E1-Midterm solution

Thursday, March 2, 2017 16:02

[20 pts] 1. a) What are the physical implications of the commutation relations L x L = ihL?
b) Calculate [L.,L_], where Ly = L, +4L,, and [L;, L;] = €;jxihLg.

c¢) Derive, using part b), that if L.|¢m) = hm|¢m), then the state L_|{m) is also an eigenvector
of L., and calculate its eigenvalue.

d) What is the state L_Y; _;(0. ¢). disregarding normalization?
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[20 pts] 2. a) Compare and contrast orbital ( and spin (S) angular momentum.
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T ) is an eigenvalue of the operator S - n. where the

=0
sin 5e'?/

b) Show that the spinor y = (

sinfl cos &

normal n = (sinﬁsin o) points in the (6. ) direction in spherical coordinates. Show that y is
cos

normalized.

¢) Calculate the time evolution of the state y from part b) in a magnetic field B = nB.

d) If the component of spin along the r-axis is measured, calculate the probability of measuring
spin up and the probability of measuring spin down. Would the new state be after the measurement

in each case? You may use the z-axis for partial credit.
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[20 pts] 3. a) Write the full antisymmetric wave function (%1, 72) x (s, ms) of the ground state a two-
electron atom in terms of its single-particle wave functions v,¢,,, () Xm,, ignoring the interaction
between the two electrons. Identify the particle exchange symmetry of both the spatial (¢) and

spinor (y) parts of the wave function.

b) Show that a 1-dimensional potential V(2) = V(2 + a) with period a commutes with the

translation operator D, where D)(x) = ¢(x + a). Given periodic boundary conditions ¢"(Na) =

(0) and ¥/(Na) = ¢'(0), (for example, a crystal with N atoms around a ring), show that the

wave fuu( tion v'(2) has the periodic structure v(x +a) = (""@?'(.r). where K, = 2mn/Na for

=00 0 ond N —1. What is the physical interpretation of K,, and how is it manifest in the energy

spectrum of the crystal?
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20 pts] 4. A quantum system has N = 4 particles which can occupy three single-particle energy
levels E1 =0¢eV, Es =1 eV, E3 =2 eV with degeneracy d; = 3,dy = 2,d3 = 1, respectively.

a) How many microstates are there in the configuration Ny = 2, No = 1, N3 = 1 of distinguishable
particles?

b) Draw each of the microstates of 4 fermions in the configuration of part a).
¢) What configurations are possible for 4 bosons in this system with total energy E' = 4 eV?

d) Which configuration of part ¢) is most probable?
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