) } .
C=0xb=Rabsio=figb=-Aab=|% G 2
= - a, a
where Lo and WL  (BY—rule) bi bﬁ gj
~ properties: D vector—valued
2) bilinear ax(bsc)=aaxbraxe (arb)xe =axc+bxe
> /. /‘ N == _ — s N N
3) antisymmetric ox B =-0H X[o\, ) Bl = B
~ ~ /K even permudalion = ((2_A=>
B ,. oA _ J 7 Br (380
Components ‘66 x & 4= 8% ek 8‘.’(5k = {_ | ik odd permedation Coardlel)
where €3= 3= Eyp=1 O repeal‘ea’ Index
&= Eiag= Eqg= 1 Levi-Civita Zensor - COMp/ez‘e/y anz‘/'\symmefr/‘c-'

SN o - . S A A
Kxy = X \o.cx\oé\/lj—— E%kXy” e,

~ orihogona/ pr?/'ect/‘on-' /V\\K proJectS 1 Zo n and rotates éy 90°

N

G n A N ~
XL: —V\KO’\)\}?):EDC E:—V\Kh)\ KP[I—LE:(?\\\%D_,P\K(\K:I

~ where 15 the melric in x?7
veclor X veclor = pSeudovector
N N AN ¢
Symmetlries act more life a bivector
can be defined coithowtd metric

A Z(/‘/p/e prodacz‘ (volume oFf para//e////ea/> - base times /7e/:3/7f &: a ”B%E — qﬁ Q‘g q%
~ Comp/efe/y antisymmelric — defimtion of deterrnnant \Dx \On \O;_
~ why IS Rhe scalar product symmetric [/ vector product antisymmetric? Cx Cj Ca

~ Veclor veclor x veclor = pSeadosca/ar ( Cranstormalion properf/'es>
~ ac?s rore life a ‘Yrivector ' (volume elesent)
~ 623@//7, where 15 the metric? (not needed!)

X exterior a/geéra (Grassman, Harilton, Clifford)
~ extended vectlor space with basis elements £rom oé/‘ecz‘s of each dimension
~ pSeudo-vectors, scalar separated frort normal vectors, scalar
magrlude, /e engt A, area, volume
scalar, vecZors, bivectors, Zrivector

oS AN A A A
Ly KRGz, 19,925, g
~ what abocut hlgher—d/'men\sfona/ spaces (like 5}@Ce—f/me>.7

can't Form a vector  cross —-proc/acz“ like in 3-d, but Still have exterior product

~ all other proa/acis can be é/*o,ée_n down into these § elerents
rost /mporz‘anf exa/y/p/e-‘ 34 C—-C4 B rutle ( %A)lf relation o prcejedforé)

o AxBre) =BAC)-CARY o
£ R (E B )= (SnGin=8a S N B = B~ CIAR)



Section I.l.s — L/‘near Operaz‘ ors

X Linear Transformation
~ function which preserves /linear combinations
~ deterrined éy action on basis vectors ( eﬁg—craz‘eﬁ
~ rowws of malrix are Zhe /mage of” basis vectors
~ determinant = expansion voliume ( Zriple prodacf>

~ ptltilinear (2 Sets of bases) — a tensor Ly

A C/zanﬁe of coordinates
~ Zwo ways of z‘/w‘n(//ng about transtormations
both y/e/a’ 2he same Cransformed components
~ active:  basis Fixed, physically rotate vector
~ passive: vector #ixed, physically rotate basis

active

) ) . ) ¢ranstormation
X Transtormation malrix (active) — basis vs. Components

(@B3)=(§% Cb%:;) caw( > &4 >< ) @ @%@O
LR elr-ext X=R X

A Orf/zogona/ Yransforrations

M (o@w@B\ = JM@)* 3 M (S)
M) w1y =(

m,x§m1
W\ly['mz

o

Zransformation

‘@zég‘%
X' =R, x

~ K5 orf/)ogona/ £ ‘/9re5er\/e5 2he metric ' (has the same Forn before and after)

2t L (NG - <><>< % %> <3« > 572 E5) <aa a8
< e < \ '-3,'</: /\‘% 32( 321 g Q ( > k) & lQ
{ér:d_é\(R éﬁié/:&é?é%:g%j%:g/ 8:8/

~ e?a/\//enz‘ defintion in Lerms of components:

D e A
i»XGKTgx:XW = xgf ¥

BB: 9

FgR-g

(metric imwvariant wunder rotadions i+ 3: g/>

— ~)
~ Starting coith an orthonormal basis: g =1 9y =&y 5\%? R]:: R:: (R:r
* Symmetric / antisymmetric vs. Symmelric / orthogona/  decopposition
~ recall complex numbers U= P+ L (O*:F ((}755\‘: —if
U +U L -
ehoef ot el ettt 0
~ Sirlar behaviowr oFf Symmelric / anf/Symmeir/c mad rices M ariér @y ‘”’ L rix
T Symmetric
o (b+o) S (O QO*C)/2_> _ A antisymmetric
M < d> (ﬁbﬁ}/ d ' CC—@/Z © o A M\/{\A@ S symmelric
\ _ T T T o
S=cl= g™ =ve'\" RZSA RR’(@A N=Nh et 1
N N
< ™ Aenge. A (7 A o
det ( @%‘Bﬁé'aﬁ':@Jr *:e(< R T ATD



& 3en/9arqp/73rna/ '

* illustration of” symmetric malrix S with eigemvectors v, eigemvalues N

#* S/AM/./a/‘/AZ(y transFornr — c/lange of basis (Zo a//.aj’;na/fze 4)
St N=(35,- )M ) SV =V wWVT= VWV

* a symmetric malrix has rea/ e/‘genva/aeé

Sv=Av VI8 v = A
VTS ST TSy v
~ what about a antisymmetric,/ orf/zogona/ madrix?

A"

A e/‘gem/ecz‘ors of a Symmelric. madrix eoth distinct e/‘ﬁen\/a/aes are orf/;ogona/

V'8 = (G = (Sv)T= () =V
Avievy = (SYa=\' (S vy )=\ A
Vi, (A =0 i AR, then =0

arbitrary madrix
orfhogona/
SyMMeir/‘c

diagonal matrix
orf/]ogona/ (dorcin)
orfhogona/ (range)

A Sl‘nga/ar va/ue a’edompo\sff/on (sSVD)
~ Zransformalion Fror one orz‘/'[ogona/ basis to another

M=TRS =RYWV' =uwv"

~ exz‘reme/y wseful! in numerical rowtines

C<ZnRNZE



Section 1.2 — Dl‘f’ferenf/‘d/ Cd/ culus

K differential operador

S VP defmaco S T
20
or AP =cal)d W = s . Ardy T s

~ df and dx connected — reter to Che sarre o endpoints —

X
~ made finmte Ay f@é/‘nj radios (derivative or chan rule) dg: 2
Ere
or infimte Sur = inz‘ejra/ (Fundamental Thereor of calculus) 14
b
Af _4Af Ju 4 - b
-df b o= [ar= S| RNE AN
. o o e —
A A=l A=+

X scalar and veclor Fields - functions of position (v
~ fleld of corn’ has a corn stalk @@ each point in the Field
~ scalar Fields represented by level curves (2d) or surfaces (3d)
~ Vector flelds represented by arrows, field lines, or e?a/poz‘enil‘a/\s

* /Jarfia/ derivative & chan rule
~ Sighifies one varying variable AND other £ixed variables
~ notation determined by denominalor; numerator along for the ride
~ dotal variation split into sum of variations in each direction

