EX2 - Solution

Monday, November 20, 2017 10:40

[8 pts] 1. a) Show that if N|n) = n|n) and [N,a] = aa, then a|n) is another eigenstate of

N with eigenvalue n + a. Use this result to construct the energy spectrum and correspond-
ing states of the harmonic oscillator, with Hamiltonian H = hw(N + %) and ladder operators
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[6 pts] b) Using a_v0(§) = 0 and the representation a_ = i (0 + &) in the dimensionless
variable £, calculate the ground state wave function ¥y(&).
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[6 pts]  ¢) Using a_|n) = cun — 1) with |[[n —1)|> =1 and a' a_ = N, obtain the normalization
a—|n) = y/nln — 1). Calculate the first 3 x 3 matrix elements of a_.
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[5 pts] 2. a) Compare and contrast bound, scattering, and tunneling states.
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[10 pts]  b) Calculate the probability that a particle with kinetic energy T = Vj will be reflected
from the edge of a cliff of height 4, i.e. find the coefficient of reflection R for a particle of energy
E = 2V} incident from & = —oc¢ in the potential V(z) =1V if x <0 and V(z) =0 if = > 0.
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[5 pts] ¢) What would happen classically in the same situation b)?

R=0, +he pachide wiould gpoed up opingy doruaaed,

_OB _UB ) is in the initial state W(0) = ((1])

The operator corresponding to the hypothetical observable ‘hilarity’ is G = ('13 15)

3. A two-state system with Hamiltonian H = (

[5 pts] a) Calculate the energy eigenvalues and eigenstates.
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5pts]  c) Find two possible values of ‘hilarity” and the probability of measuring each at ¢ = 0.
Note: 6= 3T-&€H so (GH] =0, Haus
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[5 pts] d) Can both energy and ‘hilarity’ be measured at the same time? Compare and contrast
stationary and definite states, using the state after measuring ‘hilarity’ as an example.
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[3 pts] 4. a) How is orthogonality used in Quantum Mechanics?
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[4 pts]  b) Describe in detail how unitary operators are used in Quantum Mechanics. What is is
the connection between orthogonal states and unitary operators?
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[4 pts]  ¢) Describe in detail how Hermitian operators are used in Quantum Mechanics. What is
is the connection between orthogonal states and Hermitian operators?
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[5 pts]  b) Using (u;|H|u;), show that if H|u;) = |u;)A; and H' = H, then ); is real.
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[4 pts] e) Apply the result from 1a) with @ = 0: if N|n) = n|n) and [N, a] = 0 then N|n') = n|n')
where |n’) = aln), to explain the significance of commuting operators.
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