E1-Midterm solution

Thursday, March 2, 2017 16:02

[20 pts] 1. a) What are the physical implications of the commutation relations L x L =ihL?
b) Calculate [Ly, L_] using [L;, L;| = €;jrihLy, where Ly = L,+iL,. What does this imply?

c¢) Using [L., L+] = £hL+, show that if [(m) is an eigenvector of L, with eigenvalue Aim, then
the state L_|¢fm) is also an eigenvector of L., but with eigenvalue A(m — 1).

d) What is the state L_Yp(6, ¢), disregarding normalization?
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[20 pts] 2. a) Compare and contrast orbital (L) and spin (S) angular momentum.
_ cos Je~19/2
b) Calculate (S,) for the spinor state x = sinzge'i‘z’f?

freedom (besides € and ¢) of a complex two-component spinnor.

). Describe the other two degrees of

c¢) Given the state x from part b), calculate the probability of measuring spin up in 27

d) Given a particle in the state x from part b), calculate the probability of measuring S, = 5
(including determination of the eigenvectors). If such a measurement occured, what new state

would the particle be in?
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[20 pts] 3. a) Explain the physical origin of the band-like structure of energy levels in a periodic
potential such as a erystal.

b) Calculate the maximum momentum pr of any single particle in the ground state of a system
of N fermions confined in an 2-dimensional infinite square well 0 < 2 < L and 0 < y < L. [-5 pts
for soving the problem in 1-d instead of 2-d]
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[20 pts] 4. A quantum system has N = 4 particles which can occupy three single-particle energy
levels E1 =0¢eV, Es =1 eV, F3 =2 eV with degeneracy d; = 1,ds = 2,d3 = 3, respectively.

a) How many microstates are there in the configuration Ny = 1, No = 1, N3 = 2 of distinguishable
particles?

b) Draw each of the microstates of 4 fermions in the configuration of part a).
¢) What configurations are possible for 4 bosons in this system with total energy E = 4 eV?

d) Which configuration of part ¢) is most probable?
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[20 pts] 5. a) Explain the meaning of the Lagrange multipliers a and 3, used to calculate the
statistical distribution of multiparticle systems, and the effect they each have on the distributions
of distiniguishable particles, bosons, or fermions.

Using the method of Lagrange multipliers, minimize the function Q = N? + N3 + V-f subject
to the constraints Ny + No + N3 = N and Ny + 2Ny + 3N3 = E, for N = 6 and F = 14. Unlike

the case studied in class, there is no advantage in using log(Q) instead of @ in this problem. [—5
points for using only one instead of both constraints]
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