Q&_Jk_ ou I YOy dy
Tl P e A e
* veclor differential - gradient
~ differential operator , de/ operator d=
dT = 3T dx + 9T du + T 4z
= (3 % 8T - (dey oy, ) g -
v A

~ differential line elerent: AAQ and A/jz Cranstorms between Q’%”% - ax’d%’dz ad 3oV
- e)(d/ylf/e" & Xz(é = &X‘édb( + XQOJ{% — CQ\XS) 7((2—> ‘C&X)O\%\

~ exa/y/p/e-' /et A= 564)%.\ be the grc;p/] of a surface. WA direction does W’S\ point?
noew let %’:‘«Z—- UC (X’UA‘B So that %'—"O on Che surface of the grcgp/l
Zhen Vg = (- 1/-; )Ty 1Y /S normal 2o the Swurface

X J/wustration of cur/ X J/wustration of a/f\/ergenceg

=2 closed

poz‘enz‘/‘a/ g
surfaces
—,V u ’

curling potential divergent

surfaces of Y freld lines D &
around sowrce T

discontinuity Y/ V I

n i !
U=¢

closed Fleld
/ines B

From source &



)%3/7@/‘ D/‘Meh\fl‘oha/ De/‘/‘\/CZZ‘ ves

K cur!/ - circular Flow of a vector Ffield

X4z % (Vayy - Vi)

LY T Vgt
V & a{} Og|= *% <V><z Va,x)
\//\ V%' Va +2 <V%/ "'\/x’%>

X product reles
~ how many are there?
~ examp/eS of proo/:S

B(Bre)=B@d-2 (@)
B (W BY =V (A~ (V)
V(R =R B - BT R

K Second derivatives — Zhere 1S rea//y on/y ONE! (2he Lqp/ac/a/»
2

~ defined componrest-cise on v, V) v, ( only cardesian coords)

) V. (YT) = VT
V-VV = V%
D9 Y=V 4+
=V (Y “Vx¥x
2,49 VrV=0 V(¥ T)=0

~ /onjfiaa/fha/ / ransverse prc()jecf/oné
K=Kk —Kx(Rx
R
V- Frv)=0
~ e?aa//z‘y of ruxed pa}-iz‘a/\s ( a/2=0>

* a//t/efgende - radial Flow of a veclor fiel/d

= Y
V"\/ = (gx 8\‘3 aﬁ» <\/\:> = VY\)X * Vﬂ"é ‘?ngt
Vaz.

V{g) = VF o+ ¥

Y (R-B) = AAT*B) #R-TB + (Beh)
Y (fR) = Y5xA + £(TxA)

W (BB) = (B-FIA-BT.A) — (Besh)
V-G = VEA+ T A

V- (B = (R & — A- (YrB)

V'=VV = af+9§+3:

no rnet curvalure — Stretched elastic band

V(Y- 5= Vi &
Vr V=2 -Vi U
=\ 5G 2= 2056,-59
VAN )
"7 e &J L 500853
9 8 +&(99 -3 9y

*

< >

X wmfied cgpproach 2o all/ /7/:9/73r—-orc/er derivatives wnth differential operafor

D =0 2d=0 3 didy = -dydx
-~ 6rcza/fenz‘
df =
~ Curl/
d(;\\o@\ = d(Aﬂcﬂx +/\ d(é%A{cQﬂ
= A d

+ A dx + A, dedy
+ blxc&x&g + A}y‘j /}&3 /-\32 O\%&%
+ Auydnde + Ay dyde 4 AL dilde
= (Agg Ay dydzs (A /—\Lbd%dlwr(/\ﬁ A, )iy

A(A-dy= [V A)-dld
d3=( dyde, deoln dedy) =3 xdI=d®

J%Ab«‘r Aug*vﬁji&z = vi. dj

+ differential (line, area, volume) elements

d:é = <OQX>°DH)d%S =d¥

~ D/\/efﬂehde
o\(@"o\_\ob = 4 <6)&A‘é dz + B%OQM\X +6_.tc\\(ol‘a\
= Byl + B, dydude By dudlde
s By, didedy ¢ By dadedk +Bye deded
B dydicdy ¢y, dydidy ¥ By, dedidy
= (Bx;x “ By +Bye) C}“O\‘ﬂ‘h

AB-dN = V8- de  do =t dh- dhrdl =de

dvc vy A = a (A A d J (0¢ )

v 3= o\(% d5)= dde B)

dox

AT

a7 9T




Section 1.4 — AFFine SPQCQS

K AFF re Space - linear space of points b@/«@

POINTE Vs VECTORS P S S=dPio@ipR
~ operations _ D \7 YIS - < = -[~{3> + 7
S, W= ot py R b par =1

~ points are inariant wnder Cransiation of the o/-/j/n

~ can Creal pornts as veclors Fronr the or{a/n Zo the point
cumbersore prcture: ma/;y mecsnn /ye55 arrows Fros Mean/ng/eSS or/g/n

position Fleld point —>/ OL{ Yz d/:\sp/ace»j/enf vecZor: j—z = ¢ 7 r
vector: Source pt ()( (ﬂ{z‘) differential: N e
Ji = ;Aq_ =5 dg -~ N

~ Zhe on/y operai/on on po;nfs /S Zhe a)elghieo/ average
a)efﬁ/ﬁ‘ w=0 For vectors and w=I for points

~ Cransformalion:  affine Vs /inear (O(R €> (F> :(RFJ'é)
00 | | |

~ dedompoS,‘z‘/on; Coordindtes Vs COM/DonenZ‘S R g \7 R\—;
- Zhey appear Lhe Same For carlesian Systems! 00 1 /o) | o

- Coordinates are scalar Flelds O,}& C‘FB

* K ecz‘anga/ar, Cylindrical and Spherical coordinade transtormations

~ madh 2-d -2 N-d /9/75/5/@5 2 3d + azimedhal Sy/r/mefry /R« (qS)
~ Sin ties on z—axi origin A A A ———
Singetlarities z-axis () and g <SJ¢JZ§’—“( % )COS<75 _Sing o
rect. cy/. SPA. S\g ¢ Cbé¢
Y= S.Cos¢ = (sing - cosd N (C I
y= S:8ing = sine Sind  (CEH(84E) [316 L0 O\ =(44%) RarRyt
2= 2 =\ s 8O -Sne O
df = Y dy + %d% + 2dz da = Qd%&%gdzd)x + %&x&% dt_ = dx d)% dz
df, = é S +sdp + 2de dg, = & sdpde + Bdeds « 2ds sdg de,,=ds- sdé de
O\ka fdr4+ @fdl@fqbrsm@d(# da, = ¢ rdorsuddd +Srsuddé dr tddrrdg C‘(Cpk dr rdo-rein@dé
xdarl ou % _ Y
= >Ar A&y
A
—Z, STttt TTTTTTTTTTT T
(g
Y
P S
X v ~ _\l/’
il




Curvilinear Coordinddes

K coordinate surfaces and /ines
~ each coordindte /s a scalar Field ?(\?>
~ coordinate surfaces: constant o'
~ coordinate lines: constant ?/ , ?(’

