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PHY 520 Introduction to Quantum Mechanics
Fall 2002
Test 2

Answer all questions. Write down all work in detail.
Time allowed: 50 minutes

Show all work clearly. Add extra papers if needed. Good luck!

1. Consider the finite potential barrier shown in the figure:
- ada —»
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The scattering matrix is given as:

a)lo)

-2ika 1 —msinh 2xa
S= ¢ . 2
i . in .
coshZKa+§smh2Ka —?sthKa 1
where
21,2 2.2
g:E—E andn:5+5; L =E andhK =V, -E
k « k « 2m 2m

@) (5 points)
Is S unitary, or Hermitian, or both, or none? Prove your answer.



Sis unitary.

S'S
p2ika 1 I—nsinh 2ka
= - - 2
] in .
cosh 2Ka—|285|nh 2xa ?nsmh 2xa 1
-2ika 1 —'—nsinh 2xa
e 2
X i .
ic . in .
cosh 2Ka+zsmh 2xa —?smh 2xa 1
2
1 1+ sinh? 2xa 0
2
cosh221<a+%sinh221<a 0 1+%sinh221<a
2
1 1+ sinh?2xa 0
- 4 )
H 2 2 2
cosh22na+M K—+2+k— 0 1+ sinh? 2xa
k2 K2 4
2
1 1+ sinh? 2xa 0
H 2 2 2
(1—sinh22Ka)+M K—+2+k— 0 1+ sinh? 2«a
k? K2 4
nZ
1 1+ Tsinh2 2ka 0
- ) 2 2 2
1+M 'i+2+k7 0 1+ sinh? 2xa
4 k? K’ 4
2
1 1+ %sinhz 2ka 0
= ) 2
1+smh42xa 2 0 1+%sinh221<a

=
It is obvious that S* does not equal to S, so S is not Hermitian.

(b) (10 points)



Calculate the transmission probability [T|°. Further simplify your answer
by assuming |T| << 1.

(CJ— o-2ika 1 —IEnSinhZKa (Aj
B cosh21<a+'§sinh2|<a —IEnsinhZKa 1 D

WithD =0and A =1,thenC =T.

-2ika
ie T= € =[T]?= 12

cosh 2Ka+|§sinh 2xa cosh? 2xa + = sinh?2xa
4

(CJ— o-2ika 1 —I?nsinhZKa (Aj
B cosh2xa+'285inh21<a —%‘sinhZKa 1 D

WithD =0and A =1,thenC =T.

-2ika
ie. T= € : — |T|2= 12
cosh 2Ka+§sinh 2ka cosh? 2Ka+%sinh221<a
With T << 1, cosh 2xa = sinh2ka ~ exp(2ka)
Ms— elxp(ZKa) P k42
1+ 2 1 1lifx kY
( 4j( 2 j {“4{[;() +(Kj 2}}exp(4lca)
_ 4
1{(x 2 k 2
—l—1| +|—| +2|exp(4xa
4{@ +) } L)
- exp(-dxa)
o)
N + N
[BEE
21,2
[K2+k2]2
[E+(V,-E)]

exp(—4«a)

2
0




(c) (10 points)

An electron with energy E= 1eV is incident upon the potential barrier with
Vo = 2eV. About how wide must the barrier be so that the transmission
probability is (i) 107, (ii) 102 ? It is given the mass and charge of
electrons are 9.11x10?'g and 1.6 x 10™*° C respectively. Also,
h=1.055x10"%" erg-s.

We define the barrier width a as shown in above figure.
E =1eV=1.6x10"J=1.6x10"erg
V, =2eV =3.2x10"erg

- 27 12 -12
o z.m(v02 E) _ [2x9.11x10 x(3.2><1_272 1.6x10°) 4 6ox10tem
7 (1.055x107%")

16E(V, —E) 16x1x (2 1)

0

= 4xa = En(izj =a :iﬁn(izj :%fn[iz]
T 4 T 4x1.62x10 T

:1.54x10'96n[ 4 j

T2

T? exp(—4xa) = exp(<4ka)

(i) With T2 = 0.001, /n[ — | = 8.29
0.001

a=1.54x10"°x8.29=1.28x10°%cm

(ii) With T2 20,01 En(ij ~5.99
0.01

a=1.54x10"°x5.99 = 9.26 x10°cm

There'is only a small difference in barrier width, but it has caused a 10 fold decrease in T°.



2.

Consider a semi-simple harmonic potential as shown in the figure:

(a)

(b)

A

\%

0 X <0
V(x)= ikx2 x>0
2

(7 points)

Which of the following CANNOT be an eigenfunction (for x > 0)of this
potential? Explain your reasoning.carefully: In all these equations, y =
(2mma/h)¥? and o=(k/m)“2. A is a'kind of normalization constant to be
determined.

(i) ¥ (x) = A(32y>=160y° +129y) exp (y* /2)
(ii) P (x)=A (16y*—48y* +12)exp (-y*/2)

(i) P (x) =A (32y° +160y° +129y)exp (-y*/2)
(iv) P(x)=Aexp (-y’/2)

(V) P(X)=A(2y) exp(-y*/2)

(vi) P(x)=ABYy® +4y? —12y) exp (-y* / 2)
(vii).  P(x)=A(32y° —160y° +129y)

() Not possible. Wave function is nor square integrable.

(i) Not possible. Wave function is not zero at origin

(iii)  Not possible. Hermite polynomial should have alternate sign.
(iv)  Not possible. Wave function is not zero at origin

(V) Possible.

(vi)  Not possible. Wave function is not odd.

(vii)  Not possible. Wave function is nor square integrable.

(8 points)
What are the energy eigenvalues for this potential? What is the gound
state energy?



(©)

The solution of the Schroedinger equation for this potential is essentially
the same as the simple harmonic oscillator, except that the wave function
has to be O at the origin. Therefore, we take only the odd solution for
simple harmonic oscillator, i.e. n=1, 3,5, 7,....

The energy eigenvalues for this potential are:

=(M+3ho, n=1357,...

Ground state energy is E =2 Sho.

(10 points)

In all possible eigengunctions from part (a), choose one to calculate the
normalization constant A, and the position expectation <x>. ‘What is the
energy of this eigenfunction? The following integrals may be'useful:

Te“ztzz‘ldt r@ . sand T(n) = (n-1)I'(n -1); andl“(zj Jr.

There is only one possible eigenfunction :

mo
) =Alexp (¥ /2))(2y). Y = ==X
For normalization :

'[‘I’*‘de=1 = jAZ exp (-y*)(4y*) dx =1
0 0

= 1/i.|-4A2y2exp (-y*)dy =1
Moy



<X >=I‘P*X‘de

_ (””T‘”j [exp () (ay? xax

=(2”h"j Texp(y)(4y)\/7\/7dy

1/2

2mom h
=4 == I Jexp (9)(y)dly
mm
_[2me 2 T2
h mo 2
_2 cho 1/2i
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2Mo h? He
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