University of Kentucky, Physics 416G
Problem Set #6 (Rev. A), due Friday, 2011-10-21

1. Relaxation method. Use the mean value property of Laplace’s equation to calculate the
potential distribution within a square, two of whose adjacent edges are maintained at 100 V while
the other two are maintained at 0 V and at 50 V.

a) First draw a square grid of 36 points. Of these, 20 will be on the edges of the square, and 16
will be in the interior.

b) Guess carefully the potentials at the interior points and write them on your grid. This is your
first approximation.

¢) Now you can correct your first approximation as follows. Start at an interior point, near one
corner of the square. Let us call this point P. Calculate the sum of the potentials at the four
nearest points and subtract four times the potential at P. This number is called the residual at P.
Show this number on your grid, preferably in a different color, and repeat the calculation for the
other interior points. To obtain a second approximation, select the points where the residuals are
the largest and add to your original estimates one quarter of the residuals. Round off the potentials
to the nearest volt. This makes the potential distribution satisfy more closely the condition found
in Problem 3.

d) Now calculate the new residuals and repeat the operation until the residuals are everywhere
less than 2, corresponding to corrections of less than %V. You might wish to solve this problem on
a computer.

e) Sketch in some equipotentials. This is a good illustration of the relaxation method of calcu-
lation, which we largely owe to R. V. Southwell, and which is described in many books on applied
mathematics. The method is applicable to a wide variety of problems, and not only to the solution
of Laplace’s equation.

2. Finite Differences Method. Re-solve problem #1 by the as outlined below.

a) Given the discrete approximation of a function f; = f(x;) evaluated at regular intervals
x; = xo + i Az, explain how the formula f'(z) = (fiyi — fi)/Az is a good approximation to the
derivative of f(x) at the midpoint between z; and x;4;.

b) Come up with a formula for the discrete second derivative similar to part a), and extend it to
a discrete 2-dimensional Laplacian.

¢) Turn Laplace’s equation into a matrix equation by treating the function V(z) as a 16-
component vector V' = [Vi1, Via, Vi3, Via, Vo, ..., Vaa]. Use part b) to represent V2V as a 16 x 16
matrix K multiplied by V. Ignore function points outside the 4 x 4 grid for now. The Laplacian
can be approximated by a matrix because it is a linear operator.

d) For derivatives near the edge, include the boundary conditions Vi, Vsn, Vino, and V5 as a
fixed vector B, so that the expression KV + B respresents the full Laplacian V2V

d) Solve the matrix equation KV = —B for the potential V. DO NOT do this by hand. Try
using one of the software packages Octave (free), Matlab, Maple, or Mathematica.


http://www.gnu.org/software/octave/

3. Finite Element Method. In this problem we will investigate one of the most common meth-
ods of solving partial differential equations numerically (especially involving the Laplacian). This
method is very flexible and can be used to solve PDEs on irregularly shaped domains like cars or
electrodes of your awesome new experiment. The problem is self-contained, but for extra details
and hints, you may refer to the article http://wikipedia.org/wiki/Finite_element.

a) Show that
/(V2u)vd7' = 7{ (Vu)v - da —/ Vu - Vudr. (1)
R dR R

Assuming that v = 0 on the boundary, this means that the equation V?u = f can be written

- /R Vu - Vodr = /R fudr, (2)

which is now a first order integral equation, for any function v(r).

b) In a one-dimensional space, Eq.[2| can be discretized by choosing appropriate “basis functions”
for v(r). Define the “tent function”

vi(x) = (1 — |z —if) (1 — |o — ), 3)

where 0(x) = {1 if z > 0, and 0 if z < 0} is the standard step function and i = 1,2, 3,4. Plot each
of these functions on the same graph.

c) Sketch the function f(z) = 2vi(x) + 4va(z) + 3vs(z) + lvg(x). In the same way, any function
defined on 0 < x < 5 can be approximated by a linear combination of these basis functions

flz) = S5, fivi(x), where f; = f(i).

d) Convert Eq. |2 into a matrix equation by substituting v(z) — v;(x) for ¢ = 1,2, 3,4, approxi-
mating u(x) = >, ujvj(z) and f(z) = >, fjv;(z), and performing the integrals 72 vi(@)vj(a)da
and [ Vu;(z) - Vuj(x)dz. Note that V = d/dz in one dimension.

e) Use part d) to solve the boundary value problem V2u = 3 on the region 0 < x < 5, with
boundary conditions u(0) = 0 and u(5) = 0, by solving the above matrix equation for w;.

f) Find the analytic solution u(z) of part e) and compare with the finite element result.

g) Describe how this method could apply to higher dimensions. Hint: Define the 2-dimensional
tent function v;j(x,y) = vi(z) v;j(y). Plot this basis function, and evaluate at least two of the in-
tegrals that would be needed to form the matrix equation. We won’t do a 2- or 3-dimensional
problem, because the matrices become very large. However there are packages like FlexPDE
(http://www.pdesolutions.com, free student veresion) and COMSOL (http://comsol.com) which
do all the bookkeeping to implement this method on complex geometries and differential equations
that you construct using graphical operations.

4. Find the capacitance per unit length of two rods of radius a, separated by a distance d using the
method of image charges. Hint: use the results of HW 5 #4. See also I[EEE Tr. Microwave Th.
Tech, 47 365.

Also, Griffiths chapter 3, problems 1, 2, 5, 10.


http://en.wikipedia.org/wiki/Finite_element
http://www.pdesolutions.com/index.html
http://comsol.com
http://www.pa.uky.edu/~crawford/phy416_fa10/priv/ieee_cylinder_capacitance.pdf
http://www.pa.uky.edu/~crawford/phy416_fa10/priv/ieee_cylinder_capacitance.pdf