* coordinate basis vectors

w = contravariant
basis vector (8)
Il 2o w-line

u - covariant
A\éas s vector (44

L 2o u-surface
v - surface

q_b ~ gu)(\)’) UQ} ~ 3enera/fzesa’ coordinates
w - covariant
. basis vector (8+)
o} g(% ; ’”% G, Ggy oo} ~ contravarict basis «w T setace ko sty
— — - — —
"I ~ -~ / /. w oor w - contravariant
b %% V/ %} covariant basis v - coniart 4 R e basis \/ectaorar(Z)
basis vector (87 o w—line

h; - X (, §30 9 \ﬂ} ~ scale factor L to v-surface
A = A A A u - surface

[ ~ 4N U ~ Y - contr 1ant
S R N P

- h O & Ul 2o v-lire
gc/') = bg,‘ bﬁ ~ (0[ Y%LO ~ metric (dot prodadi)

95, o8
- . R
T’jﬁ = _gﬁ) —.——:\Ok "{/L;k ~ ChristofFe/ 5}//)750/5 — derivadive of basis vectors

K differential elesments * example X=s dr = G ds -s S dep

p=cosp)  y=ssy olj - s¢dstsey do
A=2cdg v 2cdg? v 22 do® = b dof
M agt[ q' + agt(l q' ¥ 83_\3 9{ bbdq &7—: Ldx +%o\% ':—(),ZCPI:%SAAS +(XS¢,~3C¢§SO\¢

= €.hdg +8, hudd €. nsdo = 8ds + 3549 EH=G:9)(372)

a1, df, dls Stoxryt Asds = Axdx +2ydy

di = sdteat =[5 Ry gextnd g ditand +xsepdy
hdg' hudg hdo? dp == dx + L dy

=&;hdhdg 4+ 8 hdd c.i s hdd hdgt S B
dt= Ldixds = £d4d0xd2 =ho\q‘y' hg&%z.b\zdcf V¢ =84+ %G = -+ _ S

K Lormel/as For veclor derivatives in curvilinear coordinddes

= a@ ; 49°= N 9% hdgt = V f-dl

cﬂﬁﬂﬁz dU\%A¢):g§ h&&g@# = (&) _

Wy b, b
d@w@:a@WMBWBEqﬂhﬁ3%@uq V%;d%ftmumia@%ﬁ\
i, 5 9“—9‘““(3? Qo = 5B as g
this Formudla does net work for V2B Vo = £ 2 m 5

instead, use: V{L‘: VV‘ _ V\’\V X (aaf;'



SecZ‘/on 1.3 — InZ‘egrczZ‘ /on

K different types of /niegraz‘/on in veclor calculus

im0 = Al ) (?&72 , A, KA, Axdd Flow: EA:J\;{‘ = J\A)o@
2=diprt W°= Tdo | 7dd, Bda BB, Brdd Flee: %= o - e
3disg L) = pdT | Edt Substance: Q= J\FS - J\P&qﬁ
~ ‘differesrtial Forms”’ are the z‘/'}/ngé after Che
all Aave a A Sometohiere 1nSide dY{eC: Qd)ﬁ%- g&% + %d%
~ offen (fQ ’dla , O&'C are burried inside of another o dz:l%: Qd%d%%—g&%&)( + '/Z\;d)((i%
corrent element O3 = g, AdLY 0*da’] pdT® dt, = dx d)g dz

charge element 5\%} = Vaq,, Tdl , Kda, JFdc
~ Zwo Z‘ype\s of regfon\s :

over the reg/on K j R(,A) ( open reg/on>
over Zhe 5oano/ary AR, of K~ 8.%00 (c/osed reg/on>
Coordinates on boundary of
X recipe for ALL types of integration path/surface/volume Coordinddes
@ Parametrize the regz‘on l'*&\ TP; F (tﬁ b )
~ parametric Vs relations e?é(dz‘/ons of a region D~ S F (g)f(A S rt 9
~ boundaries translate to endpoints on integrals 20V F (8,’(1qu
8) Pull back the parariters L
~ X WHZ become Functions of St j!i: 8%’%26(3 . X_—:}(%i\\ ijixl{é%é
5= 8EX QT ds dt 4=y Y=y

~ differentials: a/X,o/y,o/Z becorme dsdt,du
__ 8¢ 9r, OF z=Z (k) 2 4t
~ reduce L(S/Anﬁ the chan redle ¢ b—gg' S‘Exm dsdtdu di i

5;//_5\@ = \KKS;;)A)&(}SS)Z\ OQX =+ A%(X)if/é dg +AZ (X)W) 03% ”’
ZSC:AX(W yit)z4) %}é dt + Ay ki, yfe) z0) 3—30‘* “y

) Inz‘egraz‘e 1-d /‘nz‘egra/s asfnj calcwlus of one variable

K example: line & surface /nfeﬁra/S on a /%v-czéo/o/o/ (Stoke's theorest) «

Ao Sizdieg sses) fudhedn={aciaye 5 -Dydey-2de,
S

S 8S: |=+x"+ \af | e
= S.8, NG
X=A4sc j!x= jdscqb +~&ss¢oi¢ ili <27( i As'sy — s &s)&&o\zi
= 8% = S8 t S¢ _ A 32
§= - geZ 2sds —i&si ‘fs‘g% as dy
dl = 8F ds 4 &F 4y = diadl (a4 ds 2 = s
/\88 8¢ s =3 8%ds: 2 = _LT\IO'ZKC~QN
- K g 2
dé = C[st Cﬁ# = %sqg S¢C¢&§ dsd¢ * afternate method: substitiute For dx, dy, dz ( anfz'SymmeZ‘r/c)
S5, S

- " - S*(9g 3-2assd¢)( 4 ds 4 SGdg
3S: ©ls,p) s=\ ds=0 oUI; My (s=1) =§3~4333; dsdg - AS¢, dsdp + aszs;g@sj

é;sﬁ-cﬂ = gs%ao\x = —afgf;\qs = -aw :i(—(gg;_g ) dsdg ~ds dg

= (~>A< Ase — Cé 4s’sy +2 Qs) ds d¢



Fleex, Flow, and Substance

K Differential forms Name Geomelrical picture
scalar: LP(OX:— k?(ﬁ) leve! curves
veclor: dEm :;\ :;{ ad/jQ = Ax OXX A AL(,} d% + A’Z; O\l e?a/‘poz‘ehz‘/d/s (Flow sheets)
pseudovector: ad_ ‘E = ‘E oa = %x A%d% —\*Y)é &%A}Q ’)‘%Zf)«xdg Freldlines (Flux tubes)
pSeudoscalar: dq{m = F)c Po\ﬁ = p ox o\té de boxes of swubstance

A Derl‘t/dfl‘\/e ‘C/ ‘
scalar: dy = VY Sodj@ grad Same eguipotential surfuces
vecZor: d/;&\ = V)Ji‘&a cur/ £leex twbes at end of Sheets
pSeudovector: d)/% = VB de div boxes at the end of Flux tubes
pSeudoscalar: dp = O

* Definte integral
scalar:
veclor: e = 5;7;\ = SF ACE Flow # of surfaces pierced Ay path
pSeudovectori &= j;‘l% = j; B-Ja #leex # of Cubes piercing surface
pseudoscalar: cj’vp = S”Y 51 subst # of boxes inside volume

2§=(48 =500 $y =4
§4f = sF=0 5
Af=v5dl T-H=F df = d(F-AN-@R)-da = Tda =F dB=d(D-d3) = ¥Ddc = pdt =F

K Stoke 's 2heorer
# of flux tubes /%mcz‘ar/nﬂ disk (S) bownded 5}/ closed path
EQUALS # of surfaces pierced by closed path (3S)
~ each surfuce ends at its SOUKCE e tebe

* D/‘Vergences Zheorer
# of substance boxes found in volume (K bounded by closed surface
EQUALS # of Flux tubes piercin the closed surface (0K
~ each flux Cube ends ad its SOUKCE substance box



Section 1.3.2-5 — Ke eg/on | Forn = Iniegra/

B Y SRS s
. [E
: — B @ B B

~ defintion of éoanc/ary operalor o ~ a roor (walls, windoww, Ce///ng, Floor)
‘closed (regz‘on ( cyc/e.)-‘ 9S=0 s CLOSED if all doors, windows closed
15 OPEN if the door or wwindow i's open;
~ WA is Che Aoana/ary?

