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Test 2

Answer all questions. Write down all work in detail.
Time allowed: 50 minutes

Consider a double delta function potential

2\

Ve = _Zma

[6(x-a) + d(x+a)]

and E < 0.
Answer all of the following.
@ (10 points)

Substitute the potential into the Schroedinger equation and simplify it.
Also write down the boundary conditions at x = a and x = -a.

B dzz P(X) + V(X) ¥(X) = E ¥(x) :-i dzz P(X)+| - Ao [5(x-a) + 8(x+a)] | ¥(X)=—|E| ¥(x)
2m dx 2m dx 2ma
=9 d22 ‘P(x)—&[S(x-a) + 8(x+a)]‘P(x):-2m—lE|‘I’(x)
dx a h
= 8 w0 ZmlE| W(x) =2 [5(x-a) + 5(x+a)]¥(x)
dx h a
- ddX22 Y(x)-Kk? W(x) =-§[8(x -a) + 8(x +a)]¥(x)
,_ 2m[E]

where x° = %)
Boundary.conditionsatx =a: W (a-¢g)=¥ (a+¢) (Condinuity of W)

Y'(@+e)-VY'(a-¢)=- %‘P (@) (Discontinuity of first derivative at the delta function).

Similar conditions apply tox = —a.



(b) ( 10 points)
The solution to the Schroedinger equation has to be either even or odd.
Explain why.

It is because the potential is symmetric on x, i.e. V(X)=V(-x).

(©) (20 points)
Solve the Schroedinger equation up to a normalization constant and show

that
A ]
tanhka=—-1 for‘even solution
Ka
A )
cothka=—-1 for odd solution
Ka
2m[E|
where x = 5
J7i

Describe the wavefunction in three regions separately, namely : ¥, (x) for -0 < x < -a, ¥,,(x) for-a < x < a,
and ¥, (x) for - ¥, (x) fora < x <0,

If Wiseven:

Y, (x)=Ae™, ¥, (x)=Bcosh kx , ¥, (X)=Ae™

Continutily of ¥ (x)at X=aandx =-a = Ae ™ —Bcosh ka=0

Discontinuity of W(x)atx =aandx =-a = d¥'(a) = —&‘P(a) = —Axe " -Bksinh xa= —&A e
a a

:A(l—lje“‘a +B sinh xka=0
Ka

For non -trivial solution in A and B,

e -cosh xa 2 2
(1_1}3_,@ sinh «a|=0 = €™ sinh Ka+(l—gje cosh ra =0 = tanh xa =—-1
Ka

If this condition is satisfied, A can be written in terms of B as A = Be*®cosh «a.

B has to be determined by normalization.



Describe the wavefunction in three regions separately, namely : ¥, (x) for -0 < x < -a, ¥,,(x) for-a < x < a,
and ¥, (x) for - ¥, (x) fora < x < .

If Wiseven:

Y, (x)=Ae™, ¥,(x)=Bcosh kx , W¥,,(x)=Ae™

Continutily of ¥(x)atx =aandx =-a = Ae ™ —Bcosh ka=0

Discontinuity of W(x)atx =aandx =-a = d¥'(a) = —&‘P(a) = —Axe @ -Bksinh xa= —&A e
a a

:A(l—ij e™ +Bisinh ka=0
Ka

For non - trivial solution in A and B,

g -cosh xa

o A - 4 _ A
[1_1}3_@ sinh xa|=0 = € sinh Ka+(1—K—aje cosh ra =0 tanh xa =—-1
Ka

If this condition is satisfied, A can be written in terms of B as A =Be*“cosh «a.

B has to be determined by normalization.

If Wisodd:
Y, (X)=Ae™, ¥,(x)=Bsinh kx , ¥, (X)=-Ae™
Continutily of ¥(x)atx =aand x =-a = Ae “ —Bsinh xka=0

—Ka

Discontinuity of W(x)atx =aandXx =-a = d¥'(a) = —&‘P(a) = —Axe " -Bkcosh xa= —&A e
a a

:A(l—ij e™ +B cosh ka=0
Ka

For non - trivial solutionin Arand B,

e -sinh xa N N
[1_1}8—1@ s «a =0 => e cosh K&+[1—K—aje sinh kxa =0 = coth Ka:K_a_l
Ka

If this condition is satisfied, A can be written in terms of Bas A = Be**sinh «a.

B has to be determined by normalization



(d)

(10 points)
How many bound states are there for (i) small A (ii) large A?

Hint: You may want to re-write the eigenvalue condition given in part (c)
as:

A ]
tanhka=—-1 for even solution
Ka

1
tanh xa = ( l —1j for odd solution
Ka



Let y=«a. Toanswer this question we have to investigate how many solutions are there in

tanhy = x -1 for even wave funtion

1
tanhy = (& - 1] for odd wave function
y

Even case :

Asy variesfromOto A, r —1 is monotonic deceasing from o to 0,
y

tanh y is monotonic increasing from 0. Hence the two curves must meet once.
In other words, there is always exactly one and only one even solution for
the Schoerdinger equation.

Odd case :

1
This is more complicated because [& — ] is also monotonicincreasing. However, note the following.
y

1
1. Both tanh yand (&—lj equaltoOaty =0.
y

-1
2. Second derivative of {& —1) is positive while it is negative for tanh y.

1
.. They will meet (once) only if-the'slope of (& —1] is less than that of tanh yaty = 0. i.e. thereis only one
y

solution if
A ' A
it d(tanhy) Ve 4
Y < il aty=0 = y » S —— aty=0
dy dy (7»_ j (¥ +e7)
y
:>1£1
A
= A2l

.. Thereis one odd solution if A >1(large)), and no odd solution if A <1(small ).



