Gasiorowicz 3™ edition Feb 26, 2008
P4-1.

Consider an arbitrary potential localized on a finite part of the x-axis. The solutions os
the Schrddinger equation to the left and to the right of the potential region are given by

ikx -ikx ikx -ikx
Ae® + Be f\ ~ Ce* +DBe

/)

respectively. Show that if we write
C=S,A+S,D
B=S,,A+S,,D
that is, relate the “outgoing” waves to the “ingoing” waves by

C S, S, YA
o5 2]
then the following relations hold
1Sy, |* +[S, =1
ISy, | +S,, =1
511522 + S215’;2 =0

Use this to show that the matrix

S — (Sll SlZ ]
SZl S22
and its transpose are unitary. (Hint: Use flux conservation and the possibility that A and
D are arbitrary complex numbers.)



Solution:
If C=S,A+S,D
B=S,A+S,D
\Ifl (X) — Aeikx + Be—ikx

. hk
Shi=—(A]-IB?)
m
hk * * * * *
:F[A A_(821A +SzzD )(521A+522D)]

= %[A*A —(S;,S,A"A+S,S,A'D+S,S,,AD" +S,,5,,D°D)]
W” (X) — Ceikx + De—ikx

. hk
Sy=—(C |2 -|D |2)
m
hk * * * * *
:H[(SMA +812D )(811A+812D)_D D]

B %[(SLSMAA* +S,A’S;,D +8,,5,AD” +8,,5,,DD" ) - D'D]
Flux conservation j, = j,,

= %[A*A -(S,,S,A"A+S,,S,,A'D+S,,S,,AD" +S,,S,,D'D)]

= %[(SLSMAA* +S,,S,A'D+S,,S,AD" +S,,S,,DD")-D"D]

= (1- S*2k1821 - SIlsll)AA* - (821822 + 521512 )A*D - (821822 + SZZSll)AD*
+(1-83S, ~$1,8,)D'D =0

Since A and D are arbitrary complex numbers, we require all coefficients of AA™, A'D, AD"

and D"D to be zero :

Coefficientof A"A=0:

1-S58, —S1:Sy =0=5,S,; +5,,S,, =1=|S,, [* +1S,, [* =1

Coefficientof A'D=0:

S*;1822 + 321312 =0= (521822 + 321512)* =0= 311522 + S21822 =0

Coefficient of AD" =0:

S,,S,, +5,,S,, =0=5,,S;, +5,,S,, =0  (same as the last condition)

Coefficient of DD" =0:

1-53,85 = S1,S1, = 0= 83,8, 55,5, =1=(Sy, [ +1S, [ =1



In summary,

S’1k1811 + S’;1821 =1

S,S;, +S,S,, =0o0r S;,S,, +S.,S,, =0
S.,S;, +5,,5,, =1

S — [Sll S12 ]
SZl S22
S+ — (Szl S;l]
S12 S22

S+S — (SL SZl ][Sll SlZ j — [Szlsll + S’2r1821 Szlle + SZlSZZ j — (1 Oj

SlZ SZZ SZl S22 SIZSIl + S;2821 SIZSlZ + SZZSZZ O 1

This is enough to ensure SS* = l also. If you want to calculate SS* exp licityly :

S21811 + S’2k1821 =1 - (1)
Snsiz + S21822 =0or 811812 + S’zklszz =0 - (2)
Szzslz + S:2522 =1 - (3)

S * * S:
(2) = S, = _S%Su and S, = _isﬂ

22 22
* S..S. . * S..S, *
S21 S21 - ﬁslzslz -t (*) or S12812 = szsm SZl T (**)
22922 11°11
Substitute (*) into (1) :
S.S.. + SMSL S.S., =1=S.S +LSLS S, =1 (S S, =1-S.S., from (3))
11°11 S g 12°12 = 11°11 _ = P12°912 = 292 = 12°12
22°22 12°12

= Szlsll =1- SleIz
= Szlsll + SleIz =1

Similarly substitute (**) into (3) :

S S* * * S S* * * * *
- 32 S21 S21 "'822822 =1 :#Sm S21 "'822822 =1 (811811 :1_821821 from (1))
S11811 1- S21821

= S;2822 =1- S;1821
= S22822 + 821821 =1

But (3)=S,,S,, +S,,S,, =1

S1Si
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S”1k28’12 + S’;2822 = S;2822 + S;1821 =1= S’1k2812 = S;1821 = 821 =

Substitute this into (2) :

" " N S..S . . N N
S11812 + S21822 =0= S11812 +%Szz =0= S11821 + S12822 =0or S21811 + S22812 =0

21




In summary,

Szlsll + SleIz =1

S22822 + S;lle =1

521521 + 522522 =0or S:1811 + S:2812 =0

Now we can calculate

- :(Sn S, J{s; S’;lj _ [SMSL +5,,5,,
S21 S22 SIZ SZZ

-.§'S=SS" =,Sisunitary.

For transpose, let T =S’

T
T = [Sll S12) — (Sll Sle
S21 S22 SlZ S22

T+ — (Szl SIZ)
S21 SZZ

T+ = [Sn 821][8; SIZHSHSL +8,,85
S12811 + S22821 S12812 + S22822

S12 S22
Similarly,

S21 S22

Szlsll + SIZ SlZ

So T (transpose of S) is also unitary.

S2181(1 + SZZSIZ S21821 + SZZSZZ

S1.S5 + 51,5 j

S;S1; +SxS2

-|-+-|- — (SL SIZ )lel Sle — ( SIlSZl + SIZSZZ j —
SZl S22 S12 S22 Slell + S22812 S21821 + S22822
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