~ /5 e\/ery closed closed regfon a Aoanc/ary? -~ f/]/n,é of a sSurface thad has /oo/v\S
9S8=0 <« S=9R that do NOT wrap around disks!

K £ egfonS

~ a boundary is dleways closed |NJR = (O

K Forms - See /ast notes
~ combinations of scalar/vector Flelds and differentials so Zhey can be /‘nz‘egraz‘ea’
- p[ciora/ representation enables \/nfeﬂraz‘/on éy eye ‘

RANK NOTHATION REGION — VISUAL KEP. DERIVATIVE
scalar w(o\ = g\ 8<Q po/nz‘ leve/! surfaces d &w@ = V’? ﬁ
veclor (/JCW :r/g\ '—\ﬁ;;ﬂ, 9 P pah o Sheeds i J Aw“‘ = V%Z\“ A
p-vector W® = B =B 2 <S Surface Fleexe tubes J dow? = ¥-B do
p-scalar w?® = ((5’ = P&‘C \ volwure Swbst boxes 4 Aw® =0
edge of
2he”world!

~ properz‘/es of differential operdZ‘or \Cﬂl
Cranstorms Form into Aigher—dimensional Form, Sitting on the boundary

© Poincare lemma - [ddu=0 Y+ ¥V=0 V- VA= 0
~ ComverSe — exiStance of poz‘enf/a/é \/]7;(
dw=0 <<= w=d« VXxE=0 < E=-VV V'B=0 & B=VxA

for space it hout any y—din holes ' in it

* Iniegra/s -  the overlap of a region on a forms = /nfegra/ of Form over region
~ regions and forms are dual - they combine to Fforr a scalar
~ 3enera//2ec/ Stoke ‘s 2heresr:
' 9 " and ‘d‘ " are adjoint operators - they have the same effect in the l‘nz‘egrd/

jOQU\)"/‘“§w note: (O = SC}J? (_SO\UU Zj\ddwa()
R aley R, BR &



(Generalized St o,éeS 7 heorer

X Fundamental Theores of Vector Calculus: od-id

b N R O
Srp-dT = L df = JB-fa) o,
K Stokes ' Thereor: 1d—-2d L
Ada = O « Y
TrA-d _;;Z‘é‘ O\Xo\uo» - %_A% dxdy + ..

- /%3@0\‘;} tAq(x)(dy) Ay ly)ede) + M) dy + .. %FV

= Z f\ﬂ o\rou\vd \Oouvx&arét Qg

+ othac 40&063

* Gawus ' Thereom: 2d-3d ( divergence ¢heorerr) /%irég%
P — - ‘ >
V- de = %&%da%%—‘é&%dzcﬁx+ Iz cﬁ%cg%&qu E!EX &

oz

= %Xéd)&:é\d& + %xéfj(—c)g dz) + 4 aher fces g@

= = @.ola acourd bounday D[jj

K pote: all interior ), Flow, and Flux cancel at opposite edges
X proof” of comerse Poincare lerma: /nieﬁraz‘e Form owt o éoana/ary
X proof” of gen. Stokes theorer: /niegraz‘e dervative out o the éoanc/ary

XOCQ/_\/
L sprdfidp = AS

Jdw=50 & frodi=85y  Be-S5g  §Fe-$56
R oR P ¢ 5 ON] t ot

X exarple - inz‘egrdz‘/on éy pPAts

Val

v (Sf) = (vE)f « &.vf
[ & vfae = )5 (EN e - §5-8) fa
Sv# % e 4D = %Mgr L - gvém $e) §de
s Srio\ao jrld& €Cf ~ i)
Scm FRY-flo) = Sasz §(Re¢) — 4m F10)
AT (4P - f0) ] = AT (e - froy ]

I



Section l.s — Dirac De/Z‘ A ‘DI‘\SZ(I‘/‘AAZZ(I‘O/‘)

K Newdon ‘5 laeo: yﬁi/?:é = MasSsS X‘/'e/‘,é K deFintion: de S(X"X 30!7( /s defined éy s /hfegl‘d/

Vas o4 a)/ﬁﬁed/d .orﬁ/ wiki/, Pos/Z‘ion,_.( vector) (a distribection y i Fferent CZ/, or functs Oha/>
b b
- B 5 | acock
OSM B Sf\@ - 06, ”%o otherise

d @ difFerential ”

8 ( = O I’F X i—O 75 a “c//.SfI‘IAALdfon;’
NVZT L 0 %e0  NOT a function

O\,/{k acceleration X i rmpordant /'hZ‘egl“CZ/S rel/aded Zo 8()()
- e _ >
| a=g(ew-1) t 02 oo
e 3,00 f0de = [T et
I f=gS&y L JN N oo 2
/‘L e Froion £ 5 06 163 dy = f(@ s
! s=g8@l, ¥ . = )
= : ______ ¥ y / — D W—oe /x _ 5
 rctlos poms b Sk e J_§0Seydx = fadal-[Fasmex = -5

A g %Y s the an ‘wundistribution” - i /nfegrdfes Zo a lower dimension

Jdg=52d=Jq8wat-q _adw b f‘

§dq=Soda =420 85)ds ot - JMBdt =q .
§,8=5 poke =560 §hdndsdt = § 7da - ﬂ
of = qur 85@»‘\ =9 o0 = SV) S(e) =9 -

* SOX) gives rise 2o boundary conditions — integrate the diff. eg. across the boundary
v-D=p = olst) Sm) fd g %’g Zg fo’(gf,y Sty dn,
V= n-A poo IR

* SOKY is the kernel © of the identity transtormation

F-Tf £ = Fae St £ 5 S g

— oo
( corponent —
fornr ) identity operalor |

§(x-a) *
K SOX) s 2he continuous version of the Kroneker delta” 8 :

=
(o}
a=la Q-5 ag
Ay

n a 100
v, 4 (O\;>:(oroj
4=t A3 0o |




L/‘nea/‘ FéalncZ‘fon S/DCZC&S

K functions as vectors (Hilbert space)

~ functions under pointioise addition have the same //near/z‘y property as vectors

VECTIORS FUNCTIONS
~addition  W=TAUL W= VitUg h= 19 he=16)+ g9t
= _ A A - OO ‘
< apansion VT i Y V\Qe( V) Eat & ~X£w i@ M
/ndex corponent basis vector index copponent basis Function
oo —~ ——
or :F(X): é £, . q{)(; OQ
~ 9rarh A {
\
R ACERAYA DC(X) 30
I a9 3 ©
b b
~ inner product “ xR
(metric, Symmelric 7 =S Uil — f
bilinear /’roa/acz‘> VU (é\ \/Luu <3C] g> _%dx {‘(X\ %<X>

~ orthonormality é.,é — g L
( /na/epena/enceg> © K
~ C/ oSuUre wooA A
(completeness) g e e =
=\
~ linear operator N R
D) A =AY W= Aﬂé Vi
~ orz‘/zogona/ rotadion r_
( c/mnge of” coordinades) X=X
(Fourier transtorsr) R'R=T
~ e/ eh"eXPahS/Oh oo
ézrezc/;es> Av= A
(principle axes) AN=VW
~ gradient, - df
Ffunctional derivative VQ~ dr

Jhoodo =8 [s0nsoen-goey

go A0 B = le_: SOXN Oy = §0x-y)

£y 9 £6) cgﬂ H ) gx)

Bk = o7 fdx ™ £
[de e = (e &M 2 D o)

H C#Cx\ = ’?LC#GO

(Stwrm—Liocwille /w‘oé/ 75

8 F[[O(Xﬂ (/’ wunctiona/
_T‘O_— 7 NP1 2L /th>

K Stwurr—Liowwille e?aaz‘/on - ezgem/a/aeS of function cperators (27 derivadive)

L[%] = *ﬁ%[p(ﬁ)%% + g(ﬁ) = N w) LG;;

B Y la) kOAL(lo)

~ Chere exists a Series of eigenfunctions yi( ) eoith eigemvalttes A
~ eigenfunctions As/ong/‘ng 2o distinct elgem/a/ae\s are orfhogona/ < (jb&\é ;}>: &)9



(Green Functions O H&x)

K Green s functions are wsed 2o imert” a differestial operator
~ Zhey Sole a differestia/ e?aaz‘/‘on éy Z‘arn/hg 2 into an /‘nz‘egra/ e?adz‘/on

* You already sacw them last year! (in Phy 232)
~ Che electric potentia) of a point a/mrﬁe

S5k w5 =wg (e =0 OV =F R =t
OO TZ_’?O@ at Y=0 S'}ﬂ\c)uQaC‘\)Fy" R\ V-
NV E sy
o) S\V Ldv= §do §d&v <7 =4 N - &
=R e (LG
W epen denl of Volume 15 © inside o~
A
tos V5 = ArdE) - V'V = (e,

( Porsson e?aai fon)

K Green 's functions are Zhe 5//)7/)/35Z‘ Solwtions of the Porsson e?aaz‘/‘on

_ ! 2 b,
Gle,p)= G0 = o = V5B
~ /5 a SpeC/a/ /Z(ncf/on which can be wused o Sole Poisson e?aaz‘/on Syméo//ca//y
wusing Che /a/eni/iy nalure of 5302“(“/} . 8%(){/}

~ intwitively, it is just Zhe  potential of a point Source "’

VB =V Vi = VoL = 9 A=pw

Dot \/:j;(a()c)(@ow (Sdution o Pryscon's e
&
viv= e W@(ﬁfr)&é{/’@g } SE or =- )

* Zthis 3enera//ZeS Z‘o one of the rost powerfa/ methods of So/t//n3 proé/ems n f&M
~ in §ED, Green's functions represent a photon propaﬂaior
~ f/}e; phioton mediates the force betioeen teoo c/7ar3e5
~ i carries the pofenz‘fa/ Fron c/zarge Zo the sther e

v ,

(/{:X@\/&’Ufﬁgpgffoko\t/ 0 G oy



Section l.&6 — %e/m/?o/fz 777&0)\9/)7

orihogona/ /r?/ecf/ons P, and P, d vector F\ a/n//a/eS Zhe space >< into Xll\r\ ® >< 1in
geomelric view: dot prodacz‘ ﬁ\\ S s /engf/) oFf & a/on3 "

A
o
Projection operator: pl — V\\ﬂ , acts on x: (F[)i 5 - - n

N

L Ak
OCQ~ A V\ o OC z/g/hﬁ N xo¢
~ orf/zogona/ prok/'ecz‘/on‘ /V\\K pro\jede 1 Zo k/\\ and rotates éy 90° X
A B _/\ N A .
>< —hx(h)\?>"” DC E"” NnXinx /p“—k(p:((\ﬁp_,ﬁxhx :I
A /ongz‘ac//na// ransverse separation of Laplacian ( )400/ ) a’edompoéléon>
VF ~ /s there a solwtion to hese e?aczf/on\s £or F(Y‘}
V?(F?;:f j/x/e,n £ixed Sowrce Fle/ds P(ﬂ and J(¥) 7 YES! (compare Hu #)

- X = = — (Jongtudinal /2 ersSe
proot” Wi = VY- = = gt ransvers

Components of Y )

N %) =
N /\.A/-\
~ Aorrdllyy, = = ol Pt BV we sOukCES
| LY%V\EWW(&ZX\\) A e roTENTIAL

- e

~ WA does V mean? Note Chat %7 L{*TK}L 8’}(%3

~ 2hus Wﬂl 68(2) L}‘T\')Z = 6 ()z,\ (See next paga) .:Z'c%)z, IS Green £n
~ wuse the g—-/‘a/enf/fy (\)(Fy :Sdﬂj( (Sg ()T\() P(FIB

Ve = Ve = dvam)er = Jargn = oo

4rn
- D= I - = . , = g —
AR = -V I®r= &V ER)Ie) = fede - L6 Tdd

~ thus any Field can be decomposed into L/ Tparz‘s ? — —V\/ +VX /K :)/;/7 d\/)é ]i
et 1ned above

SCALAR POTENTIAL \/ VECTOR POTENTIAL N
K T heorerr: Zhe /’o//oa_)/nﬂ are e?a/\/a/enz‘ K T heorerr: Zhe f’o//oa_)/n are e?a/\/a/enz‘
defintions of an irrotadiondl” Freld: defintions of a SO/enO/o/a/ £ield:
o\> Wx \_f: = 6 cur/-less a)y V- \:: O a’/\/efgehde-/e\s\s
A-—.:,« = &’C/ v‘ﬁ = N = dﬁvﬁﬁ
\D) F=vV where \% Sm D) F=SMA  where /T\\ S ey
c) V&)= S P c) 7 S F-dd  with 83 Fixed
5 1S independent of path 1S independent of’ surface
(ﬁ> § [::‘ﬂZO for any closed path d\B fﬁ’d—&: O For awy closed surface
X Gacge imvariance: X Gacge imvariance:
i ﬁzav\/l and also F:’W\/z i~ ﬁﬁwl\/_ik and a/so rj¢VAKZ
2hen ) (\)I\/;\);O and Nop\V\=\{ is constant 2hen Vx(ArAY=0 and A,Z-A:V AN

( tgroand potential “) ( tgaaﬂe transtormadion ”)



Section 2.1 — Coul omé ‘5 Laa)

Seventhly, Chance has thrown in my Way another Principle, more

. . univerfal and remarkable than the preceding one, and which cafts a new
K Electric C/?dfﬁe (da@) ﬁ‘dh.é///» Light on the Subject of Eleétricity. This Principle is, that there are
. . _ two diftinét EleCricities, very different from one another ; oneof which
~ - e? wal & KPP osite (q@ 4 +3 ;—5_ 0> I call witreous Eletiricity, and the other refinous Elefiricity. The frft is |
~ o= -9 ved (o0 < -2l that of Glafs, Rock-Cryftal, Precious Stones, Hair of Animals, Wool;,
e=l.6X10 C’ ?aahilze ?,, 2>_(|0 . € and many other Bodies: The fecond is that of Amber, Copal, Gum-
~ /oca//y consServed (Conflnalfy> Lack, Silk, Thread, Paper, and a vaflt Number of other Subftances..

Charles Frangois de Cisternay DuFay, 1434
L) [ oo Sparkmusecr com/ BOOK_DUFAY HTM

»x on/y Ffor static C/7ar5e distribedions (Zest 6/762/‘36 may move but not sowurces)

\ — I Q A~
@ Coulomb's law F: A g},zf Je ~ linear in both g &g ( 5a/9erpo5/‘iion>
5> Saperposf Ziom If_ _ [f\ +§:l' o ~ central force Ju= =/ \

~ imverse sguare (Gauss ') law 57
~ Coutlomd: torsion balance

~ wunds: defined in terms of MdgneZ‘O\SZQfIACS
~ Cavendish: no electric force

R e
nside a /Io//oa) 80: %lnglO [\IC‘Z :/—)\_—Ql
COno/acz‘/nﬁ shell : dcrjfz =ada , l C=1A-S v;\: ° 2
= T dr éfélx(o Nin
&%1 (For paralle! wires | »m apart carrying 1 A eac /)
%“6‘ ~ raz‘/ona//zfa/ wun'ts o cancel 4N n
~ Born-Infeld: s © e " V-%ZZAH? 1)

vac uum polarization o ot

violdes Superposition \‘L\\ N N

i the level of S T ?\\’7‘/} 52 =

(37 a',{ AN
v

K Electric Field N | - N
~ we wart a veclor Field, F :4—* <% X 270 4
buct Fonly a test charge "e\ KT T
~ action at a distance: e = /A
Lhe field caries the Force L_:j :Z%JW—E— Z 3—% ‘—‘-'%L—r’tj‘g’j_&(‘;c_ldt_{?’ :'4—::;~ S‘%é&
Fror source pt. o Fleld pt. 2 v v &

+

Q@ =QE

dg' = 4=9(%) o AP o TIeNdal o P YT’
#* fXdM//e (Griffiths Ex. Ph)

- o A Q m
. SAaldE _ o tandios ¥
B} . SUC IS e o (g e T OX
_ 5 82 (Tsedlodd
T % Aree ) secib [+1ule =Ses &
[
4 An . L X'= 24w b
= Zhrez SN0 ),_ dx'= 2 sl
2 3 (L2, 2\
5 A L Jo= (@)
- I @ o« Ny x’ ANEE /\&%7—_}.1} =z selCe
L SIS
doy/ = Adx' = A 2 seCbdp as zow %4—(@% os > E=zm =



Section 2.2 - Di\/e/*ﬁeh@e and Cur/ of €

K g Lormulations of electrostatics

Coa/omé ed. & Saperpo\sff/on

E / dq' % F=qb
- e/, ol
Amey 2 Heloholtz yy = qv
Iitegral Field | e '56 Differential Field eo's
aAuUsSS =
(I)E:Q/EO — V'E:p/éo
close. S oKe =
Ep=0 ‘b TS gL B -0
1 | Poincare
Ep=-AV Y E— vy
Potential Poisson eg.
dq/ Laplace
V= i ViV = —
/ 47‘(‘60 @ 6/‘88/7 p/eo

X Gauss ' laco
~ So/id anj/e

. /\~A..>
A= fda
~ anﬁ/e_ (rad.)

2_ xdl
o=

~ sSolid ang/e of’ a sphere

A = 6364 = —denddy
SSL—— g‘”& 2
&“; cesO i:fw = -3 = 41

~ Jrfz force lawws mean Chere IS a
const. £lux " carrier field

* D/\/ergences Zheorerr: re/aZ‘/on&/ﬁp betioeen
differential and /nz‘egra/ forms of Gawuss laco

—

@;V&Eam =§4%1‘)AL}50\&’:% %»jv%%

S\NE de = §v P, deC

~ Since thIS IS Crue For \/o/ame,
we can resmcve the /nz‘eﬁra/ £rorr each Side

v.E o

°

~ all of electrostat/cs comes owt of
Cowlomd's law & Superposition principle
~ we wuse each of the Mad‘ol‘ theorerrs of
veclor calculus o rewrite Chese into
Five different Forruladions
- each Formeuladion useful for
So/\//ng a different #ind of proé/e,m
~ 330»78(/‘/.6 pl‘cz‘ares comes owl of
Schizophrenetic personalities of Fields:

» FZ.OAJ (f?afpofenz‘fd/ 5&(/‘de85>
&=E di
~ & eouals # of egiipotentials crossed

~ AE.=0 a/on3 an e?é(/pofenf/a/ swurface
~ density of surfaces = £leld Sirengz‘/’l

~ /nfeﬁra/ ALONG the Field
~ potential = work / charge

A FZ.&/X (ﬁe/a/ //?785)

:(E (= s~ fnz‘egra/ ACROSS the Field
Ezj E-di . polential = work / c/m/-je.
d\@’* Ec\f& = # of lines Chrough area

B2 B2
A,

S
~ closed /oo/

i& ;’EEE = # of lines f/?foaﬁh /ooy

~ closSed Swrs ace

= # Sf C/?d/‘ﬁes InSide volure

S

net # of lines ot
owt of surface

& is wmt oFfF //-oporf/ona//fy

of flux 2o c/7ar3e,



SecZ‘/on 2.3 — £/ecz‘r/c poZ‘enZ‘/‘a/

X o /er\Sona//Z/eS of a veclor Ffield: Flux = EE S E.da  (streari/ines) Z‘/?fodj/? an areq
2r. Jekiyl and Mr. Sfyde Flow =E; = SP g ¢ e?a/poz‘enz‘/a/5> downstream

X direct calculadion of £low for a point c/mrge P
: " nedl T — J=
8 = S€ﬂ= Séﬁl S s-dd note: Chis is aper/’gci ]Z—//d_\,_a = ;dlﬁ = O\)L

55 . : . JoF HE
=t differential (gradiesd) .
. J M= v§ .41
= S j = V(¥) ) N
~ open path’ note Z‘haZ‘ Z2his /nz‘egrcz/ 1S independent of path b
thus NE)=-E = f E-dl /s wel/~defined 2
&EIVE AN - jw g % |E=-vV ®
~ 3roana’ potential \/(r Y=0 (constant oFf /nz‘egraz‘/on> o

~ closed /oop (Sz‘o,ée\f 2heorerr) EE: §§»d\§ mSWxEd@j -0 <=
For amy surface S 3 S

X Poincaré lesma: £ E: ~W\/ Zhen Vﬂé = =YY \/’—“— O

~ Comerse: o VXE: O 2hen == —V\/ So ‘E-— v\ &= VK?—:O‘

2
* Porsson e?aaz‘/on V- EDE = |— V’ e \/ =P o Y \/ = P/ab
~ next chapler devoled Zo 50/\//‘/73 ZAhs e?adz‘/on — ofen easiest for real-/ife proé/ems
~ a scalar differesntial e?aai/on with Aoanc/ary conditions on £ or V

~ iverse (solution) involves: @ the solution for a point c/mrﬁe (Green's Ffunction)
N\ dq! \ dat — = 2 — -~
VoY= = [ EC® where GDV=mtr 72606 = 90D
20 Loyl - . A = _Dr G(x) =Y §ER)

8 an czré/irary c/;arge distribetion s a sumr of point c/zarﬁes (delta functions)

WZ\/=5 g’%}i 76 ~ ‘gP(FQ) o' S5 = PC:D) (o(ﬂ =§vf/>(m () :Ldfqr( Y6

going backeoards:

- c = ! 1 . dg' —
V=V AD = SOy Oy = ) GOE)

3

~ 2Ais IS an essential component of Z‘/?e Helmholtz Zheoren Vz = VYV — ¥Vx ¥Yx

— /\%“
E<-v(-V'V.E) + ¥x(-¥° VN:> = -v(-v ‘) s Ea-vV = ViE=0
\_/—\/\2 —
* derivative ch VA g%m AN VeE
erivative chan — —~ 8, b
Ve B % p Ve E 5
~ inverting Gauss " aco is more tortuous path! I~ ~JEA . S‘Hva)z? &‘1{"‘?@3"\“/
2 T do’ A
poV-E  Ee-vV=[Ret g E L8



ﬁr e/d lines and f?é(/}ﬂofenf/‘d/ S

K Lor cz/ong an efa/poz‘enz‘/a/ Surface:
fo Ffleld lines are normal o e?a//?oieni/d/ surfaces

X dipole Yoo poles "~ 2he word “/90/3 " has tewo different Mean/nﬁ\s i (bt both are relevard)
@ opposite (+vs -, Nvs S, é/_./,o/ar>
3 sl‘nga/ar/z‘y O/r Aas a pole at r=0)

K effective Monopo/e (dorinated Ay -29 £ar away>

X ouadripole (compare /13 #2)

A,

Seprad r/x/ Seprad r/x/
( pot ontials) (Freld [ines)



Section 2a — /{XCZMP/ esS

* show that /- E:‘ P/éo From Coulomd's lawo
nete ~(& 8 9\ _ (o 2 9.\ _
e V=g 58 ) = (awpa%f 8@4) =S f @ Fixed)

S ’d‘t [
SZ}T?P;L Vgﬂge ]LZ}Z/ A, SP( V'S,

- o Soley e A 2 2) = oY,

K derive Cowlombd ‘s laco front Che differential £Field e?adz‘/‘on\s

)Z/Z

V-E=(%, WxE=0 V=V —Vxx
[
- V(VY-E)+ 2) = _y | TEL) - v fdvp)
Vi W =)+ x5 S}X ) = -y 4@&7%
== Cd) \7 ) E((— )‘(, =
§4ﬁg S e, T S4*T(€)L
K show Chat the differential and integral #ield eguations are egitivalent
_Q = . .
§e=%, < V-E=(@ 6 - 546 - (v Eae
~ apply the a//\/erﬂenCe Zheorer = 3 4
~ Since Gauss law holds for amy volume, YR 5 €/ d
Es v &

i? /s only Crue £ Che integrands are e?aa/
K GrfFths 2.4 Find poz‘enz‘fa/ of 5/9/7erz‘ca/ C/Icv‘je distribetion

§é°d&=§P/godrc ot E(r) = ?Qr/g ey

if
. , (e — S T = NS [ LS
(5 ey Vi) (;EC ! 54—35;2 fdr 4%5 = lw mer

H e Vi) =V () ’*§IE“D = Vi) + 5(0 =V ()
ol F’

X Grffiths 2.2 integrate potential due to spherica/ 6/752/‘3& distribetion

Ape/= (oo dal= 2ds

| s@g\\ S :‘(st\f\eldej C)cﬁ/
~§&rr‘2q CM =2 _du dg’
U= U=Ceg

%§ —du =sing’de
0= W' == S (03 1)

:;”_l%rl[“\r—r’l + lr+r’a Andr =— Acridm U==)\

/r it o
Vr )CY"A‘C’

=9 %%w’ww‘ Eyr \/(ﬁ_

2l ) AT e !




K Griffiths 2.5 Find 2he enerqy due Zo a spherical charge distribection

W [V =4 qV =495

o) W% (Bdc= & (Taeas, E
B ) °°d =0 >
ﬁﬁ“_&? r’?‘; :_0;23—;—%?’

* Guizi calculade field & origin from a hemispherical charge distribution

) 3 TY/Z AN A A ~
- (dak = { ;%A&(—mwza doe 990

4TT£; /QLZ B=o o 4‘T( 8,, /R:S T
"S}k % (2 7T _ﬁ %
-4 e » @:QRCOS O <‘C} Co%}\ ﬁ:dqg %TVEORl .

e D NS

_pono |V, R ax
R a \O“’o—m



Section 2.4 - Electrostatic fnerﬁy

A ana/ogy ewith graity »* enerqy of a point a/mrge in a potential
N S ~ N o b o
F=qF | P="g W= Fdl=-@[&dl =Qav
W"Q{_E A W= m%\m e o
potential= \/ poienfa/ a/anjer \/\/ <r) = & \/Q?B \/ (IOQ\ = O
» energy of a distribudion of Ci/?d/‘ﬂe q“ ) q_z ) e
— A g—l_ 9. 2, G K continuowus version
W ‘HY&,% q"g }Zl’LJr Qr <ﬂ13+/al1 gf‘k<)z\% )ng \Jr ’% "~
£ hu % Z5 0%
= €, P=\ =ik )c% = ‘Hr& a 50:4 )Z 5
Lty W=35 pVpde

= le g < %g )% = ﬁgq \, (7 \/\/‘—i{ﬂqﬁ\/b

v 4=l
=+

A enerqy o/en\sffy Slored in the electric Ffield - /‘nz‘eﬂraf/on 5}/ pParts

VVE=VVEAVVE=-EE1 Ve,
chiﬁ(\/a :SQV\/E :S”‘EZ+ \/%Dd@ %d: s;EQ

~ 15 Che energy Stored in 2he £leld, or in the force betieen Zhe charges?
~ /5 Che Fleld real, or just a calculadional device?
~ £ a tree £falls in the Forest ...

* work does work follow the principle of superposition
~ e know thad  electric force, electric Field, and electric potential do

F=FReR=q(E+E+ ) =g TMtVar.)
~ enerjy /s gaczdraz‘ic in the Flelds, not /inear

= & (P - S 0E" g 4 2B Eae
’\er\/\/ %ESF [’“:

~ Zhe cross ternr 1S the interaction enerqy ' betioeen tevo c/zarge distribetions
(Zhe coork re?a/rea/ Zo Ar/nj Zwo systems of c/‘ldrge. Z‘oge.z‘/’}e/->



Section 2.5 — Conductors

* conductor
~ has abundant free charge * L which can move anyeotiere in the conductor
¥ Zypes of conductors

D) metal: conduction band electrons, ~ | / aom inSide outside

) e/ecz‘ro/yz‘e-' poS/i/\/e & negdz‘/\/e lons P O o
K electrical properties of” conductors — _6 TR
= =

D) electric Field = O inside conductor
theretfore V' = constant inside conductor
i) electric C/Idrge distributes itselt
all on the boundary of the conductor
1) electric field is perpena//ca/ar Zo the
surface just outside the conductor

Vol Vo o Vs

K [ nduuced charges

~ Free charge eorl! shift arowund charge on a conductor

~ induces opposite charge on near Side of conductor
Zo cancel owut Field lines inside the conductor

~ Faraday cage: external #ield lines are shielded
insSide a hollow conductor

~ field lines Fror c/mrge insSide a hollow conductor are
‘Ccommunicated ” owtside the conductor éy induction
(as i 2he c/mrﬂe were distributed on a Solid conductor)
compare’ displacement currents, sec. 7.3

K electrostatic pressure

~ on the swurface: F—»;/A\; jC: G(Ezga/d‘ch + —ESOM> = ?;\)T W(Eing\d@_\_ _Exowks\z}c\

— - 2
~ for a conductor: E‘mside:o \:oa&: 676 /p: g—-g?g = %El

~ note electrostatic pressure CorresSponds o enerqy density /P ~ 0
both are part of the stress —enerqy Zensor -



Capacitance

* capacitance
~ a capacitor 1S a par of conductors held at different potentials, stores charge
~ electric FLOW from one conductor to the other e?aa/5 2he POTENTIAL difference
~ electric FLUX Fronr one conductor 2o the other /s proporz‘/ona/ 2o the CHARGE

C= Q/A\/ — 8’9@}3 Q= Sé&d :Ediu &E =&, ?'SS'E (closed surfuce)
%E A\/ = Sﬂ’é = gg (open path)

~ ZAis /dleern repeafs idse/f for mary other CO/eronenZ‘\S :
resistors, inductors, reluctance (next 53/)73/)751‘3/‘)

K coork Forreladion X ex: paralle/ plates A
_ L2 (Emt _ %
W=2QV = Fov*=[&e' C=5=
= %aqu {low — &EA - A
Ed d

_2W _ & ‘Z,.J_f_:_unqd'ﬂow
C=2f =5 fE' e = Sfufe

ow

* capacitance matrix
~ina SySZ‘em of conductors , each 1s @ a constant pofehf/d/
~ 2he potentia) of each conductor /s proportiona/ 2/ -
Zo Che individeal/ c/varge on each of the conductors -V \/F/ 7 € V(Y‘) o &
~ proporz‘fona/ffy expressed as a malrix
coefficients of pofefl‘a/ PV% or capacitance matlrix C

\/() — %_ @/a, \/L P\\ ?\2 ?\3 @(L

Na | = G P O | [ Q2
Qu=Cy vy Ly, 0 P Piz/ (g

.
“4




Section 3.1 — Lqp/ e s é‘?aaz‘/on

X overview: ewe leared the math (Ch D and Zhe PAYSICS (CH2) of electrostatics
basically all of the concepts of Phy232, but in a neco sophyisticated langeage
~ Ch 3¢ Boana’ary Value Probdlesms (BVP) with LaPlace's e?aaf/on (NELWD
@ method of /Mage\s 3 Separation of variables ) meltipole expansion
~ Ch 4: Dielectric Mdderials: fFee and bowind c/mrﬁe (rore 1n-depth ¢han 232)

X _C_i_> (V. R) —@9(@ @3 i} 0 Eouations of electrodyarics:
J )

(D) Brute Forcel gﬁg %: (::QF (E*‘ VX @> Lorentz force
R A (D,H)—»(p 3N=0 T
E= 84%_—2‘;1‘— o ! o V“j - &@P= ®) Conz‘/nalz‘y

(1D s :QL (1D & y» y Ve D =P VxE '{—&té:zj Maxeoel! electric,
éﬁyzfng/e ry Vf‘%w; CuUmbersone V ‘B -0 \VKH _ &;5: J magneffc Lro/ds
€E= OE° YxE= g d\% 5: ek B:/Uﬁ J=0 E Constitution

(V) Refined brede (V') the WORKHORSE 11 E:~V \/—&]3\ ’TSZV?\/& Potentials
V=5, ~Y2V=6, a3 VN3N AR Gage eranstorm

* Classical £ield e?aaf/ons = many e?é(az‘/oné , Same Solution:
Laplace/Poisson: F\[=0 e YV = R~ potentials (\/]&) , dielectric &, permeability u
Meecel! coave: L Ga(\A)-FHVA)= )i(ﬁj) ~ Speed of /ight < , charge/ciurrent density <B3)

Yead e?aaf/on-’ Cg_—_‘;: kV(LT ~Zemp |, cond. ) Aead @;:—\QVUK) heat cap. C
Diffusion eg: %%: D YU ~ concertration W\, diffusion D , Flow D YU
Druumhead ave: é_— %%. "‘V—M = 5‘ ~ displacement |, Speed of sound C, force f
Schréa/,‘nger: :&J&iv*% \/ &(} = JP%\{/ ~ /9/-05 amp &f), mMass M\, potentia/ \/, Plancé

X \—dimensiona/ Laplace e?adl‘"Oh vV = %’%/ =0
dv_ - - =
X Eodﬁ a \V fa&x ax+b betioeen teoo reg/ons :

~ a,lo s@ishy boundary conditions (Vo Vi) or (Vy V) y Ve
§
~ mean Freldi \ () =2V 1 Vixea) \M |\ Eeo
Vo gt )

~ no local maxima or ririma (Stretches Z‘/g/]z‘> st =3

P

~ c/zarge S /nﬁa/ ity

K 2—dimensiona/ Lagp/aae e?aaf/oh VQ\/ = %%/‘f‘ 2—;¥ =0
~ po Siralj/)forward soletion (method of solwtion depends on the éoano’ary conditions)
~ Partial Differential é_?aaf/on ( elliptic 2nd order) . .
‘ \ 92/ _ 3y ~ charge singularity
~ chicken & eqq’ cant solve S wunti! you knoeo o

V)= 57 5 VL

betioeen oo reg[on\s :

~ Solution of a rubber sheet

~ no local extresa —— mean field:
» 3—a//‘men§zlona/ Lqp/acg e_?adz‘/on
~ 5enera//zaf/on of 2-d case

~ Same mean Field theorenr: \/ (FS = #ﬁz §s>h/ 3{:0\,




Boé(no/czry Conditions

K 2nd order PDE's classified in analogy with comc sections: replacing %( with X, etc
@ Elligtic - spacelife” boundary everywhere (one condition on each boundary point)
eg. Laplace s e, Poisson s eg.
3) Yyperbolic - “Cimelite” (2 initial conditions) and” spacelike " pats of the boundary
eq. Wave eguation
&) Parabolic — 1% order in time (1 imtial condition)

eg. Diffusion eguation, Heat eguation

* é/n/?aeneés of a BVP( 5oanclary va/ue /Oroé/e,/y» with Poisson s e?aaz‘/on:
e \/\ and \/Q\ are both solutions of Vz \/: —(Q/ﬁo Zhen /et (/(:\/(~\/2 \Vgu’;—o
/nz‘egrczz‘/on éyparzﬂs-‘ V* Ckk VU\\ = u V'VU\ + WU\W N = UVQK/L + WM\Q

in region of interest: §&a (UU) ~§\\7 (UVujdT = S\w‘zu VU de

note that: qu O ana/ Wu)i >0 a/a.)ca/S
Chus i S&a UVM Sg\mu =0 Zhen SV(A\Q&L:O =N u:o e\/erya)/Iere

N Oo)

@ Diric Alet 501,070/&/}/ condition: U=0 - specity potential \/ \/2 on éoana/ary
&) Newman bounary condition 2% =0 - specifly Flux ‘87\ gl/z on boundary

» Coni/naiiy éoana/ary conditions — on the interface betioeen teoo materials

on eaion
P Eﬁ ,/_?:% 3 3
iy Cegon | \(“e@ on | S &

>
ézéﬁe&a:jd&aza SViE e
nD-D)A = o- A g.(E; E)J& = TYrE 2w =0
f-(D,-D)= o Ax(E,~E)=0
AN - -
8\/” T = Y%, Vam
K Zhe same reswults obdaned éy fnz‘egraz‘/nj Fleld e?aaé‘on\s across the normal
V5= WE=RE  wadiih
4 A R A - E &)
T (B 20 = Canr § ﬁn(t%%%%%\g:iaﬂ&%m\ E,
§an,= A.aD=v AxAE = Ke=0

A A
~ opposite 5oana/ary conditions For maﬂnez‘/c Flelds: al oA%: @) NxAH = K